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Chapter 1

Symmetric Rational Inequalities

1.1 Applications

1.1. If a,b are nonnegative real numbers, then

1 . 1 S 1
I+a2  (1+b)2~ L+ab

1.2. Let a,b, c be positive real numbers such that abc = 1. Prove that

(a) 1 N 1 N 1 .-
a )
2a+1 2b6+1 2c4+1 77

1 1 1
(b) + + < 1.

a+2 b+2 c¢c+2 7

1.3. If a, b, c are nonnegative real numbers such that ab + bc + ca = 3, then

1 1 1
1+62+02+1+62+a2+1+a2+b2 -

1.4. If 0<a,b,c <1, then
1 1 1
2 + + >3
a+b b+c cHa

1.5. If a, b, c are nonnegative real numbers such that a + b+ ¢ < 3, then

5 1 n 1 n 1 > 5 1 n 1 n 1
a+b b4+c c+a) 20 +3 26+3 2c+3)°

1 N 1 N 1
20+1 2b+1 2¢c+1)°
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1.6. If a, b, c are nonnegative real numbers, then

a? — be b? — ca 2 —ab
+ + > 0.
3a+b+c 3b+c+a 3c+a+bd

1.7. If a, b, ¢ are positive real numbers, then

4a2—b2—02+4b2—c2—a2+4c2—a2—b2 <3
a(b+c) b(c+ a) cla+b) —

1.8. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that
1 1 1 3
+ + = ;
a?+bc bV +ca +4ab T ab+ bc+ ca
1 n 1 n 1 S 2
202 +bc 202 +ca 2c2+ab — ab+bc+ca
1 n 1 . 1 - 2
a?+2bc b2 +2ca A +2ab” ab+bc+ca

1.9. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

a? b? c? a b c

> .
b2—|—02+02—|—a2+a2+b2 - b+c+c—|—a+a+b

1.10. Let a, b, ¢ be positive real numbers. Prove that

1 n 1 n 1 a n b n c
b+c c+a a+b a2+bc bV +ca cE+ab

1.11. Let a, b, c be positive real numbers. Prove that

1 L 1 n 1 S 2a n 2b N 2c
b+c c+a a+b 3a2+bc 3b24+ca 3c2+ab

1.12. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

(a) a_ b L€ >E_2(ab—|—bc—|—ca)'
b+c c¢c+a a+b~ 6 3@+bv2+c)’

(b) a_ b L 3>(\/§_1>(1_ab+bc+ca>‘

btc c+a a+b 27 a? + b2 + 2
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1.13. Let a, b, c be positive real numbers. Prove that

1 1 1 a+b+ec \?
+ + < .
a?+2bc b2+ 2ca 4+ 2ab ab + be + ca

1.14. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

a?(b+c)  b*c+a) Ala+b)

> b .
b2+02 02+a2 a2+b2 —a+ tc

1.15. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

a?+b0 P+ A+a  3(a®+ 02+ P)
+ + < :
a+b b+c c+a a+b+c)

1.16. Let a, b, c be positive real numbers. Prove that

1 1 1 9
+ + > :
a?+ab+b  V+bc+c? A+cata® T (a+b+c)?

1.17. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

a? b? 2

Qa+bh)(2ate)  (2bra@b+a)  (eta)zetd) =3

—_

1.18. Let a, b, c be positive real numbers. Prove that

a 1
(a) Z(2a+b)(2a—|—0)§a—|—b+c;

a’ 1
b < |
(b) 2 BT P)ER+ ) S avhre

1.19. If a, b, c are positive real numbers, then

Vv

1 1 2
Z(a+25)(a+26) (a+b+c)? +3(ab+bc+ca)'
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1.20. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

1.21

1.22.

1.23.

1.24.

1.25.

1.26.

(a) 1 L 1 L 1 S 4
a :
(@a—0b)2  (b—c)? (c—a)® ~ ab+bc+ca’
1 1 1 3
b - .
(b) a2—ab+b2+62—bc+c2+62—ca+a2_ab+bc—l—ca’
(©) 1 n 1 n 1 S 5)
a2+ 42 24a® " 2ab+be+ca)

If a,b, c are positive real numbers, then

(@®+0*)(a®>+c2) VP +AB*+a?) (P +a) (A + V)

@it | Grobra) | (raery SO0

Let a, b, ¢ be positive real numbers such that a + b + ¢ = 3. Prove that

1 1 1
< 1.
a2+b+c+b2+c+a+02+a+b_

Let a, b, c be nonnegative real numbers such that a + b + ¢ = 3. Prove that

a2—bc+b2—ca+02—ab>0
a?+3 b2 + 3 c2+3 —

Let a, b, c be nonnegative real numbers such that a + 0 + ¢ = 3. Prove that

1—bc+1—ca+1—ab
54+2a 5+2b 5+2c

Let a, b, c be nonnegative real numbers such that a + b + ¢ = 3. Prove that

1 1 1 3
+ + < -
a2+ 4+2 P4+ c24+2 24a2+2 4

Let a, b, ¢ be positive real numbers such that a + b+ ¢ = 3. Prove that

1 1 1 1
+ + < -
4a?2 +b2+c2 42+ +a? 42+ at+0b2 T2
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1.27.

1.28.

1.29.

1.30.

1.31.

1.32.

1.33.

1.34.

Let a, b, c be nonnegative real numbers such that a + b + ¢ = 2. Prove that

bc+ca+ab<
a?+1 b2+ 1 c2+1~

1.

Let a, b, c be nonnegative real numbers such that a + b+ ¢ = 1. Prove that

be n ca n ab <1
a+1 b4+1 c+1" 4

Let a, b, ¢ be positive real numbers such that a + b+ ¢ = 1. Prove that

1 1 1 3
< .
a(2a® + 1) * b(2b% + 1) * c(2¢2+1) ~ 1labe

Let a, b, c be positive real numbers such that a + b+ ¢ = 3. Prove that

1 1 1
< 1.
a3+b+c+b3+c+a+c3+a+b_

Let a, b, ¢ be positive real numbers such that a + b+ ¢ = 3. Prove that

a? b? c?
> 1.
1+b3+c3+1—|—c3+a3+1+a3—|—b3 -

Let a, b, c be nonnegative real numbers such that a + b + ¢ = 3. Prove that

1 N 1 n 1
6—ab 6—bc 6—ca

3
3

IN

Let a, b, c be nonnegative real numbers such that a + b + ¢ = 3. Prove that

1 n 1 . 1
202 +7 202 4+T7 2247

1
< -.
-3

Let a, b, c be nonnegative real numbers such that a + b + ¢ = 3. Prove that

1 n 1 N 1 >3
202 +3  202+3  2c24+3 5
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1.35. Let a, b, c be nonnegative real numbers such that ab + bc 4+ ca = 3. Prove that

1 1 1 a+b+c 3
+ + > + )
a+b b+c cH+a 6 a+b+c

1.36. If a, b, ¢ are nonnegative real numbers such that ab + bc 4+ ca = 3, then
1 N 1 n 1 3

a2+1 v+1 Z+1- 2
1 1 1 9

b .

(b) a2+2+b2+2+02—|—2 10’

alb+c¢) blc+a) cla+d)
a?+1 b2 +1 A+1

<3.

1.37. Let a, b, c be positive real numbers such that ab + bc + ca = 3. Prove that

a? b2 2

+ + > 1.
a?+b+c V2 +c+a cE4+a+b—

1.38. Let a, b, c be positive real numbers such that ab + bc + ca = 3. Prove that

bc+4 ca+4 ab+4<3<bc+2 ca+2 ab+2

a2+4+b2+4+62+4_ —a2+2+b2+2+c2+2'

1.39. Let a, b, c be nonnegative real numbers such that ab + bc + ca = 3. If
k>243,

then
1 1 1 3

< .
Ty A e

1.40. Let a,b, ¢ be nonnegative real numbers such that a? + b? + ¢ = 3. Prove that

a(b+c) +b(c+a)+c(a—|—b) <
1+ be 1+ ca 1+ab

1.41. Let a,b, ¢ be positive real numbers such that a? + b* + ¢ = 3. Prove that

A+ 4+ A+ad
+ +

> 3.
a+b b+c c+a



Symmetric Rational Inequalities

1.42. Let a,b, ¢ be positive real numbers such that a? + b* + ¢ = 3. Prove that

ab . be L ca +2<7( Fhto)
—(a c).
a+b b+c cH+a -6

1.43. Let a, b, ¢ be positive real numbers such that a? + b* + ¢ = 3. Prove that

) Lo, 1,18
A 3—ab 3—bc 3—ca 2
1 1 1
<1
(b) 5—2ab+5—2bc+5—26a_ ’
1 1 1 3

+ + < .
V6—ab V6—bc V6—ca V6—1

1.44. Let a, b, ¢ be positive real numbers such that a? + b? + ¢ = 3. Prove that

1 n 1 + 1 >3
1+a® 14+ 14 2

1.45. Let a, b, c be positive real numbers such that abc = 1. Prove that

1 1 1
>
a2+a+1+b2+b+1+02+c+1_

1.46. Let a, b, c be positive real numbers such that abc = 1. Prove that

1 1 1
< 3.
a2—a—|—1+b2—b+1+02—c+1_

1.47. Let a, b, ¢ be positive real numbers such that abc = 1. Prove that

3+a . 3+5b . 34+c¢
(14+a)?2 (1+b)? (1+¢)?

1.48. Let a, b, c be positive real numbers such that abc = 1. Prove that

7_6a+7_6b+7_6c>1
24+a2 2402 242 7
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1.49. Let a, b, c be positive real numbers such that abc = 1. Prove that

a® o b
> 1
1+2a5+1—|—2b5+1+205 -

1.50. Let a, b, ¢ be positive real numbers such that abc = 1. Prove that

a L b . c
a?+5 b2+ 5 c2+5

1
< -
-2

1.51. Let a, b, ¢ be positive real numbers such that abc = 1. Prove that

1 N 1 N 1 N 2 .-
(1+a)? (1402 (1+4¢? (A+a)(1+b)(1+c)

1.52. Let a, b, ¢ be nonnegative real numbers such that

1 1 1
- -
a+b b+c c+a

3
>

Prove that
3 2 1

> —+ .
a+b+c ab+bc+ca a4+ b2+ 2

1.53. Let a, b, ¢ be nonnegative real numbers such that
7(a® +b* + c) = 11(ab + bc + ca).
Prove that

51< a L b n c <9
28" b+c cH+a a+b

1.54. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

1 N 1 N [ 10
a2+ P4+ A4a? T (a+b+c)?

1.55. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

1 1 1 3
> .
a? —ab + b2 i b2 — be + 2 +c2—ca+a2 — max{ab, bc, ca}
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1.56. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

a(2a+b+c) b2b+c+a)

c(2c+a+b)
b + 2

c? + a? + a? + b2 2 6.

1.57. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that

a*(b+c¢)* b c+a)?  Ala+b)?
E + o pURE > 2(ab + bc + ca).

1.58. If a, b, ¢ are positive real numbers, then

a a b c 1 1 1
S — >8(-+-+2).
3 bz_bc+02+5( +—+ >_8< + -+ )

bc ' ca ' ab a b ¢

1.59. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

(@)  2abe ( LRI

+ + +a? + 0?4+ 2 > 2(ab + be + ca);
a+b b+c c+a

a? b? c?
(b)

2 2 2
n <3(a +0° 4 ¢%)
at+b b+ec

c+ta” 2a+b+c)

1.60. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

a?—bec bV —ca *—ab
(a)

N 3(ab+ bc + ca) S 3.
b2+c2  2+a?2 a4+ b? a? + b2 + c2 ’
a? b2 c? ab+bc+ca _ 5
b > -
(b) b2—|—02+02+a2+a2+b2+a2+b2+c2_2’
(©) a2+bc+62+ca A +ab  ab+be+ ca
c
b2+02 CQ+6L2

a2+b2 - a2+b2+02

1.61. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

(12 b2 2

N LN (a+b+c)?
2+ A+4a® a?+b 7 2(ab+be+ca)
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1.62. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

2ab n 2bc n 2ca a’® + b + 2
(a+0)? (b+¢)? (c+a)®> ab+bc+ca

)
> —.
-2

1.63. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

ab + be + ca
a2+ 0242

ab n be n ca
(a+b)? (b+c¢)? (c+a)?

+- 2=

1
4
1.64. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

3ab n 3bc N 3ca <ab+bc—|—ca+§
(a+0)?2 (b+c¢)? (c+a)? = a2+b02+c2 4

1.65. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that

a3+abc+b3+abc+c3+abc S @t
b+c c+a a+b
a® + 2abc b2+ 2abe A3 + 2abe
- -
b+c c+a a-+b
a® 4+ 3abe  b® 4+ 3abe A + 3abe
+ +
b+c c+a a+b
a®> +2bc  b*+2ca 2+ 2ab S 3
b+c c+a a+b T2

1
> §(a+b+c)2;

> 2(ab + be + ca);

(ab+ be + ca).

1.66. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

a® + 3abc n b> + 3abe N ¢ + 3abe
(b+¢)? (c+a)? (a+ b)?

>a+b+c

1.67. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

(a)

a® + 3abc n b3 + 3abc N ¢ + 3abe
(b+¢)3 (c+a) (a+b)3

3a® + 13abe n 3b% + 13abe n 3¢ + 13abe S
(b+c)? (c+a)? (a+0)* —

3
> 5
2

(b)
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1.68.

1.69.

1.70.

1.71.

1.72.

1.73.

1.74.

(a)

(b)

Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

(13 b3 3

3
+ + +ab+bc+ ca > —(a® + b* + &2);
b+c c+a a-+bd 2

202 +bc 202 +ca 22 +ab _ 9(a® + b* + ?)
+ >
b+c c+ta a+b — 2a+b+c)

Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

a(b+c) b(c+ a) cla+0b)
b24+bc+c2 cA+cat+a®  a?+ab+0b%

Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

a(b+ c) b(c+ a) cla+b) a—b\>
>2+4 .
b2 + be + 2 02+ca+a2+a2—|—ab+b2_ + H a+b

Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

ab—bc+ca+bc—ca+ab+ca—ab+bc
b2 + 2 2 + a? a? + b?

3
> —.
-2

Let a, b, c be nonnegative real numbers, no two of which are zero. If £ > —2, then

Zab+(/{:—1)bc+ca>3(/€+1)
b2+ kbc+c2 T k+2

Let a, b, ¢ be nonnegative real numbers, no two of which are zero. If £ > —2, then

3bc — a(b+ c) < 3
b2+ kbc+c2 — k+2

Let a, b, c be nonnegative real numbers such that ab + bc + ca = 3. Prove that

ab+1 bc+1 ca—+1
a?+b b2+ 2+a?

4
> —.
-3
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1.75. Let a, b, c be nonnegative real numbers such that ab + bc 4+ ca = 3. Prove that

Hab + 1 Hbe + 1 Hea + 1

AR R )

1.76. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

a® — be b? — ca 2 —ab
+ + > 0.
202 — 3bc + 2c¢2  2¢2 — 3ca + 2a?  2a? — 3ab + 2b2

1.77. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

2a% — be n 20% — ca n 2¢* — ab >3
b2—bc+c? c2—cat+a?® a?—ab+b2 "

1.78. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

a2 b2 2
> 1.
202 — be + 2¢2 + 2¢2 — ca + 2a? + 2a%2 — ab+ 2% —

1.79. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

1 1 1 9
> .
W —betrdd I —cati? IR —ab+ AR N @R+ P

1.80. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

2a2—|—bc+2b2+ca+202+ab
b2+02 02+CL2 a2+b2

9
> —.
-2

1.81. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

2a® + 3bc i 2b% + 3ca . 2¢2 + 3ab
b24+bc+c2 cA+cat+a?  a?+ab+b%

1.82. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that

202 +5bc 202 +5ca 22 +5ab 21

6o T erar Tarn T 1
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1.83. Let a, b, c be nonnegative real numbers, no two of which are zero. If & > —2, then

2a® + (2k + 1)bc S 3(2k + 3)
b2+ kbc+c2 — k+2

1.84. Let a, b, c be nonnegative real numbers, no two of which are zero. If £ > —2, then

Z 3b0—20,2 < 3
b2 +kbc+c2 — k+2

1.85. If a, b, c are nonnegative real numbers, no two of which are zero, then

a®> 4+ 16bc  b*> 4+ 16ca  c* + 16ab > 10
b2+02 02+a2 CL2+62 — :

1.86. If a, b, c are nonnegative real numbers, no two of which are zero, then

a’>+128bc 1> +128¢ca ¢ + 128ab
+ + > 46.
b? + 2 c? + a? a? + b?

1.87. If a, b, c are nonnegative real numbers, no two of which are zero, then

a® 4+ 64bc  b*> 4+ 64ca  * + 64ab
+ + > 18.
(b+c)? (c+a)? (a+b)?

1.88. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. If k£ > —1, then

a?(b+ ¢) + kabc
> b+ c.
b% + kbc + 2 Zatore

-3
1.89. Let a, b, c be nonnegative real numbers, no two of which are zero. If k > ER then

a® + (k + 1)abe
> b .
Pikbere —otote
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7
1.90. Prove that 3 is the least positive value of k such that

Z 1 S 3
b2+ kbc+c? — k+2

for any nonnegative real numbers a, b, ¢, no two of which are zero, with a + b+ ¢ = 3.

1.91. If a, b, c are the lengths of the sides of a triangle, then

(a) b+c—a N c+a—>b N a+b—c >2(a—|—b—|—c)
a )
b2—bc+c? c2—ca+a? a?—ab+b2 T a2 4062+ %’
—_ A2 12 )
(b) 2bc — a n 2ca — b n 2ab — ¢ >0

b2—bc+c2 c2—ca+a? a?—ab+0b?2

1.92. If a, b, ¢ are nonnegative real numbers, then

a? b? ? 1

(&) 5a2+(b—|—c)2+562+(c+a)2+502+(a+b)2 S?
a? v A 1
(b) 13a3 + (b + ¢)3 * 130 + (¢ + a)?3 N 13¢® + (a + b)3 = 7

1.93. If a, b, c are nonnegative real numbers, then

b? + c? — a? A +a? -1 a® 4+ b> — 2

>
2a? + (b + ¢)? * 262 + (¢ + a)? +202—1—(a+b)2 -

1
5

1.94. If a, b, c are nonnegative real numbers, no two of which are zero, such that a4+b+c = 3,

then
a+b b+c c+a >6

9% 1 3ab+ 207 | 22 +3bc+ 22 22 1 3cat2a = 7

1.95. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. If k > 3+ /7, then

(a) a n b n c S 9 ‘
a?+kbc  b2+kca A +kab T (1+k)(a+b+c)
1 1 1
(v > -

ka2+bc+kb2+ca+k62+ab ~ (k+1)(ab+bc+ ca)
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1.96. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

1 1 1 6
> .
2a2+bc+2b2+ca+202+ab_ a?+b2+c2+ab+ be+ ca

1.97. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

1 1 1 1
> .
22a? + bbe - 22b% + 5ca * 22¢2 +5ab ~ (a+ b+ c)?

1.98. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

1 1 1 8
> .
2a2—|—bc+2b2—|—ca+202+ab ~ (a+b+c)?

1.99. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

1 N 1 N L 12
a?+bc VP+ca A4ab T (a+b+c)?

1.100. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that
1 1 1 1 2
(a) a2+2bc+b2+20a+02+2ab2a2+b2—|—02+ab—|—bc—|—ca;
a(b+c) blc+a) cla+D) - ab+bc+ca'
a?+2bc  b®+2ca A+ 2ab a? + b + 2

(b)

1.101. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

(a) a n b n c < at+b+c
a2 +2bc b2 +2ca 2 +2ab ~ ab+bc+ca’
alb+c¢) blc+a) cla+Db) <1 a’ + b + 2

a?+2bc b2 +2ca 2+ 2ab — ab+ bc + ca’

(b)

1.102. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that

(a) a n b n c a+b+c
a )
202 +bc  202+ca  2c2+ab T a2+ b% + 2’
b+c c+a a+b 6

(b)

> .
2a2+bc+2b2+ca+202+ab_ a+b+c



16 Vasile Cirtoaje
1.103. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that
a(b+c¢) blc+a) cla+Db) - (a+b+c)?
a?+bc b2 +ca E+ab T a4+ b2+
1.104. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. If k > 0, then
b2+02—|—\/§bc+ 02+a2+\/§ca+a2+b2—|—\/§ab - 3(2+V3)
a? + kbe b2 + kca A+kab — 1+k
1.105. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that
1 n 1 n 1 n 8 S 6
a2+ P4+t A+a? A+ +E T ab+betcea
1.106. If a, b, c are the lengths of the sides of a triangle, then
alb+c) ble+a) cla+d) <5
a?+2bc b +2ca  A+2ab T
1.107. If a, b, c are real numbers, then
a’? —be N b? — ca N ct—ab -0
202+ b2+ 202+ c2+a? 22+ ar+b2 T
1.108. If a, b, ¢ are nonnegative real numbers, then
3a% — be 3% — ca 3¢t —ab 3
+ + <z
202 + 02+ 202+ 2 +a® 22 +a?+ 0% T 2
1.109. If a, b, c are nonnegative real numbers, then
(b+ c)? (c+a)? (a+b)? -9
12+ + 2 AP+ +a® A+ +0? T
1.110. If a, b, ¢ are positive real numbers, then

(a)

1 3
< .
11a? + 20 4+ 2¢2 ~ 5(ab+ be + ca)’

1 1 1
< .
4a? +0? + 2 — 2(a2+b2+c2)+ab—|—bc+ca

2

2
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1.111. If a, b, ¢ are nonnegative real numbers such that ab + bc 4 ca = 3, then

Vi Vb e

b+c¢c c+a a+b—

3
-

1.112. If a, b, ¢ are nonnegative real numbers such that ab + bc + ca > 3, then

1+1+1>1+1+1
24a 2+4b 24c¢c  14+b+c 1+c+a 1+a+b

1.113. If a, b, ¢ are the lengths of the sides of a triangle, then

(a) a® — be n b? — ca n 2 —ab <0
a )
3a24+b2+c2 32 +c24+a? 3c2+a?+0b2 7

a* — b*c? bt — 2a? ct — a?b?

b
(b) 3&+h&+&+3w+chmﬁ+3&+a&+m—
1.114. If a, b, c are the lengths of the sides of a triangle, then

be n ca n ab
4a? + b2+ 2 42+ 2 +a? 42+ a? + b2

1
> —.
-2

1.115. If a, b, ¢ are the lengths of the sides of a triangle, then

1 1 1 9
< .
b2+02+02+a2+a2—|—b2 ~ 2(ab + be + ca)

1.116. If a, b, c are the lengths of the sides of a triangle, then

(a)

a+b b+c cHa
- -
a—b b—c c—a

> 5;

A+ V+E A+ ad?

a? -0 b2—c2 2—q2 2 3.

(b)

1.117. If a,b, c are the lengths of the sides of a triangle, then

b+c c+a a+bd a b c
- + +3>6 - - .
a b c b+c c¢c+a a-+b
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1.118. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that
Z Sa(b + C) — 2bc S 3
(b+c)2a+b+c) — 2
1.119. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that
Z a(b -+ C) — 2bc
(b+c)(Ba+b+c) —
1.120. Let a,b, ¢ be positive real numbers such that a?® + b? + ¢ > 3. Prove that
a® — a? b — b2 S —c?
>
ad + b + 2 + b5 + 2 + a? + A+ a2+ b
1.121. Let a, b, ¢ be positive real numbers such that a? + b + ¢ = a® + b3 + ¢*. Prove that
a? n b? n c? S 3
b+c cH+a a+bT 2
1.122. If a,b,c € [0, 1], then
a n b . c_ < ]
bc+2 ca+2 ab+2
1.123. Let a, b, c be positive real numbers such that a + b + ¢ = 2. Prove that
5(1—ab—10 ) ! + ! + +9>0
—ab—bc—ca .
l—ab 1—0bc 1—ca -
1.124. Let a, b, c be nonnegative real numbers such that a + b + ¢ = 2. Prove that
2—a2+ 2 — b2 n 2 — c? <3
2—bc 2—ca 2—ab~
1.125. Let a, b, ¢ be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

3+5a2+3+562+3+502 > 19
3 —bc 3—ca 3—ab —
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1.126. Let a, b, ¢ be nonnegative real numbers such that a + b+ ¢ = 2. If

-1 7
—<m< -,
- 78

then
a+m b +m c2+m>3(4+9m)

3—2bc+3—20a+3—2ab_ 19

1.127. Let a, b, c be nonnegative real numbers such that a + b + ¢ = 3. Prove that

47—7a2+47—7b2+47—702 > 60
1+ bc 1+ ca 14+ab —

1.128. Let a, b, ¢ be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

26 — Ta®> 26 —Tb*> 26—7c* 5T
+ + < —.
1+ be 1+ca 1+ ab 2

1.129. If a, b, ¢ are nonnegative real numbers, then

5a(b+ ¢) — 6bc
< 3.
Za2+1)2+62—1—bc_3

1.130. Let a, b, ¢ be nonnegative real numbers, no two of which are zero, and let

a® + b+ 2
r=—-———.
ab + be + ca
Prove that
(a) a n b n c +1> 1
a S
b+c¢c c¢c+a a+b 2 x’
b 4
(b) 6( ® 4 +— )25:)&—1-—;
b+c c+a a+bd x
(©) a n b n c 3>1 1
C B e [/ —
b+c¢c c¢c+a a+b 273 T

1.131. If a, b, ¢ are real numbers, then

1 1 1 9
< .
a? +7(b% + c?) T +7(c% + a?) * 2+ 7(a®+0b%) ~ 5la+b+c)?
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1.132.

1.133.

1.134.

1.135.

1.136.

1.137.

then

1.138.

1.139.

If a,b, c are real numbers, then

be n ca n ab
302 +b24+c2 32+ c2+a? 32+ a? + b2

3
< -.
-5

If a, b, c are real numbers such that a + b + ¢ = 3, then

1 1 1
S+502+2)  815(@+a) | 3+5(@+ 1)

1
< -.
—6

If a,b, c are real numbers, then

(a+0b)(a+c) (b+¢)(b+a) (c+a)(c+ D) <§
a?+40*+ ) P+4(P+a?) A+4a?+b?) T3

Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that

1 1
< .
Z(b+c)(7a+b+c) = 2(ab+ bc + ca)

Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that

1 9
< .
Z b2+ 2+ 4a(b+c¢) — 10(ab+ be + ca)

Let a, b, ¢ be nonnegative real numbers, no two of which are zero. If a + b+ ¢ = 3,

1 n 1 n 1 < 9
3—ab 3—bc 3—ca~ 2(ab+bc+ ca)

If a,b, c are nonnegative real numbers such that a + b + ¢ = 3, then

be ca ab 3
<

a2+a—|—6+b2—|—b—|—6+62—|—c—|—6 -8

If a,b, c are nonnegative real numbers such that ab + bc + ca = 3, then

1 1 1
8a? — 2bc + 21 +8b2—20a+21 +802—2ab—|—21

1
> —.
-9
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1.140. Let a,b, ¢ be real numbers, no two of which are zero. Prove that

ﬁ+hc+b?+m, §+ab>(a+b+@?
P+ A2+a® A+ T+ +
a2+3bc+b2+3ca 02—|—3ab>6(ab—|—bc+ca)
b? + 2 2+ a? a’?+ b = a?+ b+

(a)

(b)

1.141. Let a, b, ¢ be real numbers, no two of which are zero. If ab + bc + ca > 0, then

a(b+c) blc+a) cla+b)
b? + ¢? A+ a? a? + b?

3
> —.
— 10

1.142. If a, b, c are positive real numbers such that abc > 1, then

1 N 1 S 4 .
a+b+c—3 abc—1 " ab+bc+ca—3

1.143. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that

2 _ 2 _
Z (4b* — ac)(4c” — ab) < gabc,
b+c 2

1.144. Let a, b, ¢ be nonnegative real numbers, no two of which are zero, such that

a+b+c=2.
Prove that
a N b N c 51
2a+bc  2b+ca  2c+ab T
1.145. Let a, b, ¢ be positive real numbers such that
1 1 1
b -+ -+ -] =10
(a+b+c) (a+ b+c)
Prove that
19 < 0 n b n ¢ < 5)
12 7" b4+c¢c c¢c+a a+b~ 3
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1.146. Let a, b, c be nonnegative real numbers, no two of which are zero, such that a+b+c =
3. Prove that
9 a b c

-~ < 1.
10 < 2a+bc+2b+ca+20+ab -

1.147. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that

a’ N b3 n 3 a®+ b+
202 +bc  202+ca 22 +ab T a?+4+0b2 42

1.148. If a, b, c are positive real numbers, then

a’ b3 ? a+b+c
+ + > .
4a2 +bec  4b%2+ca 42 +ab — 5

1.149. If a, b, ¢ are positive real numbers, then

1 1 1 3
> .
Craf 210?242 Gtabtbetca

1.150. If a, b, c are positive real numbers, then

1 n 1 + 1 S 3
1+3a 1430 14+3c 3+abc

1.151. Let a, b, ¢ be real numbers, no two of which are zero. If 1 < k < 3, then
2ab 2bc 2ca
k4+ —— | (k+—— | [k+—= | > (k=D (K*—1).
( +a2+b2)( +b2+c2>( +62+a2>_( A )

1.152. If a, b, ¢ are non-zero and distinct real numbers, then

[ Y
a? ? (=02 (b—c)? (c—a)?]~ \ab bc ca)

1.153. Let a, b, ¢ be positive real numbers, and let

b b
A:9+—+h B:—+E+h C:E+g+h
b «a c b a b
where —2 < k < 4. Prove that
1 1 1 1 4

L4 < )
AT BTS2 AT BrCo k2
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1.154. If a, b, ¢ are nonnegative real numbers, no two of which are zero, then

1 1 1 1 1 1
> .
b2—|—bc—|—c2+02+ca—|—a2+a2—|—ab—|—b2 - 2a2—|—bc+2b2+ca+202+&b

1.155. If a, b, ¢ are nonnegative real numbers such that a + b + ¢ < 3, then

(a) 1 N 1 N 1 1 N 1 N 1
a )
2a+1 2b+1 2¢c4+1 " a+2 b+2 c+2’
1 1 1 1 1 1

(b)

> .
2ab+1+2bc—|—1+20a+1_a2—|—2+b2—|—2+02—|—2

1.156. If a,b, c are nonnegative real numbers such that a + b + ¢ = 4, then

1 n 1 n 1 S 1 n 1 n 1
ab+2 bc+2 ca+2 " a?+2 242 242

1.157. If a,b, ¢ are nonnegative real numbers, no two of which are zero, then
ab+bc+ca  (a—0)2*b—c)?*(c—a)? -1
a2+ 02+ (a24+02)D2+ ) (2 +a?)
ab + bc + ca (a—0)%(b—c)*(c — a)? -1
a2+ +c2 (a2 —ab+b?) (b2 —bc+ ) (2 —ca+a?) ~

(a)

(b)

1.158. If a, b, ¢ are nonnegative real numbers, no two of which are zero, then

a’ +b* + 2 - 9(a — b)%(b—c)*(c —a)?
ab+bc+ca — (a+0)2(b+c)*(c+a)?®

1.159. If a, b, ¢ are nonnegative real numbers, no two of which are zero, then

a® + b + ¢? (a—0)2(b—c)*(c — a)?
—>1 1 2)? .
ab+bc+ca +1+v2) (a? +b2) (b2 + c2)(c? + a?)

1.160. If a,b, ¢ are nonnegative real numbers, no two of which are zero, then

2 L 2 . 2 S 5 . 5 n 5
a+b b+c c+a 3a+b+c 3b+c+a 3c+a+b
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1.161. If a, b, c are real numbers, no two of which are zero, then

(a) 8a? + 3be n 8b% + 3ca n 8¢ + 3ab > 11

a .

b2+bc+c2 c2+ca+a? a?+ab+b2
8a? — 5bc 8b% — 5ca 8¢ — bab

b > 9.
(b) b2—bc+c2+02—ca+a2+a2—ab+b2_

1.162. If a, b, c are real numbers, no two of which are zero, then

4a? + be N 4% + ca N 4c® + ab S
4b% + The +4c?2 42 4+ Tea + 4a?  4a? + Tab + 462 —

1.163. If a, b, ¢ are real numbers, no two of which are equal, then

1 n 1 . 1 S 27
(a—0b)2  (b—c)? (c—a)® ~ 4(a®>+b*+c2—ab—bc—ca)

1.164. If a,b, c are real numbers, no two of which are zero, then

1 1 1 14
> .
a2—ab+62+b2—bc+02+02—ca+a2 ~ 3(a? + b+ ?)

1.165. If a,b, c are real numbers, then

a® + be b? + ca 2 +ab
202 + 02+ a?+202 42 a4+ b2+ 202

1
> —.
— 6
1.166. If a, b, c are real numbers, then

2% + 2¢? + 3be N 2¢? 4+ 2a® + 3ca N 2a?% + 2b% + 3ab
(a + 3b+ 3c)? (b+ 3¢+ 3a)? (¢ + 3a + 3b)?

3
> —.
-7

1.167. If a, b, c are nonnegative real numbers, then

6b% 4+ 6¢2 + 13bc n 6¢® 4 6a® + 13ca . 6a® + 6b%> + 13ab
(a + 2b+ 2c¢)? (b+ 2¢ + 2a)? (c+2a+20)2 —
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1.168. If a, b, c are nonnegative real numbers such that a + b+ ¢ = 3, then

3a? + 8bc 3b% 4 8ca 3c? + 8ab
+ + < 3.
O+b2+c2 9+c2+a?2 9+ a2+ b2

1.169. If a, b, ¢ are nonnegative real numbers such that a + b+ ¢ = 3, then

5a® + 6bc 562 + 6ca 5¢2 + 6ab -3
9+ +c* 9++a> 9+a+b0> 7

1.170. If a,b, ¢ are nonnegative real numbers such that a + b + ¢ = 3, then

1 1 1 3
< —,
a2+bc+12+b2—|—ca+12+02+ab+12 — 14

1.171. If a,b, ¢ are nonnegative real numbers, no two of which are zero, then

1 1 1 45
> .
a2+b2+62—|—02+c2+a2 ~ 8(a?+ 0%+ %) +2(ab+ be + ca)

1.172. If a,b, ¢ are real numbers, no two of which are zero, then

a® — The N bV —Tca ¢ —"Tab 9(ab+ bc+ ca)
b2+02 a2+b2 a2+b? (12+b2+62

> 0.

1.173. If a, b, ¢ are nonnegative real numbers, no two of which are zero, then

a® — 4bc N b* —4ca ¢ —4ab  9(ab+ be + ca)
b? 4 2 c? + a? a? + b? a?+ b2+ 2

9
> —.
-2

1.174. If a, b, ¢ are real numbers such that abc # 0, then

(b+c¢)*  (c+a)* (a+b)? 10(a+ b+ c)?
> 2 .
2 T tTa =T 3(a? + 0%+ ¢?)

1.175. Let a, b, ¢ be real numbers, no two of which are zero. If ab + bc + ca > 0, then

(a) a n b n & >3
a 9,
b+c c4+a a+b 2

(b) if ab <0, then

a b c
+ + > 2.
b+c c+a a—+bd




26 Vasile Cirtoaje

1.176. If a, b, c are nonnegative real numbers, then

a . b n c ab + bc + ca
Ta+b+c Th+c+a Tec+a+b ™ (a+b+c)?

1.177. If a, b, c are positive real numbers such that abc = 1, then

a+b+c+ 1 n 1 n 1 >8
30 a+1 b4+1 c+175

1.178. Let a, b, c be positive real numbers such that at most one of them is larger that 1
and abc = 1. Prove that

11(0* + ¢*) — 10a? N 11(c* + a®) — 100? N 11(a? + b*) — 10c¢?
b+c cta a+b

< 18.

1.179. Let a,b,c < 8 be real numbers such that a + b+ ¢ = 3. Prove that
13a—1 13b—1 13¢c—1 3
<

a2+23+b2+23+02+23 -2

3
1.180. Let a,b,c # 1 be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

1—a n 1—-0 n 1—c¢ >0
(4a —3)%2  (4b—3)2 " (4c—3)2 —

1.181. If a,b, c are the lengths of the sides of a triangle, then
a’ b? c? 1

+ + > 5.
4a? 4+ 5bc  4b?> + 5ca  4c® + 5ab T 3

1.182. If a, b, c are the lengths of the sides of a triangle, then

1 1 1 3
> .
7a2+b2+02+7b2+62+a2+7c2+a2+b2 ~(a+b+c)?

1.183. Let a, b, ¢ be the lengths of the sides of a triangle. If kK > —2, then

Za(b+c)+(k+1)bc < 3(k+3)
b2 + kbe + 2 — k+2
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1.184. Let a, b, c be the lengths of the sides of a triangle. If k£ > —2, then

1.185.

1.186.

then

1.187.

then

1.188.

then

1.189.

then

2a% + (4k + 9)bc - 3(4k + 11)
b2+ kbc+c2 — k42

If a,b, ¢ are nnonnegative numbers such that abc = 1, then

1 1 1 1

If a,b, c are positive real numbers such that

a<b<eg, azchI,

1 n 1 n 1 S 3
14+a3 148 14+~ 1+abc

If a, b, c are positive real numbers such that

a<b<eg, a’e > 1,

1 L 1 N 1 S 3
14+a3 148 14+~ 1+abc

If a,b, c are positive real numbers such that
a<b<eg, 2a+c > 3,

1 1 1 3

+ + > .
2 2 2 — a+btc)2
3+a 3+5b 3+c 3+(%)

If a, b, c are positive real numbers such that
a<b<cg, 9a + 8b > 17,

1 1 1 3

> .
3+a2+3+b2+3+02 - 3_|_(_a+g+0)2

> 1.
@t 12  Or1Z (er1? 2fatbre1 -
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1.190. Let a, b, c,d be positive real numbers such that abcd = 1. Prove that

S e <!
14+ ab+bc+ ca

1.191. Let a, b, c,d be positive real numbers such that abcd = 1. Prove that

1 1 1 1
> 1.
(+a? (1402 (U+e2 tap-

1
1.192. Let a,b,c,d # 3 be positive real numbers such that abcd = 1. Prove that

1 1 1 1

Ba—17 @1 eI @1

1.193. Let a,b, ¢, d be positive real numbers such that abcd = 1. Prove that

1 1 1 1
+ + + >1
l+a+a*+a® 14+0+02+0 1+c+c2+cd 1+d+d*+d3

1.194. Let a, b, c,d be positive real numbers such that abcd = 1. Prove that

1 1 1 1
>1
1+a—|—2a2+1+b+2b2+1+c+202+1+d—|—2d2 -

1.195. Let a, b, ¢, d be positive real numbers such that abcd = 1. Prove that

1+1+1+1+ 9 >25
a b ¢ d a+b+c+d— 4

1.196. If a,b, ¢, d are real numbers such that a + b+ ¢+ d = 0, then

(a—1)* (b—=1)° (6—1)2+(d—1)2<
3a2 +1 302 +1 3c2+1 3d2+1 —

1.197. If a,b,¢,d > —5 such that a + b+ ¢+ d = 4, then

1—a n 1-50 n 1—c n 1—4d >0
(14a)? (1402 (A+¢)? (1442~
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1.198. If a, b, ¢, d are nonnegative real numbers such that

1 N 1 N 1 N 1
a+1 b+1 c¢+1 d+1

3,

then
4

3(ab+ ac+ ad + bc+ bd + c¢d) + —————— <
a+b+c+d

1.199. If a, b, ¢, d are nonnegative real numbers such that
ab+ ac + ad + bc+ bd + c¢d =9,

then

1 N 1 N 1 N 1 <1+a+b+c+d
a+1 b+1 c+1 d+1— 4 )

1.200. If a,b, ¢, d are nonnegative real numbers such that

ab+ ac+ ad + bc+ bd + cd = 6,

then
1 n 1 N 1 N 1 -
a?+1 vV+1 +1 d&2+1~
1.201. Let aq,ao,...,a, be positive real numbers such that a; + as + --- + a,, = n. Prove
that

N | —

1
<
E:Or+nﬁ+%é+-~+a%_

1.202. Let aq,as,...,a, be real numbers such that a; + as + - - - + a,, = n. Prove that

a? a3 N a? n
a? —2a;+n a3 —2ay+n a? —2a,+n " n—1
1.203. Let aq,as,...,a, be positive real numbers such that aias---a, = 1. Prove that
1 1 1
N P
(@) 14—(n—1)a1—i_l—i—(n—l)agjL +1—|—(n—1)an_ ’
1 1 1

+ +oid— <1
ar+n—1 ay+n—1 a, +n—1

(b)
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1.204. Let aq,as,...,a, be positive real numbers such that a;as---a, = 1. Prove that

1 1

1
1—a1+na%+1—a2+na§

”+1—an+na%_

2(n—3
1.205. Let n > 3 and aq, a9, ...,a, > 2(71—3) such that ajas---a, =1 . Prove that
n_
1 n 1 P 1 o
a+2  ay+2 a,+2 ~ 3
1.206. If aq,aq,...,a, > 0, then
1 1 1 n

1+na; 14+ nas 1+na, — n+aa---a,

1.207. If ay, as, ..., a, are positive real numbers such that

1 1 1
a a2 (075

ap +az+---+ay

then
! + ! ot !
m—1a+1 (n—1ay+1

— > 1.
(n—1a,+1—

1.208. If ay,aq, ..., a, are nonnegative real numbers such that

2
1<i<j<n
then
1 1 1
>1
ar+n—1 ay+n-—1 an,+n—1"7"

1.209. Let a, b, ¢ be nonnegative real numbers such that

a>b>12>c, a+b+c=3.
Prove that

1 N 1 N 1 <3
a?+3 b +3 2434
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1.210. Let a, b, ¢ be nonnegative real numbers such that
a>1>b>c, a+b+c=3.
Prove that

1 n 1 n 1 > 1
a?+2 b24+2 24+2 7

1.211. If a > 1 > b > ¢ > —3 such that ab + bc + ca = 3, then
1 1 1

> 1.
a2—|—ab+b2+62+bc+02+c2—|—ca+a2 -
1.212. If a>b>1 > ¢ > 0 such that a + b+ ¢ = 3, then
1 1 1 3
<

+ + .
a?+ab+b> b 2+bc+c2 2+ca+a? T ab+be+ca

1.213. If a, b, ¢ are positive real numbers such that
a>1>b>c¢, abc =1,
then
1l—a . 1—0 . 1—c S
34+a® 3+ 3+

1.214. If a,b, ¢ are positive real numbers such that

a>1>b>c¢, abc =1,
then
1 N 1 n 1 S 1
a?+4dab+0?  b2+dbc+c? A +4cata T2
1.215. If aq,ao,...,a, are real number such that at most one of them is less than 1 and

ai; + as + -+ a, = n, then

a1+1 a2+1 an—l—l
<
(a) a?+1 a%—l—l+ +a%—l—l_n’
1 1 1 n
b + +---+ < —
(b) a?+3 ai+3 aj+3 7~ 4
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1.216. If ay,as,...,a, are nonnegative real numbers such that at most one of them is less
than 1 and ay +as + -+ + a, = n, then

a? —1 N as —1 . a? —1 =0
(a1 +3)2  (ag+3)? (a, +3)2 =
1.217. If aq, as, . . ., a, are nonnegative real numbers such that at most one of them is larger
than 1 and a; + a3+ -+ a, = n, then
1 n 1 P 1 SN
a3 +4  3a3+4 a3 +4 — T
1.218. If ay,as,...,a, are nonnegative real numbers such that at most one of them is less
than 1 and a? + a2 + --- + a2 = n, then
1 N 1 o 1 o
3—a; 3—as 3—a, ~ 2
1.219. If ay,as,...,a, are positive real numbers such that at most one of them is larger
than 1 and aias---a, = 1, then
1 n 1 R 1 o
14+a; 1+as 1+a, 2
1.220. If ay,as9,...,a, are positive real numbers such that at most one of them is larger
than 1 and aqas---a, = 1, then
1 n 1 T 1 SN
(a1 +2)%2  (ag +2)? (a,+2)2 — 9
1.221. If ay,a9,...,a, are positive real numbers such that at most one of them is larger
than 1 and ajas---a, =1, then
l—a; 1—ay l—an>0'

+ +ot
3+a? 3+ d} 3+a2 —
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1.222. Let a, b, ¢ be nonnegative real numbers (no two of which are zero) such that a+b+c =

3.
(a) If k£ > 3, then
(k—2)a>+3a (k—2)0*+3b (k—2)c*+ 3c S 3
be + ka ca + kb ab+ke T 7
(b) If 0 < k < 3, then
(k —2)a® + 3a N <k_2)b2+3b+ (k —2)c* + 3¢ -
bc + ka ca + kb ab+ ke

1.223. Let a, b, ¢ be nonnegative real numbers (no two of which are zero) such that a+b+c =
3.

(a) If 0 < k£ < 3, then
(k—l)a2—|—(/€+3)a+(l{:—l)bz+(l€+3)b+(k:—l)c2+(k:+3)c

> 6;
bc + ka ca + kb ab + kc -
(b) If £ > 3, then
(k—l)a2+(k+3)a+ (k—1)b*+ (k+3)b (k—1)02+(k+3)c<6

bec + ka ca + kb ab + ke -

1.224. If a, b, ¢ are positive real numbers such that abc = 1, then

1 1 1 1
< —.
(4a+b+c)2+ (4b+c+a)2+(4c+a+b)2 — 12

1.225. Let a, b, ¢ be nonnegative real numbers satisfying
a? +b* +c* =3
<k <11, then

15—7a> 15—=T7H 15— 172 24
+ + > .
1+ kbe 1+ kca 1+ kab 1+k

1.226. If a,b, ¢ are nonnegative real numbers such that ab + bc + ca = 3, then

1 1 1 3
<
(l~:;a+b+c)2Jr (a+l<:b+c)2Jr (a+b+ke)? = (k+2)?

for 1 < k < kg, where kg ~ 2.82374 is the positive root of the equation

k3 + 6k* — 15k — 28 = 0.
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1.227. Let aq,as,...,a, be nonnegative real numbers such that a; +as + -+ a, = 1.
Prove that
a’? a? a? a a ap n o\’
L2 > [t SRV
(1—a1)? (1 —ay)? (1—ap)? l—a; 1—ay l—a, +n+1

1.228. If a, b, ¢, d are nonnegative real numbers such that at most one of them is less than
1 and ab + ac + ad + bc + bd + cd = 6, then

1 n 1 n 1 n 1 S 2
a+5 b+5 ¢+5 d+573
1.229. If ay,a9,...,a, (n > 3) are nonnegative real number such that at most one of them
is less than 1 and
n(n—1)
— 2
1<i<j<n

then
1 1 1 n
>

o —3 mrom—3 T adm—3~2m-1)

1.230. If a, b, ¢, d are nonnegative real numbers such that at most one of them is larger than
1 and ab + ac + ad + bc + bd + cd = 6, then

1 n 1 N 1 N 1 < 2

a+5 b+5 c¢+5 d+57 3
1.231. If ay,a9,...,a, (n > 3) are nonnegative real number such that at most one of them
is larger than 1 and

n(n —1)
1<i<j<n
then
1 N 1 P 1 < n
a;+2n—3 ay+2n-—3 an+2n—3 " 2(n—1)

1.232. Let a, b, ¢ be the lengths of the sides of a triangle such that a +b+ ¢ = 2. Prove that

a b c

> 2.
a2—|—bc+62+ca+02+ab_
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1.233. Let a,b, ¢ be the lengths of the sides of a triangle such that a + b+ ¢ = v/2. Prove

that
a n b n c 5o
a+bc b4+ca c+ab
1.234. Let
2a 2b 2¢
xr = = = —
b+c’ 4 c+a’ a+b’

where a, b, ¢ are positive real numbers such that at most one of them is less than 1 and

abc = 1. Prove that
1 1 1
—+ -+ -+32>2x+y+2).
xr Yy oz

1.235. If a; > ay > -+ > a, > 0, then

2 a+as+---+ay, n
< —
T I

1 S(\/a_l_\/ay

an

(Vi - V)

1.236. Prove that 25/17 is the largest positive value of k such that

1 n 1 n 1 n 1 S _n
a?+k P+k E+k &E+ET 14k

for any nonnegative real numbers a, b, ¢, d with ab + ac + ad + bc + bd + ¢d = 6 and at most
one of them larger than 1.

1.237. Let a, b, ¢ be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

1 1 1 1
< -
32a? — 48a + 25 * 32b% — 48b + 25 i 32¢2 —48¢+25 — 3

1.238. If a, b, ¢ are nonnegative real numbers such that at most one of them is less than 1
and ab + bc + ca = 3, then

1 1 1
3a2+5+3b2+5+302—|—5

3
< -
-8

1.239. Let a, b, c,d be nonnegative real numbers such that ab + ac + ad + bec + bd + cd = 1.

Prove that
1 1 1 1

> 3.
a+b+c+b+c+d+c+d+a+d+a+b_
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1.240. Let a,b, c be nonnegative real numbers such that a® 4+ b* + ¢ + ab + be + ca = 6.

Prove that
1 1 1

a2+5+b2+5+02+5

1
< -
-2

1.241. If aq, a9, . .., a13 are real numbers such that
ar+az+ -+ a3 =13,

then

4CL1+7 4(12—}-7 4a13—|—7 143
a? — 2a +4+a2—2a +4+H' a, — 2a +4§T'
1 1 2 2 13 13
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1.2 Solutions

P 1.1. If a,b are nonnegative real numbers, then

1 L 1 S 1
(1+a)? (1402~ 1+ab

First Solution. Use the Cauchy-Schwarz inequality as follows:

1 1 Lo (b+a)? 1
(+a)? (1407 1+ab- P+al+a(1+0° 1+ab
abla® + b* — 2(a +b) + 2]
(14 ab)[p2(1 +a)? + a2(1 + b)?]
abl(a —1)° + (b= 1)?]
(1+ab)[p?(1 +a)? 4+ a?2(1 +b)?] —

The equality holds for a = b = 1.
Second Solution. By the Cauchy-Schwarz inequality, we have

(a+b)(a—l—%)2(a~l—1)2, (a+b)(é+b>2(1+b)2,

hence ] N ] N ] N ] o
(I+a)? (1402~ (a+b)(a+1/b) (a+0b)(1/a+D) 14ab

Third Solution. The desired inequality follows from the identity

1 1 1 abla—b)*+ (1 —ab)’
(ta? (U102 1+ab (14214021 tab)

Remark. Replacing a by a/x and b by and b/z, where x is a positive number, we get the

inequality
1 1 1

>
(x+a)2+(x+b)2 — a2 +ab’

which is valid for any z,a,b > 0.

P 1.2. Let a,b, c be positive real numbers such that abc = 1. Prove that

o) [ SRR Y

“ 2a+1  2+1 2e41°
1 1 1

(b) + + <1.

a+2 b+2 c+2
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Solution. (a) Use the substitution

z zr X
y po 2T LY

a = — —
xz? y27 227

where z,y, z > 0. Applying the Cauchy-Schwarz inequality, we have
2

I T (M x)? B
Z2a—|—1 —22y2+x2 = S (2yz + x2)

The equality occurs for a =b=c = 1.
(b) The desired inequality follows from the inequality in (a) by replacing a,b, ¢ with
1/a,1/b,1/c, respectively. The equality holds for a = b =c¢ = 1.

O
P 1.3. If a,b, c are nonnegative real numbers such that ab + bc + ca = 3, then
1 4 1 N 1 <1
1+02+c2 14+4E+a> 14+a>+0> 7
Solution. Let us write the inequality in the form
2 2
3 e o
1+02+¢?
By the Cauchy-Schwarz inequality, we have
Z b? + 2 - V42?23 a*+2% \/(a? 4+ 0?)(a® + 2)
T+b24+c2 = S (1+b2+c2) 2> a?+3 '
Since /(a2 + b%)(a? + ¢2) > a* + be, we get
Z b2+02 >4Z(12+6_2
140242~ 2> a>+3
The equality occurs for a = b =c = 1.
m

P14.If 0<a,b,c<1, then

21+1+1>31+1+1
a+b b4+c cH+a) 20+1 2b+1 2c4+1)°
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Solution. Write the inequality as E(a,b,c) > 0, assume that 0 < a < b < ¢ < 1 and show
that
E(a,b,c) > E(a,b,1) > E(a,1,1) > 0.

The inequality E(a,b,c) > E(a,b, 1) is equivalent to

5 1 1 L9 1 1 5 1 1 >0
b+c b+1 c+a l+4a 2¢c+1 3) 7

1 1 1
(1=c) {(b—f—c)(b—f-l) * (c+a)(1+a) 20—|—1} 0.

We have
1 n 1 _ 1 S 1 N 1 _ 1
b+c)b+1) (c+a)(l4+a) 2¢+1 - (14+c)(1+1) (c+1)(1+1) 2c+1
c

T e+ D2+ 1) >0

The inequality F(a,b,1) > E(a,1,1) is equivalent to

5 L1 49 L1 5 1
a+b a+1 1+b6 2 20+1 3)°

(1-0) 2 + L2 >0
(a+b)(a+1) 14b 2b+1]
We have
2 1 2 2 1 2
+ - > + -
(a+b)(a+1) 14+b 20+1~ (1+b)(1+1) 1+b 2+1
= 20 >0
(LB (2b+1) T
Finally,

2a(1 —a) >0.
(a+1)(2a+1)
The equality holds for a = b = ¢ = 1, and also for a = 0 and b = ¢ = 1 (or any cyclic
permutation).

E(a,1,1) =

O

P 1.5. If a,b, c are nonnegative real numbers such that a + b+ ¢ < 3, then

5 1 n 1 n 1 > 5 1 n 1 n 1
a+b b4+c c+a) 20+3 26+3 2¢c+3)°
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Solution. It suffices to prove the homogeneous inequality

2 5
> (2 0
(b+c 3a—|—b—|—c>

We use the SOS (sum-of-squares) method. Without loss of generality, assume that

a>b>ec.

Write the inequality as follows:

Z 2a —b—c >0
(b+c)Ba+b+c) — 7

a—b a@—c
a—b b—a
Z(b+c)(3a+b+0)+Z(C—|—a)(3b—|—c+@) >0,

V

0,

Z(a_ b) < 1 B 1 ) >
b+c)Ba+b+c¢) (c+a)3b+c+a)
D (a=b(a+b—c)a+b)(3c+a+b) >0
Consider the nontrivial case a > b+ ¢. Since a + b — ¢ > 0, it suffices to show that
(a—c)(a+c—b)a+c)Bb+c+a)>(b—c)a—b—c)b+c)(3a+b+ec).
This inequality is true since
(a—c)>0b-c)? at+tc—b>a—-b—c

and
(a+c)3b+c+a) > (b+c)(3a+b+c).

The last inequality is equivalent to
(a—b)(a+b—c)>0.

The equality holds for « = b = ¢ = 1, and also for a = b = 3/2 and ¢ = 0 (or any cyclic
permutation).

O

P 1.6. If a,b, c are nonnegative real numbers, then

a? — be b? — ca 2 —ab
+ + > 0.
3a+b+c 3b+c+a 3c+a+bd
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Solution. We use the SOS method. Without loss of generality, assume that
a>b>ec.

We have

a*—be (a—b)(a+c)+ (a—c)(a+D)
QZm_Z 3a+b~|—c

(a—b)(a+c) (b—a)(b+c)

_Z 3a+b+c +Z 3b+c+a
a—b*(a+b—c
=Z<( ( )

3a+b+c¢)(3b+c+a)

Since a + b — ¢ > 0, it suffices to show that
(b—c)Pb+c—a)Ba+b+ec)+ (c—a)*(c+a—b)(3b+c+a)>0;
that is,
(a—c)P(c+a—b)Bb+c+a)>(b—c)*a—b—c)(3a+b+c).

For the nontrivial case a > b+ ¢, we can get this inequality by multiplying the obvious
inequalities
ct+a—b>a—-b—c,

b(a —c)* > a*(b—c)?,
a(B3b+c+a) >b(Ba+b+c),
a>b.

The equality holds for a = b = ¢, and also for a = b and ¢ = 0 (or any cyclic permutation).
O

P 1.7. If a,b, c are positive real numbers, then

40> — > — 2 42— —a® 4 —a® =P
< 3.

a(b+ c) - b(c+a) * cla+b) —

(Vasile Cirtoage, 2006)
Solution (by Boris Colakovic). Write the inequality as A > B, where
A= |1+ — 1+ — 14+ —
[ + a(b+c)} + [ + b(c—l—a)} + [ + c(a—i—b)} ’
4a 4b 4c
= + + .
b+c¢c c4+a a+b
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Using the AM-GM inequality, we have

bla+b)+clc+a) cb+c)+ala+b) alc+a)+bb+c)

a(b+c) b(c+ a) cla+0b)
a(c+a) ala+b) bla+b) bb+c) cb+c) clc+a)
c(a+b) * b(c+a)} * [a(b—i—c c(a—l—b)} * {b(c—ka) * a(b+ c)
2a 2b

A:

)
7t

and

. So, A > B. The equality occurs for a = b = c.

P 1.8. Let a,b,c be nonnegative real numbers, no two of which are zero. Prove that

( ) 1 n 1 + 1 S 3
4 )
a?+bc bV:+ca c24ab T ab+bc+ca’
1 1 1 2
b > )
() 2a2+bc+2b2+ca+202+ab_ab+bc+ca
( ) 1 n 1 L 1 - 2
c )
a?+2bc  b24+2ca  c24+2ab ab+be+ca
(Vasile Cirtoaje, 2005)
Solution. (a) Since
ab+bc+ca +a(b—|—c—a)
a?+be a2 +bc

we can write the inequality as

alb+c—a) blc+a—"0) c(a—l—b—c)>0
a? + be b? + ca c2+ab

Without loss of generality, assume that
a = min{a, b, c}.
Since b + ¢ — a > 0, it suffices to show that

blc+a—0b) cla+b—rc) >0
b? + ca 2+ ab

This is equivalent to each of the following inequalities

(b* + A a® — (b + ¢)(b* — 3bc + c*)a + be(b — ¢)* > 0,
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(b—c)?a* — (b+c)(b—c)’a+be(b — c)® + abe(2a + b+ c¢) > 0,
(b—c)*(a—b)(a—c)+ abe(2a + b+ c) > 0.

The last inequality is obviously true. The equality holds for a = 0 and b = ¢ (or any cyclic
permutation thereof).

(b) Using the identities
2a* + bc = a(2a — b — ¢) + ab + be + ca,
20 + ca = b(2b — ¢ — a) + ab + bc + ca,
2¢* + ab = ¢(2¢c — a — b) + ab + bc + ca,
we can write the inequality as

1 . 1 n 1
l+2z 1+y 1+27

where
a(2a — b —¢) _b(2b—c—a) _c(2c—a—D)

:ab—i-bc—i-ca’ y_alH—bc—i-ca7 i ab+bc+ca’

Without loss of generality, assume that a = min{a, b, ¢}. Since

r <0, > 1,
1+2x
it suffices to show that .
R > 1.
14y * 14+2
This is equivalent to
12> yz,

(ab+ be + ca)* > be(2b — ¢ — a)(2c — a — b),
a?(b® + be + ¢*) + 3abe(b + ¢) + 2bc(b — ¢)? > 0.

The last inequality is obviously true. The equality holds for @ = 0 and b = ¢ (or any cyclic
permutation thereof).

(¢) According to the identities
a® + 2bc = (a — b)(a — ¢) + ab + bc + ca,
b + 2ca = (b—c)(b—a) + ab+ bc + ca,
¢ +2ab = (c —a)(c — b) + ab + bc + ca,
we can write the inequality as

1_|_1_|_1>
1+ 1+y 1+=z
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where
L @-Wa-0 _ (b-db-a) __(c—a)c=b)
 ab+bectca’ y= ab+bc+ca’  ab+bc+ca’
Since
xy +yz+zox =0
and ) , ,
—(a—=0)*(b—c)*(c—a)
= <0
T (ab + be + ca)? -
we have
1 1 1 1 —2zyz

I+ 14y 1+=2 1+2)1+y)(1+2)

P 1.9. Let a,b,c be nonnegative real numbers, no two of which are zero. Prove that

2 2

a N b? N c L@ N b N ¢
b24+c2  24+a?2 a2+b2 " b+c c+a a+b

(Vasile Cirtoaje, 2002)

Solution. Use the SOS method. We have
Z >  a \ Z ab(a — b) + ac(a — ¢)
4+c2 btc) (0% 4+ c2)(b+ c)

B ab(a — b) ba(b — a)
Z (b2 4 ¢2) b+c)+z(02+a2)(c+a)
ab(a — b)?
EraEr@broera

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).
O

= (@ + 0"+ +ab+be+ca) )

P 1.10. Let a,b, c be positive real numbers. Prove that

1 . 1 . 1 S a . b n c
b+c c+a a+b a?+bc bV +ca cE+ab
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First Solution. Without loss of generality, assume that a = min{a, b, c}. Since

1 a 1 a
b+c _ZQQ—i—bc —Z (b—i—c_ a2+bc)
:Z (a —b)(a—c)
(b+ ¢)(a® + be)
and (a — b)(a — ¢) > 0, it suffices to show that

(b—c)(b—a) (¢ —a)(c—0b)
(c+a)(b®+ca) (a+b)(c*+ ab)

> 0.

This inequality is equivalent to
(b—o)[(b? — a®)(c* + ab) + (a* — &) (b* + ca)] > 0,
a(b—c)*(b* + & — a® + ab + bc + ca) > 0.
The last inequality is clearly true. The equality holds for a = b = c.

Second Solution. Since

bic_z{@fc)ﬁ(bfc)?] _Z“[(aimﬁ(aic)?}’

we can write the inequality as

Z“[(ajb)ﬁ (a—ic)Q _aQ—lkbc} = 0.

This is true since, according to Remark from P 1.1, we have

1 n 1 _ 1
(a+0)?  (a+c¢)? a?>+bc ~

P 1.11. Let a,b,c be positive real numbers. Prove that
1 N 1 N 1 S 2a N 2b N 2c
b+c c+a a+b~ 3a2+bc 3b2+ca 3c2+ab
(Vasile Cirtoage, 2005)

Solution. Since

1 2a 1 2a
b—l—c_Z?)aQ—i-bc_Z<b—|—c_3a2+bc)

Za—b a—c)+a(2a—b—c)
B (b+ ¢)(3a® + bc) ’
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it suffices to show that

(a —b)(a—c)
2 IBE T 2"

and

a(2a —b—c)
> 0
(b+ ¢)(3a® + be)
In order to prove the first inequality, assume that a = min{a, b, c}. Since
(a—b)(a—rc)>0,
it is enough to show that

(b—c)(b—a) N (c—a)(c—Db)
(c+a)(3? +ca)  (a+b)(3¢%+ ab)

> 0.

This is equivalent to the obvious inequality
a(b —c)*(b* + ¢ — a® + 3ab + be + 3ca) > 0.
The second inequality can be proved by the SOS method. We have
Z a(2a — b — c) :Za(a—b)+a(a—c)
(b+ ¢)(3a? + be) (b+ ¢)(3a® + be)

B a(a — b) b(b—a)
Z (b+ ¢)(3a® + be) Z(c+a)(3b2~l—ca)

a b
=§:@‘@[w+@@w+w@‘%c+®@W+aﬂ
_ c(a —b)*[(a —b)* + c(a + b)]

=> (

b+c)(c+a)(3a?+ be)(30* + ca) —

The equality holds for a = b = c.

P 1.12. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that
a b c
- +
b+c c+a a+b

) a N b N c _gz(ﬁ_l)(l_ab%—bc—f-ca).

b+c c¢c+a a+bd a? + b2 + c?

13 2(ab+bc+ca)
6 3(a+b2+2)’

©

(Vasile Cirtoaje, 20006)
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Solution. (a) We use the SOS method. Rewrite the inequality as

a b c 3. 2 ab 4+ bc + ca
+ + B e el B
b+c c¢c+a a+b 273 a? 4+ b2 + 2
Since
a 1\ (a—b)+(a—c)
S () = X ey
a—> b—a
_22(b—|—c)+22(c+a)
a 2 b+c c+a
_Z (a —b)?
B 2(b+c)(c+ a)
and

2 1_ab—|—bc~|—ca _Z (a — b)?
3 a2+ b2 +c2) 3(a? + b2 + ¢2)’

the inequality can be restated as

S (a—b)? ! _ L >0
2b+c)(c+a) 3@+b2+c)| —
This is true since
3a®+ b+ ) —2(b+c)(c+a)=(a+b—c)+2(a—b)?>0.

The equality holds for a = b = c.

(b) Let
p=a+b+c, q=ab+bc+ca, 1 =abc.

We have

According to P 3.57-(a) in Volume 1, for fixed p and ¢, the product r is minimum when
a = 0 or b = c¢. Therefore, it suffices to prove the inequality for a = 0 and for b =c = 1.

Case 1: a = 0. The original inequality can be written as

z(\/§—1)<1 be >

b
c b2 + 2

N W

+7—
b
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It suffices to show that

b ¢ 3 be
24 _2>1-
c * b 2~ b2 + 2
Denoting
b2 2
= HC sy
be
this inequality becomes
3 1
t—=>1— -,
2 t

(t—2)(2t —1) > 0.

Case 2: b = c = 1. The original inequality becomes as follows:

g+ 2 _§ (\/5_1)(1_20%1—1)7

2 a+1 27— a?+2

(=1 _ (V3-1)(a—1)
2(a+1) ~ a?+2 ’

(a—1)%(a—V3+1)2>0

The equality holds for a = b = ¢, and for

= b = c (or any cyclic permutation).

a
V3-—1

P 1.13. Let a,b, c be positive real numbers. Prove that

1 N 1 N 1 a+b+c \°
a?+2bc b +2ca c2+2ab~ \ab+bc+ca)
(Vasile Cirtoaje, 20006)

First Solution. Assume that a > b > ¢ and write the inequality as
(a+b+c)? >Z ab + be + ca 1),
ab+bc+ca a2+ 2bc

(a—b)2+(b—c)2+(a—b)(b—c)+Z(a—b)(a—c) -0

ab + bc + ca a? 4 2bc

Since
(a—=b)(a—c)>0, (c—a)(c—b)>0,
it suffices to show that

(ab+ be+ ca)(a —b)(b—c)

(a=0)°+ (=) +(a=b)b—c) - b+ 2ca

> 0.



Symmetric Rational Inequalities 49

This inequality is equivalent to

(a—b)*(b—c)?

b2+ (hb—¢)? =
(a=0)"+(b=c) b% + 2ca -

c(a —b)*(2a + 2b — c) =0

b— 2
( o) + b% + 2ca -

Clearly, the last inequality is true. The equality holds for a = b = c.
Second Solution. Assume that a > b > ¢ and write the desired inequality as

(a+b+c) >Z ab + bc + ca .

ab+bc+ca a2+ 2bc ’

1 (a —b)(a—c)
- _ — >
ab+bc+caz(a b)(a—c +Z a? + 2bc =

Z(HM) (a—b)(a—c)>0.

a? + 2bc
Since (¢ —a)(¢ —b) > 0 and a — b > 0, it suffices to prove that

b+b b+b
(Hm> (a—c)—l—(l—i—m) (c—b) >0,

a? + 2be b% + 2ca

Write this inequality as

— —b
a—0b+ (ab+ bc+ ca) (a2a+ ;bc + bQC+ 20@) >0,

> 0.

@—b) 1+ (ab+ be + ca)(3ac + 3bc — ab — 2¢*
(a® + 2bc) (b% 4 2ca)

Since a — b > 0 and 2ac + 3bc — 2¢? > 0, it is enough to show that

(ab + be + ca)(ac — ab)
(a2 + 2bc) (b? + 2ca)

We have
(ab + be + ca)(ac — ab) - (ab + bc + ca)(ac — ab)
(a? + 2bc)(b% + 2ca) — a?(b? + ca)
2 2 _ 2
_ (a+b)c* + (a b)c>0.
a(b? + ca)
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P 1.14. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a?(b+c) b c+a) Ala+b)

>a+b+ec.
b2 + 2 2 + a? a?+0b2 — tot

(Darij Grinberg, 2004)
First Solution. Use the SOS method. We have
b+c (b+¢)
Y e - Le=X|5re
Zab (a —b) + acla — c)

b + 2
ab(a — b) ba(b— a)
- Z b2 + 2 Z 2 + g2
)2
_ Z ab(a + b)(a — b) 0.
B+ &+ e

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).

Second Solution. By virtue of the Cauchy-Schwarz inequality, we have

2(b+c) > a*(b+ ¢)]?
Z b2 + 2 Za2(b+c)(b2—|—02)

Then, it suffices to show that

[Z a*(b+ c)} i > (Z a> [Z a*(b+ c)(b* + 02)] :
Let p=a+ b+ cand g =ab+ bc+ ca. Since
[Z a’(b+ c)] = (pq — 3abc)?
= p*¢® — 6abepg + 9a*b* P
and
Zaz(b+c)(b2 vt = Z(b+0)[(a262 B2 4 2a?) — b2
= 2p(a*b* + b*c? + a?) — Z v’ (p
= p(a®b® + b*c* + c*a?) + abeq = p(q® — 2abep) + abeg,
the inequality can be written as
q* — 6abepq + 9a*b*c? > p* (¢ — 2abep) + abepg,
abe(2p® 4 9abe — Tpq) > 0.
Using Schur’s inequality
p> 4+ 9abc — 4pg > 0,
we have
2p° + 9abc — Tpq > p(p* — 3¢q) > 0.
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P 1.15. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a?+ b b+ P c2+a2<3(a2+b2+02)
a+b b+c c+a — a+b+e)

Solution. Use the SOS method.
First Solution. Multiplying by 2(a + b + ¢), the inequality successively becomes:

Z(Hbi )(b2+02)§3(a2+b2+02),

c
a 2 2 2
P IETOPS o
2 2
Za(a—b +C>ZO,
b+c

abla — b) —ac(c—a
pe,

abla —b ba(a — b
o R T
ab(a — b)*
2 oroera 2"

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).

9

Second Solution. Subtracting a+b—+c from the both sides, the desired inequality becomes

as follows: (2 . 2) 2 2 ,
3(a*+b"+c a” + a—+
_ > _
a+b+c (a+b+0)—z(a+b 2 )

(a —b) (a —b)
ZcH—b—i—cZZZ(a—Fb)7
Z(a—i—b—c)(a—b)2 >0

a+b -

Without loss of generality, assume that a > b > ¢. Since a + b — ¢ > 0, it suffices to prove
that

(a+c—b)(a—rc)? S (a—b—c)(b—c)?
a+c - b+c '
This inequality is true because

a—c_ b-—rc
> .
at+c  b+ec

at+c—b>a—b—c, a—c>b—c,

The last inequality reduces to c¢(a — b) > 0.
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Third Solution. Write the inequality as follows:

Z 3(a* +b°)  a* 4V -0
20a+b+c) a+b |7

)

2 | 12 _
Z(a +b%)(a+b 20)20
a+b

Z (a® +b*)(a —c) N Z (a*> + ) (b — ¢ >0,

a+b a+b -

Z (a® +b*)(a — c) N Z (b* + *)(c — a) >0,

a+b b+c -

(a —¢)*(ab+ be + ca — b?)
D PRI AT =0

It suffices to prove that

(a —¢)*(ab+ be — ca — b?)
D PRI AT =0

Since

ab+bc —ca —b* = (a — b)(b— ¢),
this inequality is equivalent to

cC—a

—B)(b—¢)(c— >
(=B = e —0) 3 s = 0
which is true because

2 winnig ="

P 1.16. Let a,b, c be positive real numbers. Prove that

1 1 1 9
> .
a2+ab+62+b2+bc+02+62+ca+a2 ~ (a+b+c)?

(Vasile Cirtoaje, 2000)
First Solution. Due to homogeneity, we may assume that
a+b+c=1
Let ¢ = ab+ bc + ca. Since

V+bctcd=(a+b+e)—ala+b+c)—(ab+bc+ca)=1—a—gq,
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we can write the inequality as
1
DR
l—a—gq
9¢> — 6¢°> — 3¢ + 1 + 9abc > 0.
From Schur’s inequality
(a+b+c)* +9abe > 4(a+ b+ c)(ab+ be + ca),

we get

14+ 9abc — 4q > 0.

Therefore,
9¢* — 6¢° — 3¢ + 1+ 9abc = (1 + 9abc — 4q) + q(3¢ — 1)* > 0.

The equality holds for a =b = c.

Second Solution. Multiplying by a? + b? + ¢? + ab + bc + ca, the inequality can be written

as
9(ab + be + ca)

a
b >
(a+ +C)Zb2+bc—l—c2+ (a+b+c)? —

By the Cauchy-Schwarz inequality, we have

Z a (a+b+c)?  a+b+c
b2 +be+c2 ~ Y a(b?+be+c?)  ab+betca

Then, it suffices to show that

(a+b+c)*  9(ab+ b+ ca)
ab + bc + ca (a4 b+ c)?

This follows immediately from the AM-GM inequality.

P 1.17. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that
a? b? c?

+ + <.

(2a +b)(2a+¢)  (2b+c)(2b+a)  (2¢+a)(2c+b) ~ 3

—_

(Tigran Sloyan, 2005)

First Solution. The inequality is equivalent to each of the inequalities

2

Z {(2a+b)(2a+c) _3(a+b—|—c) <0,

a(a —b)(a — c)
Z (2a +b)(2a + ¢) =
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Due to symmetry, we may consider
a>b>ec.

Since ¢(c — a)(c — b) > 0, it suffices to prove that

a(a — b)(a — c) b(b—c)(b—a) >0
(2a+b)(2a+¢)  (2b+¢)(2b+a) —

This is equivalent to the obvious inequality

(a — b)*[(a + b)(2ab — ¢*) + c(a® + b* + 5ab)] > 0.

The equality holds for a = b = ¢, and also for a = b and ¢ = 0 (or any cyclic permutation).

Second Solution (by Vo Quoc Ba Can). Apply the Cauchy-Schwarz inequality in the
following manner

9a? (2a + a)? 2a a?

= < .
(2a+b)(2a+c¢) 2a(a+b+c)+ (2a® + bc) — a+b+c+2a2+bc

- 9a” <2+ Y < o3
(2a+b)(2a +¢) — 202 +bc —
For the nontrivial case a, b, ¢ > 0, the right inequality is equivalent to
Z o <1
2+bcfa?2 — 7

which follows immediately from P 1.2-(b).
Remark. From the inequality in P 1.17 and Holder’s inequality

{Z (2a+bC)L22a+c)} [Z \/a(2a+b)(2a+c)]2 > (a+b+c)?,

we get the following result:

Then,

e [fa,b,c are nonnegative real numbers such that a + b+ c = 3, then
Va(2a+b)(2a + ¢) + /b(20 + ¢)(2b + a) + \/c(2¢ + a)(2¢ + be) > 9,

33
7272

with equality for a =b=c =1, and for (a,b,c) = (O ) (or any cyclic permutation).

[]

P 1.18. Let a,b, c be positive real numbers. Prove that

a 1
(a) Z(2a+b)(2a+c)§a+b+c;

a® < 1
(2a2 +0%)(2a2 +2) ~a+b+c

(b) 2

(Vasile Cirtoage, 2005)
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Solution. (a) Write the inequality as
Z 1 ala+b+o) >0
3 (2a+b)(2a+c)| — 7
Z (a—b)(a—c) >0
(2a+b)(2a+¢) —

a>b>ec.

Assume that

Since (a — b)(a — ¢) > 0, it suffices to prove that

b-cb-a) = (a—c)lb-¢ _,
(2b+c¢)(2b+a)  (2c+a)(2c+b) —

In addition, since b —c>0and a —c > a — b > 0, it is enough to show that

=¥

(2c+a)(2¢+b) — (2b+¢)(2b+a)

This is equivalent to the obvious inequality
(b—c)(a+4b+ 4c) > 0.

The equality holds for a =b = c.
(b) We obtain the desired inequality by summing the inequalities
a’ a

(2a2 +b?)(2a2 + %) ~ (a+b+c)?’

IN

b b
(202 + ) (202 +a?) ~ (a+b+ )

C3 C

<
(22 +a?)(2¢2+0%) ~ (a+b+c)?

which are consequences of the Cauchy-Schwarz inequality. For example, from

IN

(a® 4+ a® + b)) (A + a* + a*) > (ac + a® + ba)?,

the first inequality follows. The equality holds for a = b = c.

P 1.19. If a,b,c are positive real numbers, then

v

1 1 2
Z(a+26)(a+2c) @10+  3(ab+beteca)
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Solution. Write the inequality as follows:

1 1 2 2
Z {(a+2b)(a+20) a (a+b+c)2] = 3(ab+bc+ca) (a+b+c)?

(b—c)? (b—c)?
Z (a+2b)(a+ 2¢) = Z 3(ab+ bc+ ca)’
b—c
(a=0)b=e)le—a)} rgnrarag 20

Since

b—c b—c b—c
2. (a+2b)(a+2¢) 2 [(a+ 20)(a +2¢)  3(ab+ be+ ca)}

_(a—b)(b—c)(c—a)z 1
~ 3(ab+ be + ca) (a+2b)(a+ 2¢)’
the desired inequality is equivalent to the obvious inequality

1

(a=0P(b=ePe =0 Y g rae 2

The equality holds for a = b, or b = ¢, or ¢ = a.

P 1.20. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

(a) 1 n 1 n 1 S 4
" :
(@a—0b)2  (b—c¢)? (c—a)® ~ ab+bc+ca’
1 1 1 3
b > :
v a2—ab—|—62+b2—bc+02+02—ca+a2_ab+bc+ca’
(c) 1 n 1 " 1 S )
c :
a2+ P+ 2+a®  2(ab+ be+ ca)

Solution. Let

ab + be + ca ab 4+ bc + ca ab + be + ca

E b,c) =
k(aa ,C) ag_kab+b2+b2_kbc+02+c2—k6a+a27

where k € [0,2]. We will prove that

Ek(aa ba C) 2 o,
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where
5 — 2k

2k’
2+k 1<k<2

0<k<1

. —

Assume that @ < b < ¢ and show that
Ex(a,b,c) > Ex(0,b,¢) > a.

The left inequality is true because

Ek(au b7 C) — Ek<0a b7 C) _

a

U+ (1+k)be — ac b+c 2+ (1 + k)bc — ab
~ b(a? — kab + b?) b2 — kbc + 2 c(c? = kea + a?)
- bc — ac . b+c . bc — ab =0

b(a? — kab+b%) b2 —kbc+c?  c(c® — keca + a?)

In order to prove the right inequality, Ex(0,b,c) > a4, where

be b ¢
B0 ) = e Tty

we well use the AM-GM inequality. Thus, for k& € [1,2], we have

bc b* — kbc + ¢?
Bl0be) = ey @ e TRE2TR

Also, for k € [0, 1], we have

be N b? — kbc + ¢?
b? — kbc + 2 (2 — k)%be

*P‘ﬁ} (g+g>+<2—kk>2

-2 ) 1 Lk _5-2
2k 2—k)2] (2-k2 2-k°

Ek(O, b, C) =

@)

b

For k € [1, 2], the equality holds when a = 0 and - + - = 1+ k (or any cyclic permutation).
c

For k € [0, 1], the equality holds when a = 0 and b = ¢ (or any cyclic permutation).

S

]

P 1.21. If a, b, c are positive real numbers, then
(@>+ ) (a®>+ %) P+ +a?) (2 +a?) (P +b?)
(a+0b)(a+c) (b+c)(b+a) (c+a)(c+b)

> a? + b2 + A

(Vasile Cirtoaje, 2011)
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Solution. Using the identity
(a* +0%)(a® + &) = b’ + a*(a* + b* + 2,
we can write the inequality as follows:
2 2 2
2:0%+;;+f)2@3+H+w%[1—§:0%+£m+cﬂ,
Z b?c(b+ c) > 2abc(a® + b* + ),
Z a*(b* + %) > 2 Z a’be,
> d(b—c)*>0.

The equality holds for a = b = c.

P 1.22. Let a,b, c be positive real numbers such that a + b+ c = 3. Prove that

1 1 1
< 1.
a2+b+c+b2+c+a+02+a+b_

First Solution. By virtue of the Cauchy-Schwarz inequality, we have
(> +b+c)(1+b+c)>(a+b+c)

Therefore,

1 l+b+c  34+2a+b+c)
—< —

a?+b+c a+b+c)2  (a+b+c)?
The equality occurs for a =b=c = 1.

Second Solution. Rewrite the inequality as

1 1 1
< 1.
a2—a+3+62—b+3+02—c+3_

We see that the equality holds for a = b = ¢ = 1. Thus, if there exists a real number k such

that . .
— <k - —k
a?—a+3 " +(3 )a

for all a € [0, 3], then

ZGQ_;MS {k—i—(%—k)a} :3k+(%—k)2a:1.
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We have

1 1 ~ (a—=1)f(a)
k+(§_k)a_a2—a+3_3(a2—a+3)’

where

f(a) = (1 — 3k)a® + 3ka + 3(1 — 3k).
From f(1) =0, we get k = 4/9. Thus, setting k = 4/9, we get

1 1 (a—1)*(3—a)
Lk Z—k)a-— = > 0.
+<3 )a 2—a+3 9a-a+3) -

P 1.23. Let a,b,c be real numbers such that a + b+ ¢ = 3. Prove that

a?—bc bV —ca —ab

> 0.
213 P13 213 -

(Vasile Cirtoaje, 2005)

Solution. Apply the SOS method. We have

QZGQ—bc_Z (a—b)(a+c)+ (a—c)(a+D)

a’?+3 a2—|—3
B Z (a —ai) +a3+ ), Z (b —bg)ibg—ir c)
= S-0 (5 )
= (3 —ab— bc — ca) Z (2 iag;(l;g:_ 3 > 0.

Thus, it suffices to show that
3—ab—bc—ca>0.

This follows immediately from the known inequality
(a+b+c)* > 3(ab+ be + ca),

which is equivalent to
(a=b)?+(b—c)*+(c—a)*>0.

The equality holds for a =b=c=1.
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P 1.24. Let a,b, c be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

1—bc+1—ca+1—ab>
54+2a 5+2b 5+2¢c

Solution. We apply the SOS method. Since
9(1 —bc) = (a+b+c)* — e,

we can write the inequality as

Za2+b2+c2—l—2a(b+c)—7bc>

5+ 2a 0.
From
(@ —b)(a+kb+mc)+ (a —c)(a+ kc+mb) =
=2a> — k(b + &) + (k+m — 1)a(b + ¢) — 2mbe,
choosing k = —2 and m = 7, we get

(a—0b)(a—2b+7c)+ (a —c)(a — 2¢+ 7b) = 2[a* + b* + ¢* + 2a(b + ¢) — Th].

Therefore, the desired inequality becomes as follows:

(a —b)(a—2b+ Tc) (a —c)(a —2c+7b)
Z 5+ 2a +Z 5+ 2a =

0,

Z(a—b)(a—2b—|—7c)+Z(b—a)(b—2a+7c) >0,

5+ 2a 5420 -
Z(a —b)(5+2c)[(5+2b)(a—2b+Tc) — (5 + 2a)(b—2a+ Tc)] >0,

> (a—)*(5+2¢)(15 + da + 4b — 14c) > 0,
D (a=b(G+2¢)(a+b—c) > 0.
Without loss of generality, assume that a > b > c. Clearly, it suffices to show that
(a—c)*(5+2b)(a+c—0b) > (b—c)*(5+2a)(a—0b—c).
Sincea—c>b—c>0and a+c—b>a—0b— c, we only need to show that
(a—c)(5+2b) > (b—c)(5+ 2a).

Indeed,
(@a—c)(5+2b) = (b—c)(5+2a)=(a—b)(5+2c) > 0.

The equality holds for a = b = ¢ = 1, and for a = b = 3/2 and ¢ = 0 (or any cyclic

permutation).

O
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P 1.25. Let a,b, c be nonnegative real numbers such that a + b+ ¢ = 3. Prove that
1 1 1 3
P12 PrEi2 a2 q
(Vasile Cirtoaje, 20006)

Solution. Since

2 B a’ +b?
a2 +02+2 a2+ +2
we may write the inequality as
a? + b? b? + 2 2+ a?

3

> —.

M+b?+2+b?+é+2+ﬂ?+a%+2—2
By the Cauchy-Schwarz inequality, we have

5 2+0 (VP )
a?+b24+2 7 > (a®>+b2+2)
23 a® + 23 \/(a® + b?)(a® + 2)

- 2% a’+6

>22&+22mﬂw@

- 2% a’+6

3y ad*+9 3

T2y a2+6 2
The equality holds for a =b=c=1.

P 1.26. Let a,b, c be positive real numbers such that a + b+ ¢ = 3. Prove that
1 1 1 1
+ + <5
4a? + 0?2+ 42+ 2 +a? A+ a?+ b T 2
(Vasile Cirtoaje, 2007)

Solution. According to the Cauchy-Schwarz inequality, we have

9 B (a+b+c)?
4a2 + b2 4+ 2a2 + (a? + b2) + (a2 + )
1 v? ?
“ 4

< .
2 a?+b? +a2—i—c2
Therefore,
2

9 3 &
Z4a2+b2+02_§ Z( —|—b2 a2—|—02>
3
st

a? _3+3_9
+—b2 b2-+»a2 2 2
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The equality holds for a =b=c=1.

Remark Similarly, we can prove the following generalization:

e Ifay,as,...,a, are nonnegative real numbers such that a1 + as + - -+ + a, = n, then

1 1
< —.
Z(n+1)a%+a§+--~+a,%—2

P 1.27. Let a,b, c be nonnegative real numbers such that a +b+ ¢ = 2. Prove that

be . ca . ab <1
a?+1 b2+1 2417

(Pham Kim Hung, 2005)
Solution. Let
p=a+b+c=2, q=ab+bc+ ca, q<p*/3=4/3.

If a = 0, then the inequality reduces to 4ab < (a + b)?. Otherwise, for a,b,c > 0, write the
inequality as

Using the inequality

>
a?+1—

which is equivalent to
ala —1)* >0,

a a2 —a alb+c¢
o

Therefore, it suffices to prove that

we get

1+ abcqg > q.
By Schur’s inequality of degree four, we have

(P —a)lg-p") _(“-9l¢-1)

be >
e = 6p 3
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Thus,

4 — —1 _ _12
1—|—abcq—q21+q( q;(q )_q:(3 Q):())q )20.

The equality holds if a = 0 and b = ¢ =1 (or any cyclic permutation).

P 1.28. Let a,b, c be nonnegative real numbers such that a +b+ c = 1. Prove that

bc+ca+ab<
a+1 b+1 c¢+1—

N

(Vasile Cirtoaje, 2009)

First Solution. We have

Za—l—l Za+b +(c+a)

1 1

Z_lz <a—|—b c+a)
1

1 bc bc

4 a+b+4zc—l—a

1 ca

__Za+b 12

bc+ca 1 1

REP SR DOES

The equality holds for a = b = ¢ = 1/3, and for @ = 0 and b
permutation).

= 1/2 (or any cyclic

Second Solution. It is easy to check that the inequality is true if one of a,b,c is zero.
Otherwise, write the inequality as
1 N 1 N 1 < 1
ala+1)  bb+1) clc+1) ~ dabe

Since
1 1 1

ala+1) a a+1
we may write the required inequality as

1 1 1 1 1 1 1
>

a+1+b+1+c+1_a+b ¢ 4dabc

In virtue of the AM-HM inequality, we have
1 1 1 9 9

+ + > = -
a+1l b4+1 c+1 7 (a+1)+(b+1)+(c+1) 4
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Therefore, it suffices to prove that

9.1 1 1 1
>

Z_E+b+c_4abc'

This is equivalent to Schur’s inequality

(a+b+c)® + 9abc > 4(a+ b+ c)(ab + be + ca).

P 1.29. Let a,b, c be positive real numbers such that a + b+ c = 1. Prove that

1 1 1 3
< .
a(2a? + 1) * b(20% + 1) * c(2¢2+1) = 1labc

(Vasile Cirtoaje, 2009)

Solution. Since
1 1 2a

a2 +1)  a 22241

we can write the inequality as

2¢2+1 " a b ¢ 1labc

By the Cauchy-Schwarz inequality, we have

Z “ a2 1

202+1 7 > a2a2+1) 2@+ +3)+1

Therefore, it suffices to show that

p 11g— 3
2@+ b3+ c3)+1 ~ 1labe ’
where . X
q = ab+ bc + ca, qgg(a+b+c)2:§.
Since

a® +b* + ¢ = 3abc + (a+ b+ ¢)® = 3(a+ b+ c)(ab + be + ca) = 3abe + 1 — 3q,

we need to prove that
22abc > (11q — 3)(6abc + 3 — 6q),

or, equivalently,
2(20 — 33q)abe > 3(11q — 3)(1 — 2q).
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From Schur’s inequality
(a+b+c)* + 9abe > 4(a + b+ c)(ab + be + ca),

we get
9abc > 4q — 1.

Thus,
2(20 — 33q)abc — 3(11qg — 3)(1 — 2q) >
S 2(20 — 33¢)(4qg — 1)
- 9
B 330¢% — 233q + 41 (1 —3q)(41 — 110q) >0
9 9 -
This completes the proof. The equality holds for a = b= ¢ =1/3.

—3(11g — 3)(1 — 2q)

P 1.30. Let a,b,c be positive real numbers such that a + b+ ¢ = 3. Prove that

1 1 1
< 1.
a3+b+c+b3+c+a+c3+a+b_

(Vasile Cirtoaje, 2009)

Solution. Write the inequality in the form

1 1 1
< 1.
a3—a+3+b3—b+3+c3—c+3_

Assume that a > b > ¢. There are two cases to consider.
Case 1: 2 > a > b > c. The desired inequality follows by adding the inequalities

1 5 —2a 1 5—2b 1 5 —2¢
< , < , < :
ad—a+3~ 9 b —b+3 9 A —c+3 9

These inequalities are true since

1 5—2a_(a—1)2(a—2)(2a+3)<0
ad—a+3 9 9(a® —a+ 3) -

Case 2: a > 2. From a+ b+ ¢ = 3, we get b+ ¢ < 1. Since

Z 1 - 1 . 1 . 1 <1+ 1 n 1
a3—a+3 ad—a+3 3-b 3—-¢c 9 3—-b 3-—-¢

it suffices to prove that
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We have
1 1 8 —3—-15(1—-b—c)—8bc

55 3-c¢ 9 9(3—b)(3—c)
The equality holds for a =b=c=1.

< 0.

P 1.31. Let a,b,c be positive real numbers such that a + b+ ¢ = 3. Prove that

2 2
a b c -

1+b3+c3+1—|—c3+a3+1+a3—|—b3 -

2

Solution. Using the Cauchy-Schwarz inequality, we have

2

Z a (>_a®)

>
1+ +c > a?(14+0+c3)

and it remains to show that
(> +b*+ A2 > (a® +b* + ) + Za2b2(a +b).

Let
p=a+b+c, q = ab+ bc + ca, q < 3.

Since a? + b% 4 ¢> = 9 — 2¢ and
Z a*b*(a +b) = Z a’b*(3 —c) =3 Z a’b* — qabc = 3¢* — (q + 18)abc,
the desired inequality can be written as
(9 —29)° > (9 —29) + 3¢° — (¢ + 18)abe,

¢* — 34q + 72 + (q + 18)abe > 0.

This inequality is clearly true for ¢ < 2. Consider further that 2 < ¢ < 3. By Schur’s
inequality of degree four, we get
(P’ — )4 —p*) _ (9—a)(4g—9)

be > -
e = 6p 18

Therefore

18)(9 — q)(4q — 9
€12—34(1—1-72—1-(q+18)abc2q2—34q+72_1_(q+ )( q)(4q )

18
_ 2 —
_ B3-q)(4q 1;; 21g—54) .

The equality holds for a =b=c=1.
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P 1.32. Let a,b, c be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

1 n 1 n 1
6—ab 6—bc 6—ca

IN

3
-

Solution. Rewrite the inequality as
108 — 48(ab + be + ca) + 13abc(a + b+ ¢) — 3a*b*c® > 0,

419 — 4(ab + be + ca) + 3abc] + abe(1 — abe) > 0.
By the AM-GM inequality,

3
1= (%b—kc) > abe.

Consequently, it suffices to show that
9 — 4(ab + be + ca) + 3abc > 0.
We see that the homogeneous form of this inequality is just Schur’s inequality of third degree
(a4 b+ c)* +9abc > 4(a + b+ c)(ab + be + ca).
The equality holds for a = b = ¢ = 1, as well as for a = 0 and b = ¢ = 3/2 (or any cyclic

permutation).
[

P 1.33. Let a,b, c be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

1 1 1
2a2+7+2b2—|—7+202+7

< —.
-3
(Vasile Cirtoage, 2005)

Solution. Use the mixing variables method. Assume that a = max{a,b, ¢} and prove that

1
E(a,b,c) < E(a,s,s) < 3
where ;
5§ = +C, 0<s<1,
2
1 1 1
E(a,b,c) = .
(@be)= e Y a7 T o gt
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We have

Ela,s,s) - Bla,bc) = (2321+ 7 2b21+ 7) * (2321+ T 2021+ 7)
1 {(b—c)(b+s)+(c—b)(c+s)]

T2 4+7 | w47 22 + 7
(b — c)*(7 — 4s* — 2bc)
22+ T) 22+ )22 +T7)

Since be < s? < 1, it follows that
7—4s% —2bc =1+ 4(1 — s%) + 2(1 — be) > 0,
hence E(a, s, s) > E(a,b,c). Also,

1 1 4(s —1)%(25 — 1)?
g—E(a,s,s):g—E(B—Qs,s,s): (s —1)°(2s — 1)

> 0.
3(2a2+T7)(282+7) —

The equality holds for a = b = ¢ = 1, as well as for a = 2 and b = ¢ = 1/2 (or any cyclic
permutation).
]

P 1.34. Let a,b, c be nonnegative real numbers such that a + b+ c = 3. Prove that
1 1 1 3

>
2a2+3+2b2+3+202+3_5

(Vasile Cirtoaje, 2005)

First Solution (by Nguyen Van Quy). Write the inequality as
1 1 2
S (4 g) <2
3 2a°+3 5

Y s <
202 4+5 5

Using the Cauchy-Schwarz inequality gives

25 25
3(2a2+3)  6a%2+ (a+ b+ c)?
_ (24+241)
 2(2a2 + be) + 2a(a + b+ c) + a% + b2 + 2
22 22 1

<
- 2(2a2+bc)+2a(a+b+0) +a2+b2+c2’
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hence
250 2a> 2a a?
- < = - -
Z3(2a2—|—3) - 22a2+bc+za+b+c+za2+b2+c2
2a>
= 3.
Z 2a2 + be +

Therefore, it suffices to show that

2

Z a <1.
2a2 4+ bc —

For the nontrivial case a, b, c > 0, this is equivalent to

1
—— <1
Z2—|—bc/a2 -

which follows immediately from P 1.2-(b). The equality holds for a = b = ¢ = 1, as well as
for a =0 and b = ¢ = 3/2 (or any cyclic permutation).

Second Solution. First, we can check that the desired inequality becomes an equality for
a=b=c=1,and for a = 0 and b = ¢ = 3/2. Consider then the inequality f(z) > 0, where

1 —4x

The conditions f(1) = 0 and f’(1) = 0 involve A = 9/25 and B = —4/25. Also, the
conditions f(3/2) = 0 and f/(3/2) = 0 involve A = 22/75 and B = —8/75. Using these
values of A and B, we obtain the identities

1 _9—4x_2(x—1)2(4x—1)
222 +3 25  25(2224+3)

1 22 -8z  (2z—3)*(4x +1)
272 + 3 75 75(22243)

and the inequalities
1 9 —4dx

> Y
202 +3 — 25
1 22 — 8z
> )
20243~ 75
Without loss of generality, assume that a > b > c.
1

Case l: a>b>c> T By summing the inequalities

x>

1
47

x> 0.

1 >9—4a 1 >9—4b 1 >9—4c
202+3 ~ 25 7 202+3 7~ 25 7 2¢2+3 7 25 7
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we get
1 1 1 27 —4(a+b+c¢) 3
+ + > = _.
202 +3  202+3 22+ 3 25 5
1
Case 2: aZbZZZC. We have
1 22 —8a 22 —8b 1
> > - +
2a% + 3 75 75 2¢2 + 3
_44—8(a+b)+ 1 _20—|—8c+ 1
B 75 2c2+3 75 2c2 + 3

Therefore, it suffices to show that

20+8 1 3
+ >,
B 22437

which is equivalent to the obvious inequality

c(8c¢® — 25¢+12) > 0.

Case 3: a > = > b > c. We have

Ny

Z 1 - 1 L 1 S 2 >§
202 +3 7 202+3  2c2+3 ~ 1/8+3° 5

P 1.35. Let a,b, c be nonnegative real numbers such that ab+ bc + ca = 3. Prove that

1 1 1 a+b+c 3
+ + > - .
a+b b+c cH+a 6 a+b+c

(Vasile Cirtoaje, 2007)

First Solution. Denoting
r=a-+ b + C, x Z 37

we have

1 1 1 (a+b+c¢)? +ab+bc+ca 2 +3

a+b+b—|—c+c—|—a_ (a+b+c)(ab+bc+ca) —abe 3z — abe’

Then, the inequality becomes
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This inequality is true since
22—9>0, °+9abc— 12z > 0.
The last inequality is just Schur’s inequality of degree three
(a+b+c)® + 9abe > 4(a + b+ c)(ab + be + ca).

The equality holds for a = b = ¢ = 1, and for a = 0 and b = ¢ = /3 (or any cyclic
permutation).

Second Solution. We apply the SOS method. Write the inequality as follows:

1 1 1 a+b+c 3
+ + > + ,
a+b b+c c+a " 2ab+bc+ca) a+b+c

1 1 (a+b+c)?
+ + >
a+b b+c c+a ab + be + ca

1 1 1 (a+b+c)?
+ + -9> —
a+b b+c cHa ab + bec + ca

?

2(a+b+c)(

9

[(a+b)+(b+c)+(c+a)](

(b= 1 ,
Z (a+0b)(c+a) = 2(ab + be + ca) Z(b—c) ;

Zab+bc+ca—a2

(a+b)(c+a) (b= 20,

9
S o220,

3+ a?
Without loss of generality, assume that a > b > ¢. Since 3 — ¢ > 0, it suffices to show that
3—a? 3 -0

3l

Having in view that

3—bV=ab+bct+ca—b>>bla—b)>0, (c—a)

v

(b - 6)27

it is enough to prove that
3—a2+3—b2 -0
3+a? 3407

This is true since

3—a2+3—b2_ 2(9 — a®b?) _20(a+b)(3+ab)>0
3+a2 3402 (B3+a)(B+0b)  (B+a)(B3+02) ~
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P 1.36. If a,b,c are nonnegative real numbers such that ab+ bc + ca = 3, then
1 n 1 n 1 3
a?+1 b?+1 A2+172
1 N 1 n 1 S 9
a?+2 bv2+2 2+2710

Y

(b)

alb+c) blc+a) cla+Db)
a?+1 b2 +1 2+1

(c)

<3.
(Vasile Cirtoaje, 2005)

Solution. (a) First Solution. After expanding, the inequality can be restated as
a? + 0%+ A2 43> 3a%0% + a?0? 4+ b*P + Ad.
From
(a+ b+ c)(ab+ be+ ca) — 9abe = a(b — ¢)* + b(c — a)?* + c(a — b)* > 0,

we get
a+ b+ c > 3abe.

So, it suffices to show that
a®+ b+ +3 > abe(a+ b+ c) + a*b* + b + *a’.
This is equivalent to the homogeneous inequalities
(ab+ be + ca)(a® + b* + c2) + (ab + be + ca)? > 3abe(a + b+ ¢) + 3(a*b* + b*c® + c*a?),
ab(a® + b?) + be(b? + &) + ca(c® + a*) > 2(a*b* + b*c* + Fa?),
ab(a — b)* + be(b — ¢)* + calc — a)* > 0.

The equality holds for a = b = ¢ = 1, and for a = 0 and b = ¢ = /3 (or any cyclic
permutation).

Second Solution. Without loss of generality, assume that
a = min{a, b, c}, be > 1.
From
(a4 b+ c)(ab+ be+ ca) — Yabe = a(b — ¢)* + b(c — a)?® + c(a — b)? > 0,

we get
a+ b+ c > 3abe.

The desired inequality follows by summing the inequalities

1 1 2
+ > ;
B +1 241" be+1
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1 + 2 >3
a?+1 be+1 7~ 2
We have
1 N 12 b(c —b) N c(b—c)
+1 2+1 be+1  (B2+1)(bc+1)  (2+1)(bc+1)
B (b—c)*(bc — 1) >0
@+ D) (e +1)(be+1) T
and
1 N 2 3 _a®—bc+3—3a’bc _ ala+b+c—3abe)
a2+1 be+1 2 2@+1D(be+1) 2@+ 1)(bc+1)
Third Solution. Since
1 _, a? 1 _y b? I c?
a?2+1 ~ a2+1 B+1  P4+1 2+1 241

we can rewrite the inequality as

a? b? c?

a2+1+b2—|—1+02+1

3
< a)
-2
or, in the homogeneous fOI'Hl,

2

a 1
< —.
Z3a2+ab+bc—l—ca -2

According to the Cauchy-Schwarz inequality, we have

4a® _ (a+a)? c_ o a?
3a24+ab+bc+ca ala+b+c)+(2a2+bc) T a+b+c 2a%+ b’

hence

e TR e
3a? 4+ ab+bc+ca 2a® + be’

It suffices to show that )

> e
2a2 + be —

For the nontrivial case a,b,c > 0, this is equivalent to

1
— <1
22+bc/a2 -

which follows immediately from P 1.2-(b).

(b) After expanding, the inequality becomes

4(a* + b* + ) + 48 > 9a%b*c? + 8(a?b* + b*c? + 2a?).
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From
(a+ b+ c)(ab+ be + ca) — 9abe = a(b — ¢)* + b(c — a)* + c(a — b)* > 0,

we get
a+ b+ c > 3abe.

So, it suffices to show that
4(a® 4+ b* + c*) + 48 > 3abc(a + b+ c) + 8(a*b* + b*c* + c*a?).
This is true if
4(a® 4+ b* + ¢*) + 48 > 12abc(a + b + ¢) + 8(a®V? + b*c? + *a?),
which is equivalent to the homogeneous inequality
(ab+ be+ ca)(a® +b* + c*) + 4(ab + be + ca)? > 9abe(a + b + ) + 6(a’V? + b*c? + 2a?),

ie.
ab(a — b)* + be(b — ¢)* + calc — a)* > 0.

The equality holds for a = 0 and b= ¢ = /3 (or any cyclic permutation).
(¢) Denoting
p=a+b+ec, q = ab + bc + ca, r = abe,
we may write the inequality as follows:
ab + ac
1— >0
> (1-555) =
2 9 _
Z 2a + 1 ap > 0’

a?+1
> @+ 1)+ 1)+ 1) —p) al®+1)(?+1) >0.

Since

D> a7+ 1)V +1)(P + 1) =62’V +5) a’b*+4) a’+3
=612 +5(9 — 2pr) + 4(p* — 6) + 3 = 6r* — 10pr + 4p* + 24
Za(b2+1)(62+1) :achbc+Za(b2+02)+Za
= (Za) (Zab) —|—Za:4p,

612 — 10pr + 4p® + 24 — 4p* > 0,
3r2 —5pr+12>0,

and

the inequality becomes
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which is equivalent to the homogeneous inequality
27r% — 15pqr + 4¢° > 0.
We have

27r% — 15pqr + 4¢* = 4q(¢*> — 3pr) — 3r(pg — 9r) = 2q Z a’(b—c)® —3r Z a(b— c)?

= Z a*(2q — 3bc)(b —¢)* = Z(Qab — be + 2ca)(ab — ca)?.
Assuming that a < b < ¢, hence ab > ca > bc, we get

Z(Qab — be + 2ca)(ab — ca)? > (2bc — ca + 2ab)(be — ab)® + (2ca — ab + 2bc)(ca — be)?
> (2bc — ca + 2ab)(ca — be)? + (2ca — ab + 2be)(ca — be)? = (ab + 4be + ca)(ca — be)* > 0.
The equality occurs for a = b =c = 1.

Remark 1. We can write the inequality (a) in the homogeneous form

1 n 1 n 1 S 3
N 3a? " 3v? m 3c? -2
ab + be + ca ab + be + ca ab + be + ca
Using the substitutions
bc=x, ca=vy, ab=z, aQZ%, bQ—ﬁ, 62:ﬁ7
x Y
the hypothesis and the inequality become respectively x +y + z = 3 and
1 1 1 S 3
3yz * 3z + 3y =9

14— 1+——— 14+ —
r(x+y+2) Yyl +y+2) 2z +y+z

So, we find the following result:

e Ifx,y,z are nonnegative real numbers (no two of which are zero) such that x+y+z = 3,

then
T Y z

3
+ + > =
r+yz y+zx z4+ay 2

Remark 2. Similarly, we can reformulate the statement (c) as follows:

o [fx,y,z are nonnegative real numbers (no two of which are zero) such that t+y+z = 3,
then
rlytz)  yleta)  zty) <3
T+ yz Y+ zx Z+xy

with equality when x =y = z =1, and also when one of x,y, z is zero.



76 Vasile Cirtoaje

P 1.37. Let a,b, ¢ be positive real numbers such that ab + bc + ca = 3. Prove that

a? b? c

> 1
a2+b+c+b2+c+a+02+a+b_

2

(Vasile Cirtoaje, 2005)
Solution. We apply the Cauchy-Schwarz inequality in the following way
Z a? - (a3/2 + b3/2 +c3/2)2 _ Zag +22(ab)3/2
a?+b+c— Y al@®+b+c) >.ad+6 '
Then, we still have to show that
(ab)®? 4 (bc)>/? + (ca)®? > 3.
By the AM-GM inequality, we have

3/2 3/2
(ab)¥/? — (ab)** 4 (ab)”*+1 1 > 3ab 17
2 2 2 2
hence 3 3
(ab)®? + (be)®? + (ca)®? > i(ab + bc + ca) — 5 3.

The equality holds for a =b=c=1.

P 1.38. Let a,b,c be positive real numbers such that ab + bc 4+ ca = 3. Prove that
bc+4+ca—|—4+ab+4<3<bc+2+ca—|—2+ab—i—2
a?+4 P+4 AA+47 0 T a?+2 P+2 A+2

(Vasile Cirtoage, 2007)

Solution. More general, using the SOS method, we will show that

bc+k ca+k ab+k
k — — <
( 3)<a2+k+b2+k+02+k 3)—0

for £ > 0. This inequality is equivalent to

a? — bc
(k—3)za2+k > 0.

Since

a? — bc a—"b)la+c)+(a—c)la+b
22a2+k22( )( a)2—|—(k )(a +b)

B (a—b)(a+c) (b—a)(b+c)
Z FENR D Dh

_ <a_b)2
= (k:—ab—bc—ca)z (a® + k)(b% + k)

B (a — b)?
= =3 i hE
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we have

a’ —be ) a—0b)?
2k =3)) g = k=9 Z(ah(rk)(bgw) 0.

The equality in both inequalities holds for a = b =c = 1.

P 1.39. Let a,b, c be nonnegative real numbers such that ab + bc + ca = 3. If
k>243,
then

1 N 1 N 1 < 3
a+k b+k c+k - 1+Ek

(Vasile Cirtoaje, 2007)

Solution. Let us denote
p=a+b+c, p>3.

By expanding, the inequality becomes
k(k — 2)p + 3abe > 3(k — 1)%
Since this inequality is true for p > 3(k — 1)?/(k* — 2k), consider further that

3(k — 1)?

e

From Schur’s inequality

(a+b+c)* + 9abe > 4(ab+ be + ca)(a + b+ c),

we get
9abe > 12p — p°.

Therefore, it suffices to prove that
3k(k —2)p+12p — p* > 9(k — 1)%,

or, equivalently,

(p—3)[(3(k — 1)> = p* = 3p] > 0.

Thus, it remains to prove that

3(k—1)2—p*—3p>0.
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Since p < 3(k — 1)%/(k* — 2k) and k > 2 + /3, we have
9(k —1)*  9(k —1)?

D R(k-22 k(k—2)
3k — 1)2(k = 3)(K? — 4k + 1)

k2(k — 2)2

3(k—1)2—p*—3p>3(k—1)°

> 0.

The equality holds for a = b = ¢ = 1. In the case k = 2 + /3, the equality holds also for
a=0and b= c=+/3 (or any cyclic permutation).
O

P 1.40. Let a,b, c be nonnegative real numbers such that a® + b* + ¢ = 3. Prove that

alb+c¢)  blc+a) c(a—l—b)<3
1+ be 1+ ca 14+ab —

(Vasile Cirtoaje, 2010)

Solution. Write the inequality in the homogeneous forms

a(b+ c)
<1
Za2+b2—1—02+3bc_ ’

Z { a(b+c) B a <0
a2+ +c2+3bc a+b+c|
a(a —b)(a — c)
Za2+62+c2+3bc -
Without loss of generality, assume that a > b > ¢. Then, it suffices to prove that

a(a —b)(a —c) b(b—c)(b—a) >0
a?4+b2+c2+3bc a?+b2+c2+3ca

which is true if

ala — ¢) S b(b—¢)
a? 4+ b2 4+ c24+3bc — a?+ b2+ 2+ 3ca
Since

a(a —¢) > b(b — c)

and
1 1

>
a?4+02+c2+3bc — a2+ b2+ 2+ 3ca’

the conclusion follows. The equality holds for a = b = ¢ = 1, and for a = b = /3/2 and
¢ =0 (or any cyclic permutation).

]
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P 1.41. Let a,b, c be positive real numbers such that a®> + b* + ¢ = 3. Prove that

- -

> 3.
a+b b+c c+a

(Cezar Lupu, 2005)

First Solution. We apply the SOS method. Write the inequality in the homogeneous forms

¥+ b
Z( L jZLC)Z\/?)(a?—l—b?—ich)—a—b—c,

b+c

(b—¢)’ 2 (b —c)
ZQ(b—i-C) = V3@ +02+ ) +a+b+e

Since

V3@ +b2+c2) +at+bt+c>2a+b+c)>20b+c),
the conclusion follows. The equality holds for a =b=c¢ = 1.

Second Solution. By virtue of the Cauchy-Schwarz inequality, we have

E:a%+w>>Qj«ﬁ+wwg_2§)ﬂ+2§;¢mr+wx&+¢%
atb = Sa+b) 25 a

S 23 a? + 2> (a® + be) _ 3 a2+ (X a)’

- 2> a 2> a

9+ (e, (Za-—3)

BE) STRNEEAREE) SR

P 1.42. Let a,b, c be positive real numbers such that a®> + b* + ¢ = 3. Prove that

ab + be + = +2<7( +b+c)
—\a C).
a+b b+c c+a ~— 06

(Vasile Cirtoaje, 2011)

Solution. We apply the SOS method. Write the inequality as

4bc
3E (b+c 5 c) 8B3—a—-b—c)

Since

4bc (b—c)?

btc— _
Ty e T bre
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and

9—(a+b+c)* 3@+ +c*)—(a+b+c)?
J—a—b—c= =
3+a+b+ec 3+a+b+c

1
N — b—c)?
3+a+b+cz( o)

we can write the inequality as
Sa(b—¢)* + Sy(c — a)* + S.(a — b)* >0,

where

3 8

S, = — )
b+c 34+a+b+c

First Solution. Without loss of generality, assume that a > b > ¢, which involves S, >
Sy, > S.. If
Sy +S. >0,

then
Sa Z Sb Z 07

hence

Sa(b—¢)? + Sy(c — a)? + S.(a — b)?

By the AM-HM inequality, we have

1 1 16
Sp+Sc=3 -
ot (a+c+a+b) 3+a+b+c

12 16
> _
“(a+c)+(a+b) 3+a+b+c
B 409 —5a—b—c)
C (a+b+co)B3+at+b+te)

Therefore,we only need to show that
9>b5a+b+c.
This follows immediately from the Cauchy-Schwarz inequality
(25 + 1+ 1)(a® +b* + ¢*) > (5a + b+ ¢)*.

Thus, the proof is completed. The equality holds for a = b = ¢ = 1, and also for a = 5/3
and b = c¢=1/3 (or any cyclic permutation).

Second Solution (by Le Khanhsy). Write the inequality as

32 (b—c)? > 83 (b — c)?

b+ c 3+a+b+c
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By the Cauchy-Schwarz inequality, we have

b= _[S—cf
2 e 2t

Thus, it suffices to show that

3 | SY(b- P
Sb+e)b—¢)? " 34+a+b+c’

which is true if

332(b— c)? S 8
Sb+e)b—¢)? “34+a+b+c’
ie.
Y O-A)b-0*>0,  A=5b+5c—3a.
Since 91 A2
ImAz TR

it suffices to show that

> (81— A%)(b—c)* >0,

which is equivalent to

> [27(a® + 8 + ) = (5b + 5¢ — 3a)’] (b— ¢)* > 0,
> [27(a® +6° + %) = (5b + 5c — 3a)* — 54(c — a)(a — b)] (b —¢)* > 0,

D (6a—b—c)*(b—c)* > 0.

P 1.43. Let a,b, c be positive real numbers such that a®> + b> + ¢ = 3. Prove that

) NS SR SRS 3
“ 3—ab 3—bc 3—ca 2
1 1 1

b < 1:
(b) 5—2ab+5—2bc+5—20a_ ’
() 1 n 1 n 1 < 3
c )

V6—ab V6—bc V6—ca V6—1

(Vasile Cirtoaje, 2005)
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Solution. (a) Since

3 14 ab 1y 2ab
3—ab 3—ab a2+ b +2c + (a — b)?
2ab (a+b)?

< — <
_1+a2+62+202_ 2(a? + b + 2¢2)’

it suffices to prove that

(a +)° (b+¢)” (c+a)® g
a2+ 422 2+ c2+2a2 A+a?+20%2 7
By the Cauchy-Schwarz inequality, we have
(a+ b)? (a+ b)* a? b

a2+ b2 +2c2 (a2 +c2) + (B2 +c2) ~ a®+ 2 +b2+c2’
Thus,

(a+b)? a? b? a? c?
=7 < Nt - __3
Za2+b2—|—262_2a2—|—c2+2b2+c2 Za2+c2+zc2+a2

The equality holds for a =b=c=1.

(b) Write the inequality in the homogeneous form

Z CL2+62+C2 <1
5(a? 4+ b% + ¢2) — 6bc —

Since
2(a* +b* + 2) 3a® + 3(b — ¢)?

5(a? + b + ¢%) — 6bc - 5(a? + b? + ¢%) — 6bc’

the inequality is equivalent to

Z CL2 —|— (b — 0)2 > 1
5(a? 4+ b> + ¢2) — 6bc — 3
Assume that

a>b>ec

By the Cauchy-Schwarz inequality, we have

Z a? > (Y a)? _ Sa*+2Y ab .
5(a? 4+ 0%+ ¢?) —6bc — > [5(a®? +b?> +c?) —6bc] 15> a2 —6)_ ab

Z (b—c)? - [(b—c)+(a—c)+(a—b)]2: 4(a — c)?
5(a? + 0%+ %) — 6bc — > [6(a® + b + ) — 6bc] 15 a> =63 ab’
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Therefore, it suffices to show that

Sa?+2>ab+4(a — c)?
15> a?>—6> ab

Zab—l—(a—c)2 EZCLQ,

(a—b)(b—c)>0.

1
>_7
-3

which is equivalent to

(c¢) According to P 1.32, the following inequality holds

1 n 1 . 1
6 —a2b? 6 —0b2c2 6 — c%a?

3
< -.
)

Since

26 1 1

= + ,
6—a??® 6—ab 6+ ab

this inequality becomes

1 1 6v6
ZWL@+ZWMMS5'

Thus, it suffices to show that
3

1
> .
E:V%+ab_y@+1

Since ab + be + ca < a? 4+ b? + ¢ = 3, by the AM-HM inequality, we have

1 9 9 3
E > = > .
V6+ab ~ S (V6+ab)  3vV6+ab+betca V641

The equality holds for a =b=c=1.

P 1.44. Let a,b, c be positive real numbers such that a®> + b* + ¢ = 3. Prove that

1 n 1 " 1 >3
1+a> 14 14 2

(Vasile Cirtoage, 2007)
Solution. Let a = min{a, b, c}. There are two cases to consider.

1
Case 1: a > 7 The desired inequality follows by summing the inequalities

8
> 9 —5b?, —— >9— 5

> 9 — 5a?
“oTTr T 1+ =

1+a® —
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To obtain these inequalities, we consider the inequality

>p+ :1:2,
1+a0 =P

where the real coefficients p and ¢ will be determined such that (z — 1)? is a factor of the
polynomial
P(z) =8 — (1L +2°)(p + gz°).

It is easy to check that P(1) = 0 involves p + ¢ = 4, hence
Plx)=42—-2>-2") —p(l —2* +2° —2") = (1 — 2)Q(x),

where
Qz) =42+ 2v + 2> + 23+ 2* + 2° + 2% — p(1 + 2 + 2° + 29).

In addition, Q(1) = 0 involves p = 9, hence

P(x) = (1 — 2)*(52° + 102" + 62° + 22 — 2 — 1)
= (1 —2)*[2° + (22 — 1)(22* + 62> + 62° + 42 + 1)].

1
Clearly, we have P(z) > 0 for z > 3"

1
Case 2: a < 7 Write the desired inequality as

1 _1> bocd —1
14+a> 27 (14+0)(1+c%)
Since
1 132 1 31
1+a® 2733 2 66
and

(1+0°)(14c°) > (1+ Vo5 )?,

it suffices to show that
31(1 + Vb3c5 ) > 66(b°c” — 1).

For the nontrivial case bc > 1, this inequality is equivalent to
31(1 + Vbdcd ) > 66(VDhoe® — 1),
be < (97/35)%/°.

Indeed, from
3=a>+b0* 4+ > b+ > 2,

we get
be < 3/2 < (97/35)%/°.

This completes the proof. The equality holds for a = b =c = 1.
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P 1.45. Let a,b, c be positive real numbers such that abc = 1. Prove that

1 1
> 1
a2+a+1+b2+b+1+c2+c+1_

First Solution. Using the substitution

Yz zXr xry
CL:—2, b:_za C:—Q,
T Yy y4

where x,y, z are positive real numbers, the inequality becomes

4

>
Z xrt + nyZ + y222 —
By the Cauchy-Schwarz inequality, we have

> RO S D SR o) M i

ot b a?yz 222 T O (at  ayz +y222) ot bayzd o+ y2e?

Therefore, it suffices to show that

Z y222 > TYz Z z,

which is equivalent to Y z%(y — 2z)? > 0. The equality holds for a = b = c = 1.

Second Solution. Using the substitution

Y z x
a==, b= —, c=—,
x Y z
where x,y, z > 0, we need to prove that
72 y? 52

+ + > 1.
2tay+y? P tyz+22 224z +22 T

Since

22 (2? + y? + 22 + 2y +yz + 27) 2y v22(x 4y + 2)
22 + xy + y? B 22 +ay 4y
multiplying by 22 + y? + 22 + 2y + yz + 2z, the inequality can be written as

Z %z >xy+yz+zm‘

22+ry+y? T rt+y+z

By the Cauchy-Schwarz inequality, we have

Z 722 - (Y zz2)? oy tyz+ e
2 +axy+y? T Dz +xy +y?) r+y+z
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Remark. The inequality in P 1.45 is a particular case of the following more general inequal-
ity (Vasile Cirtoage, 2009).

o Letay,as,...,a, (n>3) be positive real numbers such that ajas---a, = 1. If p,qg >0
such that p+q=mn—1, then

=n 1
Szl
— 14 pa; + qa;

P 1.46. Let a,b,c be positive real numbers such that abc = 1. Prove that

1 1 1
< 3.
a2—a+1+b2—b+1+02—c—|—1_

First Solution. Since

L1 2Aarrl) 24
a?—a+1 a?+a+1 a*+a2+1 at+a?2+1

Y

we can rewrite the inequality as

1 at
—_— +2 — > 3.
Za2+a+1+ Za4+a2+l -
Thus, it suffices to show that
2421
a’?+a—+1

and
4

a
— > 1.
Za4—|—a2—|—1_

The first inequality is just the inequality in P 1.45, while the second follows from the first
by substituting a, b, ¢ with a=2,b72, ¢=2, respectively. The equality holds for a = b = ¢ = 1.

Second Solution. Write the inequality as

4 1
S (3wt 2t
3 a?2—a+1

_1)2
a?—a+1
Let p=a+ b+ cand g = ab+ bc+ ca. By the Cauchy-Schwarz inequality, we have

S o1 @Nayt -

a2—a+1~" Y (a2—a+1) p2—2¢—p+3
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Thus, it suffices to show that
(20 —3)* > 3(p* —2¢ — p +3),

which is equivalent to
p°+6¢—9p > 0.

From the known inequality
(ab+ be + ca)?* > 3abe(a + b+ c),
we get ¢> > 3p. Using this inequality and the AM-GM inequality, we find

p® +6q = p* + 3q + 3¢ > 33/9p%¢> > 3/9p2(3p) = 9p.

]
P 1.47. Let a,b, c be positive real numbers such that abc = 1. Prove that
3+a 3+0 3+c
+ + >
(14+a)?2 (14052 (1+¢)?
Solution. Using the inequality in P 1.1, we have
3+a 2 1
Z(lJra)Q _Z(1+a)2 2T
1 1 1
_E:{u+ay+(yum}+§:1+c
1 ab
> =3
_Zl+ab+zl+ab
The equality holds for a =b=c=1.
m

P 1.48. Let a,b, c be positive real numbers such that abc = 1. Prove that

7_6a+7_6b+7_6c>1
24+a?2 2402 242 7

(Vasile Cirtoaje, 2008)
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Solution. Write the inequality as

7 — 6a 7 —6b 7 — 6c
1 1 1] >4
(2+a2+ )+(2+62+ )+(2+c2+ )— ’

(B-a? B-0* B-*_,
2 + a? 2+ b2 2+cz

Substituting a, b, ¢ by 1/a,1/b,1/c, respectively, we need to prove that abc = 1 involves

(Ba—1)  (3b—1)2 (30—1)2>4
2a% +1 202 + 1 2¢2+1 —

By the Cauchy-Schwarz inequality, we have

Z(3a—1)2>(3Za—3)2_9Za2+182ab—182a+9
2a2+1 — > (2a2+1) 25 a2 +3 ‘

Thus, it suffices to prove that

03 > +18% ab— 18 a+9>4 (2Za2+3> ,
which is equivalent to
fla) + f(b) + f(c) = 3,
where

f(x):x2+18<1—a;>.

T

We use the mixing variables technique. Without loss of generality, assume that
a = max{a, b, c}, a>1, bc<l1.
Since

F) + F(e) — 27 (Vo) = (b— 0 +18(/b — V)? (bi - 1) >0,

it suffices to show that
fla) +2f(Vbe) > 3,

which is equivalent to

f(a*) +2f (%) >3, 1=1a,

2% — 182" + 3623 — 32% — 36z + 20 > 0,
(z = 1)*(z = 2)*(x +1)(z +5) > 0.

The equality holds for a = b = ¢ = 1, and also for a = 1/4 and b = ¢ = 2 (or any cyclic

permutation).

O
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P 1.49. Let a,b, c be positive real numbers such that abc = 1. Prove that

a® bo I

> 1
112055 11205 1126 =

(Vasile Cirtoaje, 2008)

Solution. Using the substitutions

/2 2
a= = b—\/ =
yz' zx’

2
5 S
Y222 + 223 ¥xyz
By the Cauchy-Schwarz inequality, we have
N v N 0>
Y222 23 yayz > (Y22 4+ 223 yayz) > a2y 4+ 2yayz Y 4l

Therefore, we only need to show that

(Zx2>2 . Z:y2 I 2W2x3_

Since, by the AM-GM inequality,

the inequality becomes

r+y+z2>3Yryz,

it suffices to prove that

30> 2% =3 2Pt +20) ) a?)

Zx4 +32x2y2 > 22xy(x2 + %)
Z(.CE —)*>0.

The equality holds for a =b=c=1.

that is,

P 1.50. Let a,b,c be positive real numbers such that abc = 1. Prove that

a b c

<
a2+5+b2+5+62+5

[\DI»—

(Vasile Cirtoaje, 2008)
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Solution. Let
a b c

215 Bi5 215
Without loss of generality, assume that a = min{a, b, c}.

Case 1: a <1/5. We have

F(a,b,c) =

F( b ) - a N b N c < 1 N 1 - 1
a,b,c - <=+ —=<-=
5 2vE2 252 T 25 5 2

Case 2: a > 1/5. Use the mixing variables method. We will show that

F(a,b,c) < F(a,z,x) <

)

N =

where

z = Vbe, a=1/z? z < V5.

The left inequality, F'(a,b,c) < F(a,x,z), is equivalent to
(Vb — V/0)*[10z(b + ¢) + 102 — 25 — z*] > 0.
This is true since

10x(b+ ¢) + 102 — 25 — x* > 202” + 102? — 252° — 2* = 2%(5 — 2?) > 0.

, is equivalent to

N | —

The right inequality, F'(a,z,z) <

(z —1)*(52" — 102® — 222 + 62 + 5) > 0.
It is also true since
5xt —102° — 22° 4+ 62 + 5 = 5(z — 1)* + 22(52® — 167 + 13)

and
522 4+ 13 > 2v6522 > 161.

The equality holds for a =b=c = 1.

P 1.51. Let a,b, c be positive real numbers such that abc = 1. Prove that

RS R S 2 .
(1+a)?2 (1402 (14¢? (A+a)(1+b)(1+c) ~

(Pham Van Thuan, 2006)
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First Solution. There are two of a, b, c either larger than or equal to 1, or less than or
equal to 1. Let b and ¢ be these numbers; that is, (1 — b)(1 —¢) > 0. Since

1+1>1
(1+0)2 (14¢)? " 1+bc

(see P 1.1), it suffices to show that
1 1 2

+ + > 1.
(14a)? 1+bc (I4+a)(l+b)(1+c) —
This inequality is equivalent to
b2c? 1 2bc
> 1,

1002 "1+t A+ 4b)1+0c) ~
which can be written in the obvious form

be(1 —b)(1 —c¢)
(I+be)(1+b)(14¢) ~

The equality holds for a =b=c=1.
Second Solution. Setting

a=vyz/r?, b=zx/y?, c=ay/s

where x,y, z > 0, the inequality becomes

4

Z T . 2029222 -1
(22 +y2)? (22 +y2)(y? + 22) (22 + 2y) —

By the Cauchy-Schwarz inequality, we have

4 23:222

o AN i
L L@ AR A @A A )

Then, it suffices to show that
(22 + ) () + 2D (22 4+ 22 > (22 +y2) (WP + 20) (2 + 2y).
This inequality follows by multiplying the inequalities
(2® +y")(@* +27) = (2* +y2)*,
(v* +2°)(y" +2%) = (" + z2)",
(22 +2°) (22 + %) > (2% + 2y)*
Third Solution. We make the substitution

I 14z L 1+y I 1+=z
l+a 2 7 14+4b 27 1+c¢c 27
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which is equivalent to
-z b 1—y 1=z

142t T 14y 14z

a

where
—-1<zy,2 <1, r+y+z+ayz=0.

The desired inequality becomes
I+2)+ 1+ +1+2)° + 1 +2)(L+y)(1+2) >4,

P4y + 2+ (wty+ 2+ 4 +y+2)>0.
By virtue of the AM-GM inequality, we have

Pyt y ) Aty t2) =2ty 2 2%yt — oy

> A/ 2tytzt — doyz = dwyz| — doyz > 0.

P 1.52. Let a,b, c be nonnegative real numbers such that

N SR
a+b b+ec c+a 2

Prove that
3 2 1

> .
a+b+c ab+bc+ca+a2+b2+c2

Solution. Write the inequality in the homogeneous form

2 1 1 1 2 1
+ + > - .
a+b+c\a+b b+c c+a ab+bc+ca  a?+b%+ 2
Due to homogeneity, we may assume that
a+b+c=1, 0<a,bc<l.
Denote ¢ = ab + bc + ca. From the known inequality (a + b+ ¢)? > 3(ab + be + ca), we get
1—3¢>0.

Rewrite the desired inequality as follows:

5 1 n 1 L 1 >2+ 1
l—¢c 1—a 1-b) q 1-2¢
2(q+1)> 2—-3q
q—abe ~ q(1—2q)’
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*(1 — 4q) + (2 — 3q)abe > 0.
By Schur’s inequality, we have
(a+b+c)* +9abe > 4(a+ b+ c)(ab+ be + ca),
1 —4qg > —9abc.
Then,
*(1 — 4q) + (2 — 3q)abc > —9q¢*abc + (2 — 3q)abe
= (1 —3¢)(2 + 3¢)abc > 0.

The equality holds for a = b = ¢ = 1, and for a« = 0 and b = ¢ = - (or any cyclic

W ot

permutation).
[

P 1.53. Let a,b, c be nonnegative real numbers such that
7(a® +b* + ¢) = 11(ab + bc + ca).
Prove that

51< a . b n c <9
28 " b+c cH+a a+b

Solution. Due to homogeneity, we may assume that b + ¢ = 2. Let us denote
r=be, 0<zx<1.
By the hypothesis 7(a? + b* + ¢%) = 11(ab + bc + ca), we get

_ Ta? — 22a + 28
N 25 ‘

T

Notice that the condition x < 1 involves

~J|
IN
S
IN
w

Since

a b c a a(b+c)+ (b+c)* —2bc
+ + =
b+c¢c c+a a+b b+ec a?+ (b+ c)a+ be
a 2a+2—x) 4a®+27a+11
2 a®+2a+x  8a’+Ta+7’
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the required inequalities become

51 - 4a® 4+ 27a + 11
28 7 8a?+Ta+T

We have
4a3 +27a+ 11 51 (7a—1)(4a—7)2

8a2+Ta+7 28 28(8a2+Ta+7) ~

and
40 +27a+11 (3 —a)(2a —1)? S

8a2+Ta+7  8a2+Ta+7
This completes the proof. The left inequality becomes an equality for 7a = b = ¢ (or any

a
cyclic permutation), while the right inequality is an equality for 3= b = ¢ (or any cyclic

permutation).
[

P 1.54. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

1 N 1 N 1 10
a2+ P4+ A4a? T (a+b+c)?

Solution. Assume that a = min{a, b, ¢}, and denote

bt 2 +2
xr = — = C —.
90 Y 2

Since
a? +0? <a2?, VP +AE <+ A +ad <y
(a+b+c)” = (z+y)* > day,
it suffices to show that
1 1 1 5

We have

(z—y)?  (z—y)?
x2y? 2xy(2? + y?)
(2 —y)?*(22® —axy +2°)

B 222y2(2% + y?)

The equality holds for a = 0 and b = ¢ (or any cyclic permutation).
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P 1.55. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

1 1 1 3
a? —ab + b2 +b2—bc+c2 2 —ca+a? — max{ab,bc,ca}’

Solution. Assume that
a =min{a,b,c}, bec=max{ab,bc,ca}.

Since
1 N 1 n 1
a2 —ab+b* b2—bc+c2 2 —ca+a?
it suffices to show that

1 n 1
b2 —bc+c? 2’

v

1
R

1+ 1 +1
b2 b2 —be+c2 2

V4
|

We have
1 1 1 3 (b— 6)4

- — = > 0.
b2+62—bc+02+02 be bQCz(bQ—bc+02)_O

The equality holds for a = b = ¢, and also a = 0 and b = ¢ (or any cyclic permutation).
O

P 1.56. Let a,b,c be nonnegative real numbers, no two of which are zero. Prove that

a2a+b+c¢) b2b+c+a) c(2c+a+Db)

> 0.
b2 + 2 c? + a? a? + b?

Solution. By the Cauchy-Schwarz inequality, we have

a(2a+ b+ c) M a(2a+b+ )]
2T e Z S apat b T B L)

Thus, we still need to show that

2 <Za2 +Zab>2 > 32@(2a+b+0)(b2+02),

which is equivalent to

2Za4+2ab02a+2ab(a2+b2) > 6201262.

We can obtain this inequality by adding Schur’s inequality of degree four

Za4 + acha > Zab(a2 +b?)
Z ab(a® + b*) > 2 ZaQbQ,

multiplied by 2 and 3, respectively. The equality occurs for a = b = ¢, and for a = 0 and
b = ¢ (or any cyclic permutation).

and

O
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P 1.57. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a*(b+c¢)* b c+a)?®  Ala+b)?
b? + ¢? ?+a? a? + b?

> 2(ab + bc + ca).

Solution. We apply the SOS method. Since

at(b+c)?) , 2a*bc
e § /
b? + 2 b2+ ¢’

we can write the inequality as

Without loss of generality, assume that a > b > ¢. Since 1 —
that

pra—T > (, it suffices to prove

a? 9 b2 9
lmpra) b+ 1-gz) a9 20

which is equivalent to

(a*> =0+ *)(a — c)? - (a*> = b* — ) (b — c)?
a? + c? - b2 + 2 '

This inequality follows by multiplying the inequalities
, - (-0

2 12, 2 2 12
a“—b"+c>a" —b" -, :
- a2 +c2 T b? 4 2

The latter inequality is true since

(a=c® (b—c?  2bc  2ac _2c(a—b)(ab—cz)>0
a2+c2  R+c2 B+e2 a2+ PP+ E)(a2+e2) T

The equality occurs for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation).
O

P 1.58. If a, b, c are positive real numbers, then

a a b c 1 1 1
£ LT Y (AT (Y (i
Zb2—56+62+ (bc+ca+ab>_ <a+b+c>

(Vasile Cirtoaje, 2011)
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Solution. In order to apply the SOS method, we multiply the inequality by abc and write

it as follows: )
c
S(ZCLZ—ZbC) —BZCLQ <1—m) ZO,
2(b —
DI ELEE - bcic2 =0

Z (b—C) (4b2 —4bC+4C —3CL )
b? — be + 2
Without loss of generality, assume that a > b > ¢. Since

> 0.

4a* — dab + 4b* — 3¢* = (2a — b)* + 3(b* — *) > 0,
it suffices to prove that

(a — ¢)*(4a® — dac + 4c* — 3b?)
a? —ac+ c?

(b — c)*(3a® — 4b* + 4bc — 4¢?)
b2 — bc + 2 '

>

Notice that
4a* — 4ac + 4c¢* — 3b* = (a — 2¢)* + 3(a® — b*) > 0.

Thus, the desired inequality follows by multiplying the inequalities
4a® — dac + 4c® — 3b* > 3a® — 4b* + 4be — 4P

and
@-9? (b=
a?—ac+c 7 b2 —bec+ 2
The first inequality is equivalent to

(a —2¢)*+ (b —2c)* > 0.
Also, we have

(a=¢c?  (b—0c* bc B ac
—ac+c?2 2 —bc+c2 B2—bc+c2  a?—ac+ 2
c(a — b)(ab — ¢?)

= > 0.
(b2 —bc+ )(a®> —ac+c?) — 0

a?

The equality occurs for a = b = ¢, and for 2a = b = ¢ (or any cyclic permutation).

P 1.59. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

1 1 1
(a) 2abc + + +a? 4+ b* + ¢ > 2(ab + be + ca);
a+b b+c c+a
a? b? c? 3(a® + b* + ?)
+ + <
a+b b+c c+a 2(a+b+c)

(b)
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Solution. (a) First Solution. We have

2abcz 2 j_

a(2bc + ab + ac)
b+c

ab(a + ¢) ac(a +b)
-y et
ab(a + ¢) ba(b+ c)
_Z b+c Z c+a
a+c b+c
_Z (b+c CH_C)ZZZab.

The equality occurs for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).

Second Solution. Write the inequality as

2ab
Z( ac—l—(f—ab—ac) > 0.
b+c

We have
2abc B b(a —b) + ac(a — ¢)
B () SR
b(a — b) ba(b — a)
B b+c Z cta
—b)?
:Z b(a _0
(b+c)(c+a)
(b) Since

a® ab ab
§2a+b:§:(a_a+b):a+b+c_§:a+v

we can write the desired inequality as

ab 3(a® + b* + %)
> b+c.
Za+b 2(a+b+c) Zathre

Multiplying by 2(a 4+ b + ¢), the inequality can be written as

zz(

a 2 2 2 2
>
b+c)m+3m-+b+c)_2m+b+@,

or
2abcz—+a + b + ¢ > 2(ab + be + ca),

which is just the inequality in (a).
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P 1.60. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

(a) a*—bec bV —ca *—ab 3(ab+ bc+ ca)
a
b2+c2  2+a?2  a?+ b? a? +b% + 2
2 b2 2 b+b +
) a N c a c caZ
b24+c2  c2+a?  a?+b2 0 a?+ b2+ 2
() a?+bc bV +ca A+ab_ ab+bc+ ca
c
b2+c2  c24+a? a?+0b2 7 a2+ b2+

> 3;

5,
2

(Vasile Cirtoaje, 2014)

Solution. (a) Use the SOS method. Write the inequality as follows:

S (e )+ X (1 ) o (1

ab+bc—|—ca> >0,

a? + b2 + 2
202 —b* — 2 (b—c)? (b—c)?
_— -3 _
Z b2+C2 +Zb2—|—62 Za2+b2+02—
Since
20> — b* — ¢ a? —b? a? — ¢ a’ —b? b? — a?
Z b2—|—62 252—1—02 b2—|—02 ZbQ—I—C2 262—1—&2
—Z Cl _bZ) —Z (bZ_ )
(b2 +c2)(c? +a?) (a? + b?)(a? + ?)’

we can write the inequality as

Z(b - C>25a >0,

where

(b+ c)?

3

“ (a2 4 b2) (a2 + )

b2 42

a? + b2 + 2’

It suffices to show that S,, Sy, S. > 0 for all nonnegative real numbers a, b, ¢, no two of which

are zero. Denoting 22 = b% 4 ¢, we have

% + 2bc

(l:

and the inequality S, > 0 becomes

(a® — 22°)b*c® + 22°(a® + 2*)be + (a® + 2°)(a® —

Clearly, this is true if

at + a?x? + b2

xr2

1 3
a? 4+ 22’

—2220%¢% + 22*be > 0.

Indeed,

—22%b%c? + 2x*be = 22be(z? — be) = 2be(b? + ) (b 4 2

2)2 2 0.

—bc) > 0.
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The equality occurs for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).

(b) First Solution. We get the desired inequality by summing the inequality in (a)
and the inequality

2(ab + be + ca)
a? + b + 2

be N ca N ab +1
B24+c2 c24+a?2 a2402 2

>
This inequality is equivalent to
2bc 4(ab+ be + ca)
1] > 2
Z(b2+c2 * ) S TETrE e Y
Z (b+c)? - 2(a+b+c)?

P+ = a?+b024+c2
By the Cauchy-Schwarz inequality, we have

(b+0? _ [+ 20a+b+c)
Z b2 + 2 = So(02 + ¢2) a2 e

The equality occurs for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).

Second Solution. Let
p=a+b+c, q=ab+bc+ca, 1 =abc.

By the Cauchy-Schwarz inequality, we have

a’ >Ca®® (P —29)°
D F A IS B aE o)

Therefore, it suffices to show that

2 2¢)? 2
(p Q)+ 15 )
¢ —2pr  pP*—2q

Consider the following cases: p? > 4¢ and 3¢ < p? < 4q.

Case 1: p* > 4q. The inequality (*) is true if

(p* — 2¢)* 2q
q2

> 5
p?—2¢

which is equivalent to the obvious inequality

(p* —4q) [(0* — 9)* — 2¢°] > 0.

Case 2: 3q < p* < 4q. Using Schur’s inequality of degree four

6pr > (p* — q)(4q — p*),
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the inequality (*) is true if

3(p* — 2¢)? 2 .
3¢ — (P —q)(4g —p?) p*—2q¢ — 7

which is equivalent to the obvious inequality

(p* — 3q)(p* — 4q)(2p* — 5q) < 0.

Third Solution (by Nguyen Van Quy). Write the inequality (*) from the previous solution

as follows:
(a® + b* + 2)? 2(ab + be + ca) >k
a2bh? + b2c2 + c2a? a2 + b2 + c2 - 7
(a® + b* + ¢*)? _3>2_2(ab+bc+ca)
a?b? + b2c? + c%a? - a? + b + 2
a* + 0t + ¢t — a?b? — b2 — Pa? S 2(a® + b* + * — ab — be — ca)
a2b? + b2c2 + c2a2 - a2 + b2 + c2 ’

)

Since
2(a®b* + b*c + fa?) < Z ab(a® +b*) < (ab+ be + ca)(a® + b* + 2,

it suffices to prove that

a* + b* + ¢* — a?b? — b2 — Pa?

>a? 4+ b2+ —ab—be — ca,
ab 4+ bc + ca

which is just Schur’s inequality of degree four
at + '+ +abe(a+ b+ c) > ab(a® + b%) + be(b* + ¢*) + ca(c? + a?).
(c) We get the desired inequality by summing the inequality in (a) and the inequality

2bc N 2ca N 2ab >4(ab+bc—i—ca)
b>+ct 2H4a? a?+ b2 oA+ b4

which was proved at the first solution of (b). The equality occurs for @ = b = ¢, and for

a =0 and b= c (or any cyclic permutation).
[

P 1.61. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a’ b c? (a+b+c)?
+ + > .
2+ 24+a?  a?+b ~ 2(ab+ bc+ ca)
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Solution. Applying the Cauchy-Schwarz inequality, we get

Z a2 - (Z a2)2 B (a2 02+ 02)2
b24+c2 = S a2(b2+c2)  2(a?b? 4 b2 + c2a?)’

Therefore, it suffices to show that

(@ +b* + *)? - (a+b+c)?
2(a2b? + b2c? + c2a?) ~ 2(ab+ be + ca)’

which is equivalent to

(a® +b* + *)? - (a+b+c)?
a?b? + b%c? + c2a? ~ ab+ bc+ ca

at + bt + t — b — V?? — Pd? - a? + b* + ¢ —ab — be — ca
a?b? + b2 + 2a? - ab + bc + ca '
Since a?b* + b?c? + a® < (ab + be + ca)?, it suffices to show that

at +b* 4+ ¢t — a*? — 0’ — Pa’ > (a* + b + & — ab — be — ca)(ab + be + ca),
which is just Schur’s inequality of degree four
a* + 0"+ +abe(a + b+ c) > ab(a® + b%) + be(b* + &%) + ca(c? + a?).

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).
O

P 1.62. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

2ab n 2bc n 2ca +a2—|—b2+02>5
(a+0)?2 (b+c¢)? (c+a)? ab+bc+ca 2

(Vasile Cirtoaje, 2006)

First Solution. We use the SOS method. Write the inequality as follows:
2,12, 2
a*+b*+c _122 1 2bc |
ab + be + ca 2 (b+c¢)?
—c)? _ )2
Z (b—c) > Z (b—c) 7
ab+ bc+ ca (b+c)?
(b—¢)*S, + (c — a)?Sy + (a — b)*S. > 0,

where

ab + be + ca ab 4+ bc + ca ab 4+ bc + ca

Sa (b+c)?2 7 St (c+a)? ’ Se (a+ b)?
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Without loss of generality, assume that a > b > ¢. We have S, > 0 and

(c+a)(c+0b) _a—b>o

S, >1— —
b= (c+a)? ct+a
If b2S, + aS, > 0, then

a

Z(b — )28, > (b—¢)®S, + (c — a)®Sy > (b—¢)*S, + —z(b — )28,

b
_ (b—¢)*(b*S, + a*Sy) > 0.

b2
<b+c

b 2 a 2

() +(53)

b+c c+a
_ (1_ b+c) e (1_c+a)
c+a b+ c
(a — b)*(ab + bc + ca)

R IS T el

We have

b?S, + a’Sy = a* +b* — (ab+ bc + ca)

<>
~__
no
+
VR
o
+ e
)
~_
no

>a’+ b — (b+c)(c+a))

The equality occurs for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation).

Second Solution. Multiplying by ab + bc + ca, the inequality becomes

Z2a—2b2+2 b ZLJF 07+ 2>§( b+ be + ca)
(a+b)2 aoc atb a c_2a C ca),

1 1 4ab
2abcza+b—I—a2+62—|—c2_2(ab+bc+ca)—Zéab [1—2@] > 0.

According to the second solution of P 1.59-(a), we can write the inequality as follows:
—b)? _p)2
Z abla —b)* Z ab(a — b) >0,
(b+c)(c+a) 2(a +0)?
(b—¢)?S, + (¢ — a)®Sy + (a — b)2S, > 0,
where
be

Sq = m[?(b+ c)? — (a+b)(a+c).

Without loss of generality, assume that a > b > ¢. We have S, > 0 and

= 2t 0 ~ (@ b)(b+0)] = 2 [2a+ 0~ (2a)(a+0)

_ 2ac*(a+c)
- a+c

S

> 0.
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If S, +5, >0, then
D (b=0)Se > (b—¢)*Su+ (a—c)*Sy > (b—¢)*(Sa+ ) > 0.

The inequality S, + S, > 0 is equivalent to

ac 9 be 9
— > — )
a+c[2(a+c) (a+b)(b+c) > b+c[(a+b)(a+c) 2(b+ )7
Since
ac be
> )
at+c  b+tec

it suffices to show that
20@+c)* = (a+b)(b+c)>(a+b)(a+c)—2(b+c)
This is true since is equivalent to

(a —b)? + 2c(a +b) +4c* > 0.

P 1.63. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

ab + be + ca

ab be ca n
a2 +b% 42’

1
@t0? bt eR (cxap 3

>

(Vasile Cirtoaje, 2011)

First Solution. We use the SOS method. Write the inequality as follows:
“wreraZli-alsl
Y airraz o
}:@—QQP—Q%%é%f]ZO

2 2 2 2 2
_a+b+c 2bc a>1_<a)’

Since

2

bror  Totrer T \bte

it suffices to show that

(b—¢)?S, + (c — a)®Sy + (a — b)2S, > 0,
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a \’ b \° ¢\’
Sa:l_(b+c> ’ Sb:1_<c+a) ’ SCZl_(cH—b) '

Without loss of generality, assume that a > b > ¢. Since S, > 0 and S, > 0, if ¥2S,+a?S, > 0,
then

where

Z(b — )28, > (b—¢)2S, + (c — a)®Sy > (b — ¢)*S, + a—Q(b — )28,

b2
ON2(p2 2
(b—c) (bb;S’a+a S) 2 o

ab \? ab \?
b2S, + a>S, = a® + b* — -
b+c c+a

2
! <b)
b+c

The equality occurs for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation).

We have

:(12

Second Solution. Since (a + b)? < 2(a® + b?), it suffices to prove that

Z ab +1 ab + be + ca
2(a2 +b?) 47 a2+ + 2’

v

which is equivalent to

Z 2ab > 4(ab + be + ca)

a2+b2Jr T a4
Z(a+b)2> 4(ab + be + ca)
a’+b* ~ a2 +02+c2

Z (a+b>2 > 2((l+b+c)2
a?+b* T a4+ b2+
The last inequality follows immediately by the Cauchy-Schwarz inequality

(a+b)? _ D(at+D)
Z a2 + b2 = S (a? + b2

Remark. The following generalization of the inequalities in P 1.62 and P 1.63 holds:

e Let a,b, c be nonnegative real numbers, no two of which are zero. If 0 < k < 2, then

4ab a4+ b? + 2 ab + be + ca
>3k —1+422—-k)——F+——.
Z(a+b)2 ab+bc+ca 2 >a2—|—62—|—62

with equality for a = b = ¢, and for a =0 and b = c (or any cyclic permutation).
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P 1.64. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that
3ab 3bc 3ca ab+bc+ca 5
+ + < + —.
(a+0)?2 (b+c)? (c+a)? =~ a®2+b2+c2 4
(Vasile Cirtoaje, 2011)
Solution. We use the SOS method. Write the inequality as follows:

1 be ab 4+ bc + ca
1 Y S [ e e
2{4 (b—i—c)z}_ a? 4+ b2 4+ 2’
(b—c)? (b—c)?
3 > 9 _
Z(b—l—c)2_ Za2+b2—|—c27
(b—1¢)?S, + (¢ —a)®Sy + (a — b)2S. > 0,

where
212 4 2 24 p2 4 2 2 22
Sa:?)(a + +c)_2’ Sb:3(a + +c)_2’ SC:3<a + +c)_2.
(b+c)? (c+a)? (a + b)?
Without loss of generality, assume that a > b > ¢. Since S, > 0 and
S, — a? + 30> 4+ & —4dac _ (a—2¢)* +3(b* — %) >0,

(c+ a)? B (c+a)?
if S, + S, > 0, then

D (b=0)°Se > (c—a)’Sy + (a = b)*S. > (a = b)*(Sy + S.) > 0.
Using the AM-HM Inequality, we have
1 1

2 2 2
= —4
Sp+ S = 3(a” + b + ) (c+a)2+(a—|—b)2
12(a® + b* + ) _4_4(a—b—c)2+4(b—c)2>0
~ (c+a)?+ (a+b)? (et a2+(a+b2 T

a
The equality occurs for a = b = ¢, and for 3= b = ¢ (or any cyclic permutation).

P 1.65. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a®+abc b +abc S+ abe

> a2 4 B2 2.

(a) b+ c c+a a+b Z @7+ 0T
a® +2abc b3+ 2abc A + 2abe 1

b > = b 2.

(v) b+c + c+a + a+b _2(a+ + o)
34 3ab b3 + 3ab 3+ 3ab

(c) i i i L i aCEQ(ab+bc+ca);
b+c c+a a+b
a’?+2b¢ V> +2ca A +2ab 3

d > —(ab+ b )

(d) b+c + c+a + a—+b _2(a +be+ ca)
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Solution. (a) First Solution. Write the inequality as
Z (aB + abc B a2) > 0,
b+c
YO
sale=D-0

b+c -
Assume that a > b > ¢. Since (¢ — a)(c —b) > 0 and
ala—b)(a—c) blb—c)b—a) (a—0)2(a®+b*+c*+ab)
+ == Z Oa
b+c b+c (b+c)(c+a)

the conclusion follows. The equality occurs for a = b = ¢, and for a = b and ¢ = 0 (or any
cyclic permutation).

(b) Taking into account the inequality in (a), it suffices to show that
abe abe abe

+ +
b+c c+a a+bd

which is just the inequality (a) from P 1.59. The equality occurs for a = b = ¢, and for a = b
and ¢ = 0 (or any cyclic permutation).

1
+a2+b2+c22§(a+b+c)2,

(c) The desired inequality follows by adding the inequality in (a) and the inequality (a)
from P 1.59. The equality occurs for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic
permutation).

(d) Multiplying by a+b+c, we get the inequality in (b). The equality occurs for a = b = ¢,
and for a = b and ¢ = 0 (or any cyclic permutation).

O

P 1.66. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a® 4+ 3abe b+ 3abc A+ 3abc
(b+c)?  (cta)? (a+b)2 -

a+b+ec.

(Vasile Cirtoaje, 2005)
Solution. We use the SOS method. We have

a® + 3abc B Lﬁ%abc B a3—a(b2—bc—|—c2)
(btc? 20s Z{ (b+c)? a}_z (b+c)?
_ 5@t 0 a4 ) g abla? =) + aeal - )

(b+c)? (b+c)?
B ab(a® — b?) ba(b?> —a*) ab(a® — b*)[(c +a)® — (b + ¢)?]
Z (b+¢)3 Z (c+a)? _Z (b4 c)3(c+ a)?
—abla+b)(a—b)?[(c+a)+ (c+a)(b+c)+ (b+c)?]
=2 b+ 0Plcta) = 0.

The equality occurs for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).
O



108 Vasile Cirtoaje

P 1.67. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a® + 3abc  b® 4 3abec & + 3abe 3

(@ Grcf @ (crapf | (atbp 2

3a® + 13abc N 3b% + 13abe N 3¢ + 13abe N
(b+c)? (c+a)? (a+0)* —

(b)

(Vasile Cirtoaje and Ji Chen, 2005)
Solution. (a) First Solution. Use the SOS method. We have

Za3+3abc _ Za(b+c)2+&(a2+bc—b2—02)
(b+c)d (b+c)?

a a® —a(b? — be + ¢?)
_Zb+c+z (b+c)?
3(b+c) —a(b3~|—c)

= 5 Z (b+c)*
; Z a_bQHSZ(a —c?)
X

_ ; Z ab(a + be(Lb:L bc))[i(<:6++ac)l‘;4— (b+ )Y > 0.

The equality occurs for a = b = c.
Second Solution. Assume that a > b > ¢. Since

a3—|—3abc> b3+3abc> 3 + 3abe
b+c¢c — c¢c+a T a+b

and

1 1 1
> >
(b+¢)? ~ (c+a)? ~ (a+b)?
by Chebyshev’s inequality, we get

a®+ 3abc _ 1 a® + 3abc 1
T s - - _—
S (X)) S
Thus, it suffices to show that
Z CL3 + 3abc Z 1 g
b+c (b+c)2 — 2

We can obtain this inequality by multiplying the known inequality (Iran-1996)

v

1 9
>
Z (b+¢)?> — 4(ab+ bc + ca)
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and the inequality (c) from P 1.65.
(b) We have

Z 3a® + 13abc Z 3a(b+ c)* + 4abe + 3a(a® + be — b* — ¢?)
(b+ep (b+c)?

3 a(b? — be + ¢?)
Zzﬁac—l—élabcz 32 b+cc ¢ )

Since

1 3
>
Z (b+c¢)? =~ (a+b)(b+c)(c+a)
(by the AM-GM inequality) and

Z @’ —a(b® —be+c*) Z a®(b+c) — a(b® + ¢?)

(b+c)? (b+c)*
o ab(a® = b?) +ac(a® — ) = ab(a® —b?) ba(b* — a?)
=2 (b+ o) =2 gt P T eray
B ab(a +b)(a — b)[(c+ a)* — (b+ ¢)}]
B Z (b+c)*(c+a)t =0,

it suffices to prove that

3a n 12abc > 6
b+c (a+b)(b+c)(c+a) ~

This inequality is equivalent to the third degree Schur’s inequality
a® +b* +c* + 3abe > Zab(a +0b).

The equality occurs for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).
O

P 1.68. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

(a) G + G + ¢ + ab + bc + >3(2+b2+ %)
a a C ca —(a c™ ).
b+c c¢c+a a-+bd -2 ’

20> +bc 20 +ca  2¢2+ab S 9(a® +b* + )

b .
() b+c * c+a a+b — 2a+b+c)

(Vasile Cirtoaje, 20006)
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Solution. (a) We apply the SOS method. Write the inequality as

> (be’c — Cﬁ) > (a—b)

Since

> (P, - ) - e e

—d*(a—Db) V(b—a) ~— (a—0b)*a®+b*+ab+bc+ ca)
=2 e Tl et T2 b+oc+a)

we can write the inequality as

b

(b—¢)?S, + (c — a)*Sy + (a — b)*S, > 0,
where
Sa=(b+c)b*+c*—a®), Sy=(c+ta)(?+a®>—b°), S.=(a+b)(a®+b*—c?).
Without loss of generality, assume that a > b > ¢. Since S, > 0, S. > 0 and
Sa+ Sy = (a+b)(a—b)?+c*(a+b+2c) >0,

we have
D (b=¢)Sa > (b—0)*Su+ (a—)S, > (b—)*(Sa+ ) > 0.
The equality occurs for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation).

(b) Multiplying by a + b + ¢, the inequality can be written as

Z(leric)(Qa?—l—bc)Z

2a? b
ZM—Fab—l—bc—l—caz
b+c

This inequality follows using the inequality in (a) and the first inequality from P 1.59. The
equality occurs for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation).

(a® +b* + c2),

N | ©

(a® +b* + ).

DO | Ot

[]

P 1.69. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a(b+ c) N b(c+ a) cla+0b) >
b2+bc+c2 2+ca+a? a?+ab+02 T
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First Solution. Apply the SOS method. We have
(b+c) a(b+c)(a+b+c)
b —2| = -2
(a+b+0) {Zbg—kbc—i—cQ ] Z[ b? + be + 2 ¢

_ Za(ab+ac—b2—02) _Zab(a—b) — calc— a)
B B2 +bctc b2 + be + 2
ab(a — b) Z ab(a — b)

b2 + be + ¢2 c2 4+ ca+a?

ab(a — b)?
— b > 0.
(a+ +C)Z(b2+bc+02)(62+ca+a2) -

The equality occurs for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).
Second Solution (by Choy Fai Lam). By the AM-HM inequality, we have

1 1 4 4
> =
b2 + be + 2 +ab+bc+ca — (P +be+A)+ (ab+bc+ca)  (b+e)a+b+c)

hence
a(b+c) - 4a  a(b+o)

b2+bc+c2 " a+b+c ab+bc+ca

a(b+c) a a(b+c)
) Y PRI e i AR )
Zb2+bc+02_ Za+b+c Zab+bc+ca

Fourth Solution. By the Cauchy-Schwarz inequality, we have

So,

Z a(b+c) (a+b+c)?
b2 +bc+ 2 Za(bQ—I—bc%—cQ)'
b+c

Thus, it is enough to show that

2
(a+b+c) >22 b;rjcjc).

Since
abe

b+c

Y

a(b? +bc+c?) <

b+c—£> =ab+ ca —
b+c

b+c

b+ c b+c c+a a-+bd

this inequality is equivalent to

b 2 1 1 1
Za( +bc+c):2(ab+bc+ca)—abc( + + >,

1 1 1
2abc + + +a® +b* + & > 2(ab + be + ca),
b+c c+a a—+b
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which is just the inequality (a) from P 1.59.

Fifth Solution. By direct calculation, we can write the inequality as
Z ab(a* +b*) > Z a’b?(a® + b?),
which is equivalent to the obvious inequality

> ab(a—b)(a® - ) > 0.

P 1.70. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a(b+c) b(c+ a) cla+10) a—b\>
>2+4 .
b2+bc+02+02—|—ca+a2+a2+ab+b2_ + H a+b

(Vasile Cirtoaje, 2011)
Solution. For b = c = 1, the inequality reduces to a(a — 1)> > 0. Assume further that
a>b>ec.

As we have shown in the first solution of the previous P 1.69,

Z ab+c) _Z be(b — c)?
2+be+c2 T 4= (a®+ab+ b?)(a? +ac+ c2)

Therefore, it remains to show that
_ )2 _ 2
Z be(b — ¢) >4 H a—>b ‘
(a? + ab + b?)(a? + ac + ¢2) a+b

(a® +ab+ b*)(a* + ac + ) < (a + b)*(a + ¢)?,

it suffices to show that

Since

be(b — c)? a—b\>
Z(a—l—b)Q(a—irc)2 Z41_[<a+b) ’

which is equivalent to

be(b + c)?
2 e 2
We have

be(b + c)? ab(a + b)?
) v e e s s
ab(a + b)? _ (a+ b)? -
a2b? ab T

The equality occurs for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation). [J
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P 1.71. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

ab—bc—i—ca+bc—ca+ab+ca—ab+bc
b2 + 2 2 + a? a? + b2

3
> —.
-2
Solution. Use the SOS method. We have

Z ab—bc+ca 1 _Z(b—irc)(Za—b—c)
b? + 2 2) 2(0? + 2)
B (b+c)(a—b) (b+c)(a—c)
Z b2 + C2 + Z 2(62 + 02)
B (b+c¢)(a—b) (c+a)(b—a)
Z b2—|-c2 +Z 2(c? + a?)

B (a — b)*(ab + bc + ca — ¢?)
B Z 2(0% + 2)(? + a?)

Since
ab +bec+ca — c* = (b—c)(c—a) + 2ab > (b— c)(c — a),

it suffices to show that
D (@@ + ) (a—b)*(b—c)(c—a) > 0.
This inequality is equivalent to
(a=b)(b—c)(c—a)) (a—b)(a®+b°) >0

(a—b)2(b—c)*(c—a)?>0.

The equality occurs for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).
O

P 1.72. Let a,b, c be nonnegative real numbers, no two of which are zero. If k > —2, then

Zab+(k—1)bc+ca>3(k~l—1)
b2 + kbc + c2 - k+2

(Vasile Cirtoaje, 2005)

First Solution. Apply the SOS method. Write the inequality as

Z ab+ (k—1bc+ca k+1
b% + kbc + ¢? k+2

A
S
b2 + kbc + 2
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where

A= (b+¢c)(2a—b—c)+ k(ab+ac—b* — ).
Since
A=(b+)(a—b)+ (a— )] + kb(a— b) + e(a — )
= (a—=b)[(k+1)b+c] + (a—c)[(k+ 1)c+ ],
the inequality is equivalent to

(a—=b)[(k+1)b+ (] (a—c)[(k+1)c+1]
Z b2 + kbc + c? +Z b2 + kbe + c2 =

Z(a—b)[(k—i—l)b—i—c] +Z(b—a)[(k’+1)a+c] >0,

b2 + kbc + 2 c? + kca + a?
> (b= )’ RaS, > 0,

where
R, =V +kbc+c* S,=alb+c—a)+ (k+1)be.

Without loss of generality, assume that
a>b>ec.
Case 1: k > —1. Since S, > a(b+ ¢ — a), it suffices to show that
Z a(b+c—a)(b—c)*R, > 0.

We have

> alb+c—a)(b—c)’Ry > a(b+ ¢ — a)(b— ¢)* Ry + b(c + a — b)(c — a)’R,
> (b—c¢)?*[a(b+c—a)R, +b(c+a—b)Ry).

Thus, it is enough to prove that
alb+c—a)R, +blc+a—0b)R, > 0.
Since b+ ¢ —a > —(c+ a — b), we have

alb+c—a)R,+blc+a—b)Ry, > (c+a—0b)(bRy, — aR,)

= (c+a—"b)(a—b)(ab—c*) > 0.

Case 2: —2 < k <'1. Since
Se=(a—=0b)(c—a)+ (k+2)bc> (a—0b)(c—a),

we have

D (b= ¢)’ReSa > (a=b)(b—c)(c—a) Y (b—c)R,.
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From
Y (b—c)Re =) _(b—c)[t> +be+c* — (1 k)b
=> (0= = (1—k)) be(b—c)
= (L=k)(a—=0)(b—c)(c—a),
we get

(a—b)(b—c)(c—a) Z(b — )Ry = (1 — k)(a — b)*(b—¢)*(c — a)* > 0.

This completes the proof. The equality occurs for a = b = ¢, and also for a = b and ¢ =0
(or any cyclic permutation).

Second Solution. Use the highest coefficient method (see P 3.76 in Volume 1). Let

p=a+b+c, q=ab+bc+ ca.

Write the inequality in the form fg(a, b, c) > 0, where

fo(a,b,¢) =(k+2)) [a(b+c) + (k — 1)bc](a® + kab + b*)(a® + kac + ¢°)
= 3(k+1) [0 + kbe + ).
Since
a(b+c)+ (k—1)bc = (k —2)bc + ¢,

(a® + kab + b*)(a* + kac + ¢*) = (p* — 2q + kab — *)(p* — 2q + kac — b?),

fe(a, b, c) has the same highest coefficient A as
(k+2)(k —2)Py(a,b,c) — 3(k + 1)Py(a, b, c),

where

Py(a,b,c) = Z be(kab — ¢*)(kac — b?), Py(a,b,c) = H(62 + kbe + ¢*).
According to Remark 2 from the proof of P 2.75 in Volume 1,

A= (k+2)(k—2)Py(1,1,1) = 3(k + 1)(k — 1)* = —9(k — 1)*.

Since A < 0, according to P 3.76-(a) in Volume 1, it suffices to prove the original inequality
for b=c=1, and for a = 0.
For b = ¢ = 1, the inequality becomes as follows:

20+ k-1 2(ka+1) >3(k‘+1)
k+2 a?+ka+1— k+2°

a—k—2 ka+1
+ >0,
k+2 a?+ka+1
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a(a — 1)
G+ (@ +katD) ="

For a = 0, the inequality becomes:

(k —1)be +§+523(l€+1)’
b2+c2+kbc ¢ b k42
kE—1 3(k+1) b ¢
> = -4 - > 2
x—i—kz+x_ DR T c+b,x_ ,
(x = 2)[(k+2)x + k* + k + 1] 0
(k+2)(x+ k) -

(b—c)?[(k+2)(0* + ) + (K* + k + 1)bc] > 0.

Remark. For £ =1 and & = 0, from P 1.72, we get the inequalities in P 1.69 and P 1.71,
respectively. Besides, for & = 2, we get the well-known inequality (Iran 1996):

1 1 1 9
> .
@102 (b2  (ctaP” Hab+betca)

P 1.73. Let a,b, c be nonnegative real numbers, no two of which are zero. If k > —2, then

3bc — a(b+ ) < 3
b2+ kbc+c?2 — k42

(Vasile Cirtoaje, 2011)

Solution. Write the inequality in P 1.72 as

Z 1_ab+(k—1)bc+ca < 3
b2 + kbe + c2 —k+2
b2+02+bc—a(b+c)< 3
b2 + kbc + c2 —k+2

Since b + ¢ > 2bc, we get

3bc — a(b+ c) < 3
b+ kbc+c? T k+2
which is just the desired inequality. The equality occurs for a = b = c.

P 1.74. Let a,b, c be nonnegative real numbers such that ab+ bc+ ca = 3. Prove that
ab+ 1 bc+1 ca+1>4

a?+b  b24+c2 24a2 3
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Solution. Write the inequality in the homogeneous form FE(a, b, c) > 4, where

4ab+bc+ca 4bc+ca+ab  4ca + ab+ be

E(a,b,c) = a? + b? + b2 + 2 + 2+ a?

Without loss of generality, assume that a = min{a, b, ¢}. We will show that
E(a,b,c) > E(0,b,c) > 4.

We have
E(a,b,c) — E(0,b,c)  4b®+cb—a) b4+c 4 +blc—a) =0
a  b(a? +1?) b 4 2 c(c®+a?) ’
b 4be c (b—c)!
E©0,b,c) —4= - - —4=——"—>0.
(0.5,) c+62+02+b be(b? +c2) —

The equality holds for @ = 0 and b = ¢ = v/3 (or any cyclic permutation).

P 1.75. Let a,b, c be nonnegative real numbers such that ab+ bc+ ca = 3. Prove that

5ab+1+5bc—|—1+5ca+1>2
(a+b)? (b+c)? (cta)? ™

Solution. Write the inequality as E(a, b, c) > 6, where
16ab + bc + ca n 16bc + ca + ab n 16¢ca + ab + be
(a+b)? (b+c)? (c+a)?

Without loss of generality, assume that

E(a,b,c) =

a<b<ec
Case 1: 16b* > c(a + b). We will show that
E(a,b,c) > E(0,b,c) > 6.

Indeed,
E(a,b,c) — E(0,b,c) _ 16b* — c(a +b) N 1 N 16¢* — b(a + ¢) -0,
a b(a + b)? b+c c(c+a)?
b 16bc ¢ (b—c)*
E(0,bc)—b6b=-4—---4+-—6= ———
(0.5,) c_l—(b—i—c)2 b be(b+c)? —
Case 2: 16b* < c(a + b). We have
16ab + b 16ab + 16b* 2(5b —
Ea.b.c)—6> 6ab+bc+ca - Gab +166° . (5 3a)>0.
(a+b)? (a+ b)? a+b

The equality holds for a = 0 and b = ¢ = v/3 (or any cyclic permutation).
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P 1.76. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a? — be b — ca 2 —ab
+ + > 0.
202 — 3bc 4+ 2c¢?2  2¢? — 3ca + 2a%2  2a? — 3ab + 2b2

(Vasile Cirtoaje, 2005)

Solution. The hint is applying the Cauchy-Schwarz inequality after we made the numera-
tors of the fractions to be nonnegative and as small as possible. Thus, we write the inequality

as
2

3 @ —be 1) s3
262 — 3bc + 2¢2 -

2 )2
202 — 3bc + 2¢2
Without loss of generality, assume that

a>b>ec.
Using the Cauchy-Schwarz inequality gives

Z a? S (3 a2)? > adt 423 P
202 — 3bc +2c2 — Y a2(202 — 3be + 2¢2) 4> a2b? — 3abc . a

and

Z (b—c)? S la(b—c¢) 4+ bla—c) +cla—b)]* 4% (a — c)?
202 — 3bc + 2¢2 > a?(20% — 3be + 2¢?) 4> a?b? — 3abe Y a’

Therefore, it suffices to show that

Soat+ 257 a?? + 8v*(a — ¢)? >3
4% a?h? — 3abc) a -

By Schur’s inequality of degree four, we have

Za4+acha > Zab(a2+62) > QZaQbQ.

Thus,it is enough to prove that

45 a%? —abe ) a + 8b*(a — ¢)? S 3
4% a?b? —3abc a -

abcz a+b*a—c)? > Z a’b?,

ac(a —b)(b—c) > 0.

which is equivalent to

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).
O



Symmetric Rational Inequalities 119

P 1.77. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

2a% — be 20 — ca 2¢% — ab -3
b2—bc+c? c2—cat+a? a?—ab+b%2 "

(Vasile Cirtoaje, 2005)

Solution. Write the inequality such that the numerators of the fractions are nonnegative

and as small as possible:
2a% — be
—+1]>6
S () 2o

2a% + (b — c)? > 6.
b? — be + 2
Applying the Cauchy-Schwarz inequality, we get
20° + (b= 12 a? =S ab)’

b2 —bc+c2 — Y [2a2+ (b— ¢)?](b? — be + 2)

Thus, we still have to prove that

2 (22a2 — Zab)2 > 32[2a2+ (b— ) (b* — bec + c?).

This inequality is equivalent to

2Za4+2acha+Zab(a2+b2) > 6Za2b2.

We can obtain it by summing up Schur’s inequality of degree four

Za4 + acha > Zab(aQ + b%)
Z ab(a* +b*) > 2 ZaQbQ,

multiplied by 2 and 3, respectively. The equality holds for a = b = ¢, and for a = 0 and
b = ¢ (or any cyclic permutation).

and

]

P 1.78. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a? b? c?

>1
2b%2 — be + 2¢2 +202—ca+2a2 +2a2—ab+2b2 -

(Vasile Cirtoaje, 2005)
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Solution. By the Cauchy-Schwarz inequality, we have

I Y
202 — b+ 2¢2 T > a?(2b2 — be + 2¢2)

Therefore, it suffices to show that

(Z a2>2 > 2:(12(2112 — be +2¢%),
Za4+ab02a222a2b2.

This inequality follows by adding Schur’s inequality of degree four

Za4+acha > Zab(a2+b2)
Z ab(a® + b*) > 2 ZaQbQ.

The equality holds for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).

which is equivalent to

and

]

P 1.79. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

1 1 1 9
> .
4b% — be + 4c¢? +402—ca—|—4a2 +4a2—ab—|—4b2 ~ T(a® 4+ 0+ ?)

(Vasile Cirtoaje, 2005)
Solution. Use the SOS method. Without loss of generality, assume that
a>b>ec.

Write the inequality as

-3 =0,

Z 7(a® + b + ¢2)
4h2 — be + 4c2

Z 7&2 — 5()2 — 5C2 + 3bc

>0,
4b? — bc + 4c? -
2 _ 12 _ 2\ _a(,2 _
Z 5(2a* — b* — ¢*) — 3(a® — be) > 0.
4b? — be + 4c?
Since
20> — bV —c* = (a—b)(a+b)+ (a—c)(a+c),
and

2(a*> — be) = (a —b)(a+c) + (a—c)(a+b)
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we have

10(2a — b* — ) — 6(a® — be) =
= (a—b)[10(a+b) —3(a+ )] + (a — ¢)[10(a + ¢) — 3(a + b)]
= (a—b)(Ta+10b — 3c) + (a — ¢)(Ta + 10c — 3b).

Thus, we can write the desired inequality as follows:

Z (@ —b)(7a + 10b — 3c¢) N Z (@ —¢)(Ta+ 10c — 3b)
4b? — be + 4c? 4b% — be + 4c?
a—b)(7a+ 10b — 3¢ b—a)(7b+ 10a — 3¢
Z | 4b)2(— be + 4c? ) +Z | 40)2<— ca + 4a? ) =

(a — b)?(28a* + 28b* — 9¢? + 68ab — 19bc — 19ca)
Z (4b% — be + 4¢2)(4¢? — ca + 4a?) ’

(a—b)?[(b— ¢)(28b+ 9¢) + a(28a + 68b — 19¢)]
Z (4b2 — be + 4¢2)(4c? — ca + 4a?) ’

> (a—b)°R.S. >0,

>0,

where
R, =40 —bc+4c*, Ry, =4c¢® —ca+4ad*, R, =4a* —ab+ 4V°,

Sa = (¢ —a)(28¢ + 9a) + b(28b + 68¢ — 19a),

Sy = (a —b)(28a + 9b) + ¢(28¢ + 68a — 19b),

Se = (b—1¢)(28b + 9¢) + a(28a + 68b — 19c¢).
Since S, > 0, S. > 0 and R. > R, > R, > 0, we have

> (b= ¢)’RaSa > (b= ¢)*RuS, + (a — )’ Ry,

> (b—¢)?RuSa + (b — ¢)*RuSs
= (b— C)ZRa<Sa + Sp).

Thus, we only need to show that S, + S, > 0. Indeed,
Sa + Sy = 19(a — b)* +49(a — b)c + 56¢* > 0.

The equality holds for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation).

]

P 1.80. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

202 +bc 20 +ca 22 4+ab 9
+ + > —.
b2 + 2 c? 4+ a? a? + b2 2

(Vasile Cirtoage, 2005)
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First Solution. We apply the SOS method. Since

Z 2(2@2—1—()0)_3 _2z2a2—b2—02_z(b—C)2
b? + c? b? + 2 b? + 2

and 2 b? b? 2 b? b? 2
CL — — C CL — a” — C CL — —a
Z b? + C2 Z b2 + 62 b2 + C2 Z b2 + 02 Z 02 + CL2

B 5 2 11 B (a® — b?)?
—Z(a b ) (b2—|—02 02+a2> _Z (b2—|—02)(c2+a2)

we can write the inequality as

(b—c)?(b* + ?) (b—c)?
22 (2 + a?)(a® + b?) = Z b2+’

or

(b—¢)?S, + (c —a)®Sy + (a — b)2S, > 0,

where
Sa=2(b* +*)? — (¢ + a®)(a® + b?).
Without loss of generality, assume that a > b > ¢, which involves S, < 5, < S... If

Sa + Sb Z Oa
then
Sc Z Sb Z 07
hence
(b—1¢)?Sy + (c—a)®Sy + (a —b)>S. > (b—¢)*Sy + (a — ¢)*S,,
> (b—¢)*(S,+S) >0
We have

Sy + Sy = (a® — b*)? + 2¢%(a® + b* + 2¢%) > 0.

The equality holds for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation).

Second Solution. Since

he > 20%c?
C_b2—|—02’
we have
2a° + be 2&2+I;22b-21rcc2; 272 | 122 22 1
o > - = 2(a"b* + bc +ca)z(b2+c2)2.
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Therefore, it suffices to show that

1 9
>
.
which is just the known Iran-1996 inequality (see Remark from P 1.72).

Third Solution. We get the desired inequality by summing the inequality in P 1.60-(a),

namely
2a? — 2bc  2b* —2ca  2¢* —2ab  6(ab+ be + ca)

+
b? + 2 2+ a? a? + b? a? +b% + ¢
and the inequality

> 6,

3bc 3ca 3ab

N N 6(ab + bc + ca)
>+c2 24+a®  a?+b?

a? 4+ b2 + ¢2

TS
52
This inequality is equivalent to
2bc 4(ab+ be + ca)
—+1|> 2
Z(b2+c2+)— a/2+b2_|_02 + ’
Z (b+ c)? - 2(a+ b+ c)?

b2+62 — a2+b2+02 :
By the Cauchy-Schwarz inequality, we have

(b+c)? _ [0+ 2a+b+c)?
Z b2 + 2 = SO(02 + ¢2) a2 e

P 1.81. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

2a® + 3bc 2b% + 3ca 2¢2 + 3ab
b24+bc+c2 cE+cat+a®  a?+ab+0b%

(Vasile Cirtoaje, 2005)

Solution. We apply the SOS method. Write the inequality as
3(2a* + 3bc)
D St >
Zlb?—i—bc—l—c2 5}_0’

Z 6a® + 4bc — 5b* — 5¢?
b? + be + 2

or
> 0.

Since
20> —b* —c* = (a—b)(a+b)+ (a —c)(a+c)
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and
2(a* —be) = (a —b)(a+c) + (a—c)(a+b),

we have
6a* + 4bc — 5b* — 5¢ = 5(2a” — b* — ¢?) — 4(a® — be)

=(a—0)5(a+b) —2(a+ )]+ (a—c)[5(a+c) —2(a+b)]
= (a—b)(3a+5b—2c) + (a — ¢)(3a + 5c — 2b).

Thus, we can write the desired inequality as follows:

0,

Z (a —b)(3a + 5b — 2¢) +Z (a — ¢)(3a + 5c — 2b)
b? + be + 2 b? + be + 2

(a —b)(3a + 5b — 2¢) (b—a)(3b+ 5a — 2c)
>
Z b% + be + 2 +Z 2+ ca + a? =0,
Z (a — b)*(3a* + 3b* — 4¢* + 8ab + bc + ca)
(b2 + bc + 2)(c® + ca + a?)
(b—1¢)?S, + (c —a)®Sy + (a — b)2S, > 0,

207

where
Sy = (b + be + ¢*)(—4a® + 3b* + 3¢ + ab + 8bc + ca),

Sy = (¢* + ca + a®)(—4b* + 3¢® + 3a® + be + 8ca + ab),
Se = (a® + ab + b*)(—4c* + 3a® + 3b* + ca + 8ab + be).
Assume that a > b > ¢. Since S, > 0,

Sy = (¢ + ca + a*)[(a — b)(3a + 4b) + c(8a + b+ 3c)] > 0,

Sa+ S5 > (b* + be+ ) (b — a)(3b+ 4a) + (¢ + ca + a*)(a — b)(3a + 4b)
= (a—b)*B(a+b)(a+b+c)+ab—c?] >0,

we have

(b—1¢)?S, + (c —a)®Sy + (a — b)2S. > (b —¢)*S, + (a — ¢)?S,

(b — C)z(Sa + Sb) > 0.

VARV

The equality holds for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).
O

P 1.82. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

2a? + bbe n 20% + 5ea n 2¢% + bab S 21
(b+ c)? (c+a)? (a+0)2 — 4

(Vasile Cirtoaje, 2005)



Symmetric Rational Inequalities 125

Solution. Use the SOS method.Write the inequality as follows:
2
Z 2a° + 5be 7 >0,
(b+c)3? 4

4(a® = b*) + 4(a®* — *) — 3(b—¢)?
2 b+ P =0

v —c? - (b—c)?
4 —— 44 -3 >0
O L ) o)
42 b—C b+C(2CL+b+C 32 b—C

(c+a)?*(a+b)? b+c2_

Substituting b+ ¢ = x, ¢+ a =y and a + b = 2z, we can rewrite the inequality in the form

(y—2)"Ss + (2 —2)"8y + (v —y)*S. > 0,
where
S, =42 (y + 2) — 3?2, S, =4y’ (2 + x) — 32%2°, S, =42 (z +y) — 32%y°
Without loss of generality, assume that
O<ex<y<z, z< T+,

which involves S, < 5, < 5,. If

Sy +S, >0,
then
S, >S5, >0,
hence
(y — 2)°Se + (2 — )25, + (z — y)2S, > (y — 2)*S, + (2 — 2)%8
> (y— 2)*(Sa + Sy)
We have

Sy + S, = day(z® + y?) + 4(2° + v*)z — 3(2? + ¢*)2?
> day(a® + %) + 4(2° + y°)z = 3(2” + ) (v + y)2
= dzy(z® + y°) + (2° — dzy + 7)) (z + y) 2.

For the nontrivial case 22 — 4xy + y? < 0, we get

Sy + Sy > dxy(a® + 7)) + (2% — ey + 7)) (z + y)°
> 2zy(z +y)® + (2% — dzy + y*) (z + y)°
= (z—y)*(z+y)*

The equality holds for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).
O
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P 1.83. Let a,b, c be nonnegative real numbers, no two of which are zero. If k > —2, then

Z 2a% + (2k + 1)bc - 3(2k + 3)
b +kbc+c2 T k+2

(Vasile Cirtoaje, 2005)

First Solution. There are two cases to consider.

Case 1: =2 < k < —1/2. Write the inequality as

Z 2a° + (2k + be 2k +1 - 6
b? + kbc + c2 E+2 |~ k+2

Z 2(k +2)a* — (2k + 1)(b — ¢)?
b2 + kbc + 2

Since 2(k+2)a?— (2k+1)(b—c)?> > 0 for —2 < k < —1/2, we can apply the Cauchy-Schwarz
inequality. Thus, it suffices to show that

2+ T’ — 2+ DTG0
S[2(k +2)a2 — (2k + 1)(b— )2 (b2 + kbc + ¢2) =

> 6.

which is equivalent to each of the following inequalities

2[1—k)> a®>+ 2k +1) Y ab)? S
S2(k +2)a? — (2k + 1) (b — ¢)?](b? + kbe + ) — 7

2(k + 2) Za4 +2(k + 2)acha —(2k+1) Zab(aQ +b?) > 6Za2b2,
2(k+2) [Za4 —l—acha — X:ab(a2 +b2)} +3Zab(a —b)? > 0.

The last inequality is true since, by Schur’s inequality of degree four, we have
Za4 —i—acha — Zab(a2 +b%) > 0.

Case 2: k > —9/5. Use the SOS method. Without loss of generality, assume that
a > b > c. Write the inequality as

Z 2a° + (2k + L)be 2k +3 -
b% + kbc + c? k+2] 7

2(k +2)a? — (2k +3)(b? + %) + 2(k + 1)be
Z( Ja® — ( )( ) +2( )

>
b? 4 kbc + c2 20,
Z (2k + 3)(2a* — b* — *) — 2(k + 1)(a® — bc) -0
b2 + kbc + 2 -

Since
20> —b* —c* = (a—b)(a+b)+ (a —c)(a+c)
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and
2(a* —be) = (a —b)(a+c) + (a—c)(a+b),

we have

(2k 4 3)(2a* — b* — %) — 2(k + 1)(a® — bc) =
=(a—0)[2k+3)(a+b) —(k+1)(a+c)+ (a—0)(2k+3)(a+c) — (k+1)(a+b)]
=(a—=b)[(k+2)a+ (2k+3)b— (k+ 1)+ (a —)[(k+2)a+ (2k +3)c — (k+ 1)b)].

Thus, we can write the desired inequality as

(@ —=b)[(k+2)a+ (2k +3)b— (k+ 1)
Z b? + kbc + ¢? +

+Z (a —o)[(k+2)a+ (2k + 3)c — (k + 1)b]

>
b? + kbc + c2 20,

or

(a —=b)[(k+2)a+ (2k +3)b— (k+ 1)
Z b2 + kbc + 2 *
(b—a)[(k+2)b+ (2k +3)a — (k + 1)
+ Z &+ kea + a?

>0,

or

(b—¢)’RyS, + (¢ — a)®RySy + (a — b)*R.S. > 0,

where
R, =V +kbc+c?, Ry=c*+ keca+a®, R.=a*+ kab+ b,

So=(k+2)0*+ ) — (k+1)%a* + (3k + 5)bc + (k* + k — 1)a(b + c)
= —(a—b)[(k+1)2a+ (k+2)b] + c[(k* + k — 1)a+ (3k +5)b+ (k + 2)d,
Sy = (k+2)(c* +a*) — (k+1)%0* + (3k + 5)ca + (k* + k — 1)b(c + a)
=(a—b)(k+2)a+ (k+1)2]+c[(B3k+5)a+ (K* +k—1)b+ (k+2),
Se=(k+2)(a*+b*) — (k+ 1)’ + 3k +5)ab+ (K* + k — 1)c(a +b)
= (k+2)(a* + b*) + (3k + 5)ab + c[(k* + k — 1)(a + b) — (k + 1)*(]
> (5k +9)ab + c[(K* + k — 1)(a+ b) — (k + 1)*q].
We have S, > 0, since for the nontrivial case
(Bk+5)a+ (K*+k—1)b+ (k+2)c<0,
we get
Sy > (a—b)[(k+2)a+ (k+1)%] +b[(3k +5)a + (k* + k — 1)b+ (k + 2)c]

= (k+2)(a® = b?) + (k +2)%ab + (k + 2)bc > 0.
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Also, we have S. > 0 for k > —9/5, since

(5k 4+ 9)ab + c[(k* + k — 1)(a + b) — (k + 1)*c] >
> (5k 4+ 9)ac + c[(k* + k — 1)(a + b) — (k + 1)*]
= (k+2)(k+4)ac+ (K> + k — 1)bc — (k + 1)*¢?
> (2K + Tk + T)bc — (k + 1)*c?
> (k+2)(k +3)c* > 0.
Therefore, it suffices to show that R,S, + RS, > 0. From
bR, — aR, = (a — b)(ab— %) > 0,

we get

RS, + RySy > Ra <Sa + %Sb> .

Thus, it suffices to show that

S, + %Sb > 0.
We have
bS, +aSy = (k +2)(a+b)(a —b)* + cf(a,b,c)
> 2(k + 2)b(a — b)* + cf(a, b, c),
hence a c
Sa+ 5% 2 2(k+2)(a =)’ + > f(a,b, ),
where

f(a,b,c) = b[(K* + k — 1)a+ (3k + 5)b] + a[(3k + 5)a + (k* + k — 1)b]
+(k +2)c(a+b) = (3k +5)(a* + b*) + 2(k* + k — 1)ab + (k + 2)c(a + b).

For the nontrivial case f(a,b,c) < 0, we have

Sut 35 2 2k +2)(a =)’ + f(a,b,0)

> 2(k+2)(a—b)*+ 3k +5)(a®> +b*) + 2(k* + k — 1)ab
= (5k +9)(a® + %) + 2(k* — k — 5)ab > 2(k + 2)%ab > 0.

The proof is completed. The equality holds for a = b = ¢, and for a = b and ¢ = 0 (or any
cyclic permutation).

Second Solution. We use the highest coefficient method (see P 3.76 in Volume 1). Let
p=a+b+c, q=ab+ bc+ ca.
Write the inequality as fg(a,b,c) > 0, where

fola,b,c) = (k+2)> [2a* + (2k + 1)be](a® + kab + 1) (a® + kac + *)
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—3(2k +3) [ [0 + kbe + ).
Since
(a® + kab + b*)(a* + kac + ¢*) = (p* — 2q + kab — ) (p* — 2q + kac — b*),
fe(a, b, c) has the same highest coefficient A as
(k +2)Pa(a,b,c) — 3(2k + 3) Py(a, b, ¢),

where
Py(a,b,c) = [2a° + (2k + 1)bc](kab — ¢*)(kac — b*),

Py(a,b,c) = l_I(b2 + kbc + ¢?).
According to Remark 2 from the proof of P 2.75 in Volume 1, we have
A= (k+2)P(1,1,1) — 3(2k + 3)(k — 1)* = 9(2k + 3) (k — 1)*.
On the other hand,
fo(a,1,1) = 2(k + 2)a(a® + ka + 1)(a — 1)*(a + k +2) > 0,

f6(07 b7 C)

(b—c)?

For —2 < k < —3/2, we have A < 0. According to P 3.76-(a) in Volume 1, it suffices to

show that fs(a,1,1) > 0 and f4(0,b,¢) > 0 for all a,b,c > 0. The first condition is clearly
satisfied. The second condition is satisfied for all £ > —2 since

=2(k+2)(0* + )2 + 2(k + 2)%be(b* + ) + (4k* + 6k — 1)b*c2.

2(k + 2)(b* + *)* + (4k* + 6k — 1)b*c* > [8(k + 2) + 4k* + 6k — 1]b*c?
= (4k* + 14k + 15)b°¢* > 0.

For k > —3/2, when A > 0, we will apply the highest coefficient cancellation method.
Consider two cases: p? < 4q and p? > 4q.

Case 1: p* < 4q. Since
f6(17 17 1) = f6(07 17 1) = Oa

define the homogeneous function
P(a,b,c) = abc+ B(a+b+c)* + Cla+ b+ c)(ab + be + ca)
such that P(1,1,1) = P(0,1,1) = 0; that is,
1 4
P(a,b,c) = abc + §(a +b+c) - 5(@ + b+ c)(ab+ bc + ca).

We will prove the sharper inequality g¢(a,b,c) > 0, where

gs(a,b,c) = fe(a,b,c) — 9(2k + 3)(k — 1)*P?(a, b, c).
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Clearly, gs(a, b, c) has the highest coefficient A = 0. Then, according to Remark 1 from the
proof of P 3.76 in Volume 1, it suffices to prove that gg(a,1,1) > 0 for 0 < a < 4. We have

ala —1)?

P(a,1,1) = 5 ,

hence
a(a —1)*g(a)

96(a7 L 1) = fﬁ(a7 L, 1) - 9<2k + 3>(k - 1)2P2(a7 L, 1) = 9 )

where

gla) =18(k +2)(a®* + ka+ 1)(a+k +2) — (2k +3)(k — 1)%a(a — 1)
Since a® + ka + 1 > (k + 2)a, it suffices to show that

18(k +2)*(a+k+2) > (2k + 3)(k — 1)*(a — 1)*.
Also, since (a — 1)? < 2a + 1, it is enough to prove that h(a) > 0, where
h(a) = 18(k +2)*(a + k +2) — (2k + 3)(k — 1)*(2a + 1).

Since h(a) is a linear function, the inequality h(a) > 0 is true if A(0) > 0 and h(4) > 0.
Setting x = 2k + 3, z > 0, we get

1
h(0) = 18(k +2)° = (2k + 3)(k — 1) = £ (82" + 372" + 2z + 9) > 0.

Also,
1
§h(4) = 2(k +2)%(k +6) — (2k 4+ 3)(k — 1)® = 3(7Tk* + 20k + 15) > 0.

Case 2: p* > 4q. We will prove the sharper inequality g¢(a,b, c) > 0, where
gs(a,b,c) = fs(a,b,c) — 9(2k + 3)(k — 1)%a*b*c?.

We see that gg(a, b, ¢) has the highest coefficient A = 0. According to Remark 1 from the
proof of P 3.76 in Volume 1, it suffices to prove that gg(a, 1,1) > 0 for a > 4 and g¢(0,b,¢) > 0
for all b,c¢ > 0. We have

g6(a,1,1) = fo(a,1,1) — 9(2k + 3)(k — 1)*a’

= a2(k +2)(a® + ka + 1)(a — 1)*(a+ k +2) — 9(2k + 3)(k — 1)%a].

Since
a>+ka+1>(k+2)a, (a—1)*>09,

it suffices to show that

2k +2)%(a+k+2) > (2k+3)(k — 1)%.
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Indeed,

2k +2)%(a+k+2) — (2k +3)(k — 1)* > 2(k +2)*(k + 6) — (2k + 3)(k — 1)?
= 3(7k* + 20k + 15) > 0.

Also,
96(0,0,¢) = f6(0,b,¢) > 0.

P 1.84. Let a,b, c be nonnegative real numbers, no two of which are zero. If k > —2, then

Z 3bc — 2a? < 3
b2+ kbc+c?2 — k+2

(Vasile Cirtoaje, 2011)

First Solution. Write the inequality as

Z 2@2 — SbC + 3 > 6
b2+kbc+c2 k+2| k42

Z 2(k' + 2)@2 + S(b — 0)2
b2 + kbe + 2
Applying the Cauchy-Schwarz inequality, it suffices to show that

20k +2) a2+ 33 (b— o)
ST2(k + 2)a? + 3(b — ¢)?](b2 + kbe + ¢2) — 7

> 6.

which is equivalent to each of the following inequalities

2[(k+5) a2 -3 ab)’ -
ST2(k +2)a? + 3(b — ¢)?] (b2 + kbe + ¢2) — 7

2(k+8)> a*+2(2k+19) > a’’ > 6(k +2)abc Y _a+21) ab(a® +b°),
2(k +2)f(a,b,c) + 3g(a,b,c) = 0,

fla,b,c) = Za4+22a2b2 —3acha,
g(a,b,c) = 4Za4+ 102&2172 - 72@6(@2 +b?).

We need to show that f(a,b,c) > 0 and g(a,b,c) > 0. Indeed,

fla,b,c) = (Za2)2 —3acha > (Zab)2 —3acha >0

where
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and
gla,b,c) = 2[2(a4 + b%) + 10a*b* — Tab(a® + b?)]
= (a—1b)*(2a® — 3ab+ 2b°) > 0.

The equality occurs for a = b = c.

Second Solution. Write the inequality in P 1.83 as

b? + kbc + c2 ~k+2

Z2(b2+02)—bc—2a2 o3
b2 + kbc + 2 ~k+2

Z 3bc — 2a2 < 3
b2+ kbc+c?2 — k+2’

which is just the desired inequality.

Since b? + ¢ > 2bc, we get

P 1.85. If a,b,c are nonnegative real numbers, no two of which are zero, then

a®> 4+ 16bc  b*> 4+ 16ca  ¢* + 16ab > 10
b2+02 C2+CL2 a2+b? — )

(Vasile Cirtoaje, 2005)

Solution. Assume that a < b < ¢ and denote

a’® + 16bc N b? + 16¢a N ® + 16ab
b2+c2 C2+CL2 a2+b2‘

E(a,b,c) =
Consider two cases.
Case 1: 160> > ac?®. We will show that
E(a,b,c) > E(0,b,¢) > 10.
We have

2 3 2 3 _ 2
a a(16¢® —ab*)  a(16b6° — ac?) >0

E(a,b,c) — E(0,b,¢c) =
(a,b,¢) = E(0,b,¢) Eie (e + a?) * (a2 +0?) ~

Also,

~ 16bc ﬁ n 0_2 10
2tz 22
_ (b—c)*(b? + ¢ + 4be) _
b2c2(b? + 2) -

E(0,b,¢) — 10
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Case 2: 16b® < ac®. It suffices to show that

® + 16ab

> 10.
a2+ —

Indeed,

1653
® + 16ab —— + 16ab

I s g
a? + b? - a4 b?
160
=——10>16—-10> 0.
a
This completes the proof. The equality holds for a = 0 and b = ¢ (or any cyclic permuta-
tion).

]

P 1.86. If a,b,c are nonnegative real numbers, no two of which are zero, then

a®>+128bc  b* +128ca > + 128ab

> 46.
b2 + 2 2 + a? a?+0b? -
(Vasile Cirtoaje, 2005)
Solution. Let
a<b<eg,
a® +128b¢c  b* 4+ 128ca  * + 128ab
E(a,b,c) =

b2+02 C2+CL2 CL2 +b2

Consider two cases.

Case 1: 128b% > ac?. We will show that
E(a,b,c) > E(0,b,c) > 46.

We have

2 3 _ ah2 3 _ ac?
a a(128¢®> — ab®)  a(128b° — ac?) >0

E(a,b,c) — E(0,b,c) =
(a,b,¢) = E(0,b,¢) P (e + a?) * b(a* +b?)  —

Also,

128bc —}-24—6—2—46

242 2 e

(0P 4 — 4be)* (b + ¢* + 8be) _
b2c2(b? + ¢2) -

E(0,b,¢) — 46 =
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1286 < ac?. It suffices to show that

® + 128ab
a? 4+ b2

Case 2:
> 46.

Indeed,

128p°
8 + 128ab
a — 46
- a? 4+ b2
1
2—8b—462 128 — 46 > 0.
a

® + 128ab
a? + b2

b
This completes the proof. The equality holds for a = 0 and - + g = 4 (or any cyclic
c

permutation).
0

P 1.87. If a,b,c are nonnegative real numbers, no two of which are zero, then

a® 4+ 64bc  b? 4 64ca  * + 64ab
+ > 18.
(b+c)? (c+a)? (a+b)?

(Vasile Cirtoaje, 2005)

Solution. Let
a<b<e,

E(a,b,¢) = a® + 64be n b? + 64ca n c® + 64ab
Y (b+c)? (c+a)? (a+b)% "

Counsider two cases.
Case 1: 64 > c*(a + 2b). We will show that

E(a,b,c) > E(0,b,c) > 18.

We have
E(a,b,c) — E(0,b,c) = S
Y T (b + )2 (c+ a)?

(
> 0.

2 al64c® — b*(a +2¢)]  a[64b® — *(a + 2b)]
(a+ D)

Also,
64bc v
BEO,b,¢) —18= —2_ 12 1% 13
(0.5,) bt 2
(b— ) (b* + ¢ + 6bc) _
b2c2(b + ¢)? -
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Case 2: 64b> < c*(a + 2b). Tt suffices to show that

2
c® + 64ab > 18.
(a+b)?
Indeed,
6463
2 + 64ab
¢ +6dab _ 18 > at+2b 18
(a+ b)? (a + b)?
64b 64
= — 18> — —18 > 0.
a+2b 3 7

This completes the proof. The equality holds for a = 0 and b = ¢ (or any cyclic permuta-
tion).
O

P 1.88. Let a,b, c be nonnegative real numbers, no two of which are zero. If k > —1, then

a*(b+ ¢) + kabc

R >a+b+ec

Solution. We apply the SOS method. Write the inequality as follows:

Z {CLQ(b—i—c) + kabe a} >0,

b2 + kbc + 2

Za(ab—f—ac—bQ—cz) S
b2 + kbc + ¢? -

ab(a — b) a—c)
—7 >0
Zb2+k‘bc+c2 23172—1—/£l70+02_7
(a —b) ba(b — a)
—_— >0
Zb2+kbc+c2+202+kca+a2_ ’
g ab(a® + kab + b*)(a + b+ ke)(a — b)? > 0.

Without loss of generality, assume that

Y

a>b>ec.
Since a + b+ kc > a+ b — ¢ > 0, it suffices to show that
b(b* + kbe + ) (b+ ¢+ ka)(b — ¢)* + a(c® + kea + a*)(c + a + kb)(c — a)* > 0.

Since
c+a+kb>c+a—-b>0 A +keca+a®>>b+kbe+ 2,
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it is enough to prove that
b(b+c+ka)(b—c)* +a(c+a+kb)(c—a)® > 0.
We have
b(b+ c+ ka)(b—c)* +alc+ a+ kb)(c — a)* >
> [b(b+ c+ka) + a(c+a+ kb)](b — c)?
= [a® + b* + 2kab + c(a + b)](b — ¢)*
> [(a —b)* + c(a+b)](b—c)* > 0.

The equality holds for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation).
]
. , -3
P 1.89. Let a,b, c be nonnegative real numbers, no two of which are zero. If k > 5 then

a® + (k + 1)abe
> b .
P rkber —tT0te

(Vasile Cirtoage, 2009)

Solution. Use the SOS method. Write the inequality as follows:

Z [a?’—i-(k—kl)abc_a} >0, Za3—a(bz—bc+02) >0,

b? + kbc + c2 b2 + kbe + c2

(b+c)a® — a(b® + ¢3) ab(a® — b*) + ac(a® — ¢?)
2 trom it ® 2" o om ke 2

2 12 2 .2
Z ab(a® — b%) Z ba(b* — a®) >0,
(b4 ¢)(b? + kbc + ¢?) (c+a)(c® + kca + a?)
> (@ = b*)ab(a’® + kab + b*)[a® + b* + ab+ (k + 1)c(a + b+ )] > 0,

> (0" = )?be(b + kbe + ) Sa > 0,

where
Sa=b"++bc+ (k+1ala+b+c).

Without loss of generality, assume that
a>b>ec.
Since S, > 0, it suffices to show that

(b — )2b(b* + kbe + ) S, + (¢ — a®)*a(c® + kea + a®) S, > 0.
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Since
(62 _ 0,2)2 Z (b2 _ 02)2, a Z b,

¢+ kea + a® — (b* + kbe + ¢*) = (a — b)(a + b+ kc) > 0,

1
Sy=a*+c+ac+ (k+1)bla+b+c)>a®+c* +ac— §b(a—|—b—|—c)
(@ —0)(2a +b) + c(2a + 2¢ — b) -
5 >
it is enough to show that S, + .S, > 0. Indeed,

0,

Sa+Sy=a*>+0*+2 +cla+b)+ (k+1)(a+b)(a+b+c)
1
Za2+b2+202+c(a+b)—§(a+b)(a+b+0)

AV
:(a b) —|—02(a+b+4c)20'

This completes the proof. The equality holds for a = b = ¢, and also for a = b and ¢ =0
(or any cyclic permutation).
O

7
P 1.90. Prove that 3 is the least positive value of k such that

1 3
>
sz+kbc+02 “ k42
for any nonnegative real numbers a,b, c, no two of which are zero, with a + b+ ¢ = 3.

(Vasile Cirtoage, 2023)
3
Solution. For the assignment a =0 and b =c = 5 the inequality becomes

1 2 3 3¢t -5
(k+2)02+02_k+2’ -2

7
<

7. o . .
To show that 3 is the least positive value of k, we need to prove the homogeneous inequality

1 27
>
Zb2+kbc—l—02 ~(k+2)(a+b+c)?

7
for k = 3 According to P 1.83, the following inequality holds for k > —2:

Z 2a2 + (2k + 1)bc - 3(2k + 3)
b2+ kbc+c2 T k+2
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Since
2a” + (2k + 1)bc oo 2(a® + 0% + ) + (4k + 1)bc

b2 + kbe + 2 N b2 + kbe + 2

Y

we have

Z 2(a* +0* + ) + (4k + 1)be - 3(4k +7)
b2 + kbc + 2 - k+2
According to P 1.72, the following inequality holds for & > —2:

Z4a(b+c)+4(k:— 1)be S 12(k + 1)
b2 + kbe + c2 - k+2

Adding these inequalities, we obtain

22(a+b+c)2+(8k—7)bc S 3(8k + 11)
b% + kbe + ¢? - k+2

7 7
Choosing k = 3’ we get the desired inequality. For k& = 3 the equality occurs when

3
a=b=c=1,and also when a =0 and b = ¢ = 3 (or any cyclic permutation).

P 1.91. If a,b,c are the lengths of the sides of a triangle, then

(a) b+c—a c+a—>b a+b—c >2(a+b+c)
" .
b2—bc+c2 c2—ca+a? a?—ab+0® T aZ2+02+ 2
9 12 2
) 2bc — a L 2ca — b L 2ab — ¢ >0

b2 —bc+c?2 E—ca+a? a?—ab+0b? —

(Vasile Cirtoaje, 2009)

Solution. (a) By the Cauchy-Schwarz inequality, we get

b+c—a S S (b+c—a)
b2—bc+c? ~ > (b+c—a)(b?—be+ c?)
(X

T2 a5 — > a?(b+ c) + 3abe’
On the other hand, from
(b+c—a)(c+a—Db)la+b—c) >0,

we get

2abe < ZaQ(b +c) — Za3,
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hence

3 2 2
2 a’(bt+e)  (Qa)Xa’)
23 0 = ST a2 (b Sabe < 2= - .
Z a Z a“(b+ c) + 3abc < 5 5
Therefore,
b+c—a 2 da
b? —bc—|—02 — > a?’
The equality holds for a degenerate triangle with a = b + ¢ (or any cyclic permutation).
(b) Since

2bc—a®>  (b—c)’+ (b+¢)* —a?

= -2
b2 — be + 2 b2 — be + 2 ’
we can write the inequality as
(b—c)? b+c—a
b —— > 6.
21)2—60—1—02 (a+b+c) b2 —bc+c? —

Using the inequality in (a), it suffices to prove that

Z (b—c)? (a—l—b—l—c)2
b2

—bc+02 a?+b*+ct
Write this inequality as
(b—c)? 2(b — c)?
sz be + 2 _Za2+b2—|—02’
(b—c)2la—b+c)a+b—c)
Z b2 — be + 2

Clearly, the last inequality is true. The equality holds for degenerate triangles with either
a/2 = b= c (or any cyclic permutation), or a = 0 and b = ¢ (or any cyclic permutation).

> 0.

Remark. The following generalization of the inequality in (b) holds (Vasile Cirtoaje, 2009):

o Let a,b,c be the lengths of the sides of a triangle. If k > —1, then

Z 2(k + 2)bc — a?

b2 + kbc + 2

with equality for a =0 and b = ¢ (or any cyclic permutation).

P 1.92. If a,b,c are nonnegative real numbers, then

(o) a’ n v? n c? < 1
a <.
5a2 4+ (b+¢)? 502+ (c+a)? 5+ (a+0b)? ~ 3

a? v c? 1

b < -.
®) 13a3—|—(b+c)3+13b3+(c—|—a)3+1303+(a—|—b)3_7
(Vo Quoc Ba Can and Vasile Cirtoaje, 2009)
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Solution. (a) Apply the Cauchy-Schwarz inequality in the following manner
9 (1+2)? 1 2

= < .
a2+ (b+c¢)?  (a?+ 02+ %) +22a>+bc) ~ a®>+ b2+ 2 * 2a% + be

Then,
2

e D D S R DL R R D
5a2 + (b+¢)? — a? + b% + ¢? 2a% +bc 2a% + be’

and it remains to show that )

o
2a2 + be —

For the nontrivial case a, b, ¢ > 0, this is equivalent to

1
— <1
22+bc/a2 -

which follows immediately from P 1.2-(b). The equality holds for a = b = ¢, and for a = 0
and b = ¢ (or any cyclic permutation).

(b) By the Cauchy-Schwarz inequality, we have
49 (1+6)?

1303+ (b+ ¢ (a®+ b5+ c3) + 12a3 + 3be(b + ¢))
1 36

T+ b+ i 12a® + 3bc(b + ¢)’

hence

49a3 a 36a®
< -
Z 13a + (b+¢)3 — Z a® + b+ 3 +Z 12a® + 3be(b + ¢)

12a3
=1 .
+Z4a3+bc(b+c)

Thus, it suffices to show that

> 207 <1
4ad 4+ be(b+c¢) —

For the nontrivial case a,b,c > 0, this is equivalent to

1
2 TR e < b

Since

Hbc(b+ c)/(2a*) > HbC\/b_c/a3 =1,

the inequality follows immediately from P 1.2-(b). The equality holds for a = b = ¢, and for
a =0 and b= c (or any cyclic permutation).
0
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P 1.93. If a,b, c are nonnegative real numbers, then
b’ +c* —a? N A +a* -0 N a?+b* —c?
202+ (b+c¢)?2 202+ (c+a)®>  2c¢2+ (a+b)?

1
> —.
-2

(Vasile Cirtoaje, 2011)
Solution. We apply the SOS method. Write the inequality as follows:
2., 2 2
) At )
202+ (b+c¢)?2 6
Z 5(b% + ¢? — 2a%) + 2(a® — be) =0

2a2 4 (b + c)? -
Z5(b2—a2)—|—5(02—a2)—|—(a—b)(a—|—c)+(a—c)(a—|—b) -0

202 + (b+ c)? -
Z (b—a)5(b+a)—(a+c) +Z (c—a)5(c+a)— (a+Db) S

2a%2 + (b+¢)? 2a% + (b+¢)? -

Z (b—a)[5(b+a)— (a+c)] +Z(a—b)[5(a—|—b)—(b+c)] >0,

2a2 + (b + c)? 202 4 (c+ a)? -
Z(a —b)?[2¢% + (a + b)?][2(a® + b?) + & + 3ab — 3c(a + b)] > 0,

> (b= c)’RuS. > 0,

Y

where
R,=2a*+ (b+c)?  S,=a®>+2(b* + )+ 3bc — 3a(b+ c).

Without loss of generality, assume that a > b > ¢. We have
Sy = b* +2(c* + a®) + 3ca — 3b(c + a) = (a — b)(2a — b) + 2¢* + 3c(a — b) > 0,
S. = c®+2(a® + b*) + 3ab — 3c(a +b) > Tab — 3c(a + b) > 3a(b—c) + 3b(a — c) > 0,
S, + Sy = 3(a —b)* +4c* > 0.

Since

D (b= ¢)’RaSa > (b= ¢)*RaS, + (¢ — a)’ Ry,
= (b—¢)’Ru(S,+ Sy) + [(c — a)*Ry — (b — ¢)*R,] Sy,

it suffices to prove that
(a—c)*Ry > (b—¢)*R,.

We can get this by multiplying the inequalities
b(a —c)* > a*(b— c)?

and
a’R, > V*R,.

The equality holds for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation).
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P 1.94. Ifa,b, c are nonnegative real numbers, no two of which are zero, such that a+b-+c =

3, then
a+b b+c c+a >6

2a? + 3ab + 2b? * 20% + 3bc + 2¢? + 22 +3ca+2a2 = T
(Vasile Cirtoaje, 2023)

Solution. Denote
p=a-+b+c, q = ab+ bc+ ca, r = abc,

and write the inequality in the homogeneous form

Z p—a S 18
p?—2q—a?+kbe — (2+k)p’
(2 + k:)pZ(p2 —2q — b* + kea)(p* — 2q — ¢* + kab) > 18 H(p2 —2q — a® + kbe),

Ar® + B(p,q)r + C(p,q) > 0,
where the highest coefficient A is equal to the highest coefficient of the expression —18P,(a, b, ¢),
where
Py(a,b,c) = (—a* + kbc)(—b* + kca)(—c® + kab).
According to Remark 2 from P 2.75 in Volume 1, we have
A= —18Py(1,1,1) = —18(—~1 + k)* < 0.

Thus, for fixed p and ¢, the function f(r) = Ar? + B(p,q)r + C(p,q) is a quadratic concave
function which has the minimum value when r is maximum or minimum. Since A < 0,
according to P 3.76-(a) in Volume 1, it suffices to prove the homogeneous inequality
a+b N b+c n c+a S 18
2a% + 3ab+ 202 202 +3bc+ 22 22+ 3ca+2a® T T(a+b+c)

for b=c=1, and for a = 0.
For b = ¢ = 1, the homogeneous inequality becomes

a+1 +1> 9
202 +3a+2 77 T(a+2)
ala —1)* > 0.

For a = 0, due to homogeneity, we may consider ¢ = 1. The homogeneous inequality
becomes

1+ b+1 +1> 18
20 2024+3b+2 2 7(b+1)
14b* — 9b® — 106* — 9b + 14 > 0,

(b—1)%(14b* + 19b + 14) > 0.

The equality occurs for a = b = ¢ =1, and also for a = 0 and b = ¢ = = (or any cyclic

DO | o

permutation).
0
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P 1.95. Let a,b,c be nonnegative real numbers, no two of which are zero. If k > 3 + /7,
then

(o) a N b n c S 9 ‘
¢ a?+kbc  V:+kca A+kab ™ (1+k)(a+b+c)

) 1 n 1 n 1 S 9
ka?4+bc  kb>+ca ke 4ab ~ (k+1)(ab+ b+ ca)

(Vasile Cirtoaje, 2005)

Solution. (a) Assume that a = max{a,b,c}. Setting

. b+ c7 I<a,
2
by the Cauchy-Schwarz inequality, we get
b NN (b+ c)? _ 4t
b2+ kca 2+ kab — b(b% + kca) + c(c® + kab)  8t3 — 6bct + 2kabe
2t? 2t? 2

483 4+ (ka — 3t)be — 4t3 + (ka — 3t)t2  t+ka

On the other hand,
a < a
a?+ kbc — a® + kt?
Therefore, it suffices to prove that
a 2 9
+ > ;
a’?+kt?  t+ka ~ (k+1)(a+2t)

which is equivalent to
(a —t)*[(k* — 6k + 2)a + k(4k — 5)t] > 0.

This inequality is true, since k? —6k+2 > 0 and 4k —5 > 0. The equality holds for a = b = c.

(b) For a = 0, the inequality becomes

L1 kE—k)
b2 27 (k+1)be

We have

1 n 1 k(8 — k) S 2 k(8—k) k> —6k+2 S

b2 2 (k+1Dbc ~ bc (k+1)bc  (k+1)bc —
For a,b,c > 0, the desired inequality follows from the inequality in (a) by substituting a, b, ¢
with 1/a,1/b,1/c, respectively. The equality holds for a = b = ¢. In the case k = 3 + /7,

the equality also holds for a = 0 and b = ¢ (or any cyclic permutation).
O
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P 1.96. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

1 1 1 6
> .
2a2+bc+262—|—ca+2c2+ab_ a?+b2+c2+ab+be+ ca

(Vasile Cirtoaje, 2005)

Solution. Applying the Cauchy-Schwarz inequality, we have

1 G+l 4Aa+b+c)
2 3 e Z S T R T80~ S P 1 b

Thus, it suffices to show that
2(a+b+c)*(a® +b* + c* + ab+ be + ca) > 32(1) + ¢)*(2a* + be),
which is equivalent to
22@4 + ?)Zozb(a2 + b2) + 2acha > 102@262.
This follows by adding Schur’s inequality
22014 + 2acha > 2Zab(a2 +b?)
to the inequality

5 Z ab(a® + b*) > 10 Z a’b?.

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).
O

P 1.97. Let a,b,c be nonnegative real numbers, no two of which are zero. Prove that

1 1 1 1
+ + > :
22a% +5bc 2262+ 5ca  22¢2 + 5ab ~ (a+ b+ c¢)?

(Vasile Cirtoaje, 2005)

Solution. Applying the Cauchy-Schwarz inequality, we have

Z 1 S (b + )] B 4(a+b+c)?
22a% + 5bc — Y (b+¢)?(22a® + 5bc) > (b+ ¢)%*(22a% + 5be)

Thus, it suffices to show that

Ya+b+c)* = (b+c)’(220” + 5be),
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which is equivalent to

42@4 + 1lzab(a2 +b?) —|—4acha > SOZaQbQ.

This follows by adding Schur’s inequality

4Za4+4acha > 4Zab(a2—|—b2)

15 "ab(a® +b7) > 30 ) " a’b”.

The equality holds for a = b = c.

to the inequality

P 1.98. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

1 1 1 8
> .
2a2+bc+262+ca+262+ab_ (a+b+c)?

(Vasile Cirtoaje, 2005)

First Solution. Applying the Cauchy-Schwarz inequality, we have

1 (b + )]  4a+b+c)?
2 5 e S S R b~ S0+ (e b

Thus, it suffices to show that
(a+b+e)* >2) (b+c)*(2a” + bo),
which is equivalent to

Za4+22ab(a2+b2) +4acha > 6Za2b2.

We will prove the sharper inequality

Za4+22ab(a2+b2)+abc2a26Za2b2.

This follows by adding Schur’s inequality

Za4 + acha > Zab(a2 +b?)
3) ab(a® +07) =6 a’b’.

The equality holds for a = 0 and b = ¢ (or any cyclic permutation).

to the inequality
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Second Solution. Without loss of generality, we may assume that a > b > ¢. Since the
equality holds for ¢ = 0 and a = b, when

I T
202 +be 22 +ca  4c + 2ab’

write the inequality as

1 1 1 1 8
>
2a2+bc+262+ca+402+2ab+402+2ab “(a+b+c)?

then apply the AM-HM inequality. Thus, it suffices to prove that

16 8
>
(2a% + be) + (2% + ca) + (4¢? + 2ab) + (4¢% +2ab) — (a + b+ ¢)?’

which is equivalent to the obvious inequality

cla+b—2c) > 0.

P 1.99. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

1 . 1 L 1 S 12
a?+bc V+ca A4ab T (a+b+c)?

(Vasile Cirtoaje, 2005)

Solution. Write the inequality such that the numerators of the fractions are nonnegative
and as small as possible:

1 1 9
- >
Z{a2+bc (a~|—b+c)2}_(a+b+c)2’

Z (a+b+c)*—a*—be > 9.
a? + be
Assuming that a + b+ ¢ = 1, the inequality becomes

Zl—a2—bc>9
a?+bc T

By the Cauchy-Schwarz inequality, we have

1— a2 —be (1 — a? — be)]?
Z a? + be 22(1—a2—bc)(a2+bc)'
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Then, it suffices to prove that

2
(3 — Za2 - Zbc) > 92(@2 + be) — 92(@2 + be)?,
which is equivalent to
(1 —4q)(4 —7q) + 36abc >0, q = ab+ bc+ ca.

For ¢ < 1/4, this inequality is clearly true. Consider further that ¢ > 1/4. By Schur’s
inequality of degree three

(a+b+c)* + 9abe > 4(a + b+ c)(ab + be + ca),
we get 1+ 9abc > 4q, and hence 36abc > 16q — 4. Thus,
(1 —4q)(4 — 7q) + 36abc > (1 — 4q)(4 — 7q) + 16qg — 4 = 7q(4qg — 1) > 0.

The equality holds for a = 0 and b = ¢ (or any cyclic permutation).

P 1.100. Let a,b,c be nonnegative real numbers, no two of which are zero. Prove that

o) S SRR S DR
“ a2 +2bc  b242ca  2+2ab T a?+b2+c2  ab+bc+ca’
) a(b+c) b(c+a)+c(a+b) - ab + be + ca

a?+2bc  b*+2ca A+ 2ab a?+ b2+ 2’
(Darij Grinberg and Vasile Cirtoaje, 2005)
Solution. (a) Write the inequality as

S°(V* + 2ca)(c* + 2ab) S ab + be + ca + 2a® + 2b* + 2¢2
(a2 + 2bc)(b% + 2ca)(c® + 2ab) —  (a? +b* + 2)(ab+ bc+ ca)

Since
Z(b2 + 2ca)(c? + 2ab) = (ab + bc + ca)(ab + be + ca + 2a* + 20 + 2¢7),
it suffices to show that
(a® +b* + c*)(ab + be + ca)® > (a® + 2bc)(b* + 2ca)(c® + 2ab),

which is just the inequality (a) in P 2.16 in Volume 1. The equality holds for a = b, or b = ¢,
or ¢ = a.
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(b) Write the inequality in (a) as
Zab+bc+ca> ab + bc + ca
a?+2bc a? 4+ b2 + ¢’

or
Za(b+c)+z bc 5 ab + be + ca

> —_.
a? + 2bc a? + 2bc — +a2—|—b2+02
The desired inequality follows by adding this inequality to

be
1> .
_Za2+2bc

The last inequality is equivalent to

2

a
TR
a? + 2bc

which follows by applying the AM-GM inequality as follows:

a? a?
> - =1
Yoty

The equality holds for a = b = c.

P 1.101. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

(a) a n b N c < a+b+c
a2 +2bc  b2+2ca  c2+2ab ~ ab+bc+ ca’
) alb+¢) blc+a) cla+D) -1 a® + b + ¢?

a?+2bc  b2+2ca 2+ 2ab — ab+ be + ca’
(Vasile Cirtoaje, 2008)

Solution. (a) Use the SOS method. Write the inequality as
ab + bc + ca
l—-——FF—| 20
Za ( a? + 2bc ) -
Z a(a —b)(a — c) >0.

a? + 2bc
Assume that a > b > ¢. Since (¢ — a)(c —b) > 0, it suffices to show that

a(la—b)(a—c) bb—a)b—c) >0
a® 4 2bc b2 +2ca
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This inequality is equivalent to
c(a — b)*[2a(a — ¢) + 2b(b — ¢) + 3ab] > 0,

which is clearly true. The equality holds for a = b = ¢, and for a = b and ¢ = 0 (or any
cyclic permutation).
(b) Since
alb+c)  ala+b+c) a?
a?+2bc  a*+2bc  a®+2bc’
we can write the inequality as

2 b2 2
(a+b+c)ZL§1+u+Z .

a? + 2be ab + be + ca a? + 2bc’

2

According to the inequality in (a), it suffices to show that
(a+b+c)2§1 a’ + b + 2 Z a’ |
ab + bc + ca ab + bc + ca a? + 2bc

which is equivalent to
2

a
O
a? + 2bc

a? a?
_ ¢ SN ¢
D T D s e

The equality holds for a = b = c.

Indeed,

P 1.102. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a N b n c a+b—|—c.
202 +bc 202 +ca 22 +ab T a?+ b2+ 2’

(a)

b+c c+a a+b 6
+ + > -
2a2 +bc 202 +ca  2c¢2+ab " a+b+c

(b)

(Vasile Cirtoaje, 2008)

Solution. Assume that
a>b>c.

(a) Multiplying by a + b + ¢, we can write the inequality as follows:

Za(a+b+c) - (a+b+c)?
202 +bc T a?+ b2+ 2’
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(a+b+c)? ala+b+c)
-Gy -

_ _ 2 12, 2 (a—0b)(a—rc)

23 (a—b)la—c)> (@ +P+c)Y e 1 e

ZM(G_W@_C) >0,

2a? + be
3f(a,b,c)+ (a—b)(b—c)(c—a)g(a,b,c) >0,

Y

where

f(a,b,C)ZZCLQ(a_b)(a_C), g(a’bvc):Zi

2a2 + be 2a2% + be’
It suffices to show that f(a,b,c) > 0 and g(a,b,c) < 0. We have

a’(a —b)(a —c) N b (b —a)(b—c)

>

flabe) = 2a2 + be 202 + ca
- a*(a—0b)(b—c) V*(b—a)b—-c)
- 2a? + be 2b% + ca

_a’cla—0)*(b— c)(a® 4 ab+ b?) -0
B (2a% + bc)(2b% + ca) -

Also,

b—c (a=b)+(b—0¢) a—1b
2a? + be 2b% 4 ca 2cz + ab

1 1 1 1
—(a—b _ b— _
(a—b) (202 +ab  20? + ca) (o= (2@2 +bc 20?2+ ca)

_(a=bb—c) [26+2c—a 2b+2a—c]| _
22 +ca 2c2 +ab 202 +bc |
2(a —b)(b—c)(c—a)(a®+b*+ ¢ —ab— bc — ca)

_ <0.
(2a2 4 be)(20% + ca)(2¢ + ab) -

g(a;b,c) =

The equality holds for a = b = ¢, and for @ = b and ¢ = 0 (or any cyclic permutation).

(b) We apply the SOS method. Write the inequality as follows:

Z [(b+c)(a+b+c) ol >0,

2a2 + be

Z (b? + ab — 2a*) + (¢ + ca — 2a?)

> 0,
2a? + be -
(b—a)(b+2a)+ (¢ — a)(c+ 2a)
2 >0,
2a% + bc

Z(b—&)(b—i—Qa) +Z(a—b)(a—|—2b) >

2a2 + be 202 4 ca
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a+2b b+ 2a
—b — >0
Z(& )(262+ca 2a2+bc) -

Z(a —b)*(2¢* + ab)(a® + b* + 3ab — ac — be) > 0.

It suffices to show that
> (a—b)*(2¢* + ab)(a® + b + 2ab — ac — be) > 0,
which is equivalent to
D (a—1b)*(2¢ +ab)(a+b)(a+b—c) > 0.
This inequality is true if
(b—¢)*(2a* + be)(b+c)(b+c—a) + (c — a)*(2b* + ca)(c + a)(c +a—b) > 0;
that is,
(a—¢)*(20* + ca)(a + c)(a+c—b) > (b—c)*(2a* + be)(b+c)(a —b— c).

Since
a+c>b+e, a+c—b>a—b—c,

it is enough to prove that
(a —¢)*(20* + ca) > (b — c)*(2a” + be).
We can obtain this inequality by multiplying the inequalities
b(a —c)* > a*(b— c)?

and
a®(2b* + ca) > b*(2a” + be).

The equality holds for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation).
O

P 1.103. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

alb+c) blc+a) c(a—l—b)>(a+b+c)2
a?+bc bV 4+ca  A+ab T a?+b02+c2

(Pham Huu Duc, 2006)
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Solution. Assume that a > b > ¢ and write the inequality as follows:
(a+b+c)? ab+ ac
3— = > 1—
a2~|—b2+02_z a?+bc)’
—b)(a—rc)
23 (a—ba—o) > @+ 12+ )y Lo
Z(a Ya—c) > (a®+ —i—c)Z 2+ e

(a—b)a—c)la+b—c)la—b+c)
Z a? + be

)

> 0.

It suffices to show that

(b—c)(b—a)(lH—c—a)(l7—c+a)+ (c—a)(c=b)(c+a—0b)(c—a+D)
b + ca 2+ ab

>0

)

which is equivalent to the obvious inequality

(b—c)*(c —a+b)*(a®+ be)
P ey @+a) =

The equality holds for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation).
O

P 1.104. Let a,b, c be nonnegative real numbers, no two of which are zero. If k > 0, then
b2+02—|—\/§bc+ 02+a2+\/§ca+a2+b2+\/§ab S 3(2+/3)
a? + kbc b2 + kca 2+ kab - 1+k
(Vasile Cirtoaje, 2013)

Solution. We use the highest coefficient method. Write the inequality in the form f4(a, b, c) >
0, where

fola,b,c) = (1+k) > (b°+ ¢ + V3be) (b + kea)(c® + kab)
—3(2 4 V3 )(a® + kbe) (b2 + kca)(c® + kab).
Clearly, fg(a,b,c) has the same highest coefficient A as
(14 k)Py(a,b,¢) — 3(2+ V3 )Ps(a, b, c),

where

Py(a,b,c) = Z(\/gbc — a?)(b* + kca)(c* + kab),
Ps(a,b,c) = (a® + kbc)(b? + kca)(c* + kab).
According to Remark 2 from the proof of P 2.75 in Volume 1, we have
A= (1+k)Py(1,1,1) —3(2+ V3 )P3(1,1,1)
=3(V3—-1)(1+k)>-32+V3)1+k)?>=-901+k)>
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Since A < 0, according to P 3.76-(a) in Volume 1, it suffices to prove the original inequality
for b=c=1 and for a = 0.
In the first case (b = ¢ = 1), the inequality is equivalent to

2+v3  200® +v3a+1) _ 3(2+v3)
a?+k ka + 1 - 14k

)

2(a®> +v3a +1) L2+ V3)(3a® + 2k — 1)
ka+ 1 - (k+D(a®>+ k)

(a—1)% |(k+1)a* — <1+\/7§> (k—2)a+ (k;— 1+2\/§> > 0.

For the nontrivial case k > 2, we have

(k+ 1)a® + (k—1+2\/§> 22\/k+1<k;— 1+\/§>a

2

22\/§<k—1+\/§>a2 <1+\/7§> (k — 2)a.

2

In the second case (a = 0), the original inequality can be written as

%(g+g+\/§>+<g+8> 2—3(2+\/§)-

2 p? 1+ k

It suffices to show that

3(2 +/3)
(2+\/§)+22H—k,

(k— ! +2\/§> > 0.

E e

which is equivalent to

1++v3
2

The equality holds fora=b=c. If k =

b = ¢ (or any cyclic permutation).

, then the equality holds also for a = 0 and

]

P 1.105. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

1 1 1 8 6
> .
a2+b2+b2—|—02+02—|—a2+a2+b2+c2 ~— ab+ bc+ ca

(Vasile Cirtoaje, 2013)
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Solution. Multiplying by a® + b* + ¢2, the inequality becomes

a? N b? N ? +11>6(a2+b2+02)
b2+c2  c2+a?  a?+b? ~ ab+bc+ca

Since

a’? b? c? 272 2 2 2 9
(b2+02+02+a2+a2+b2)(ab +b°c” + c“a®) =

1 1
a2—|—62+b2+c2+02+a2

:a4+b4+c4+a2b202( )2a4+b4—|—c4,

it suffices to show that

a* + bt + ¢ >6(a2+b2+c2)
a?b? + b%c? + c2a? — ab+bc+ca’
which is equivalent to
(a® +b* + *)? - 6(a® + b* + ?)
a?b? + b%c? + c2a? ~ ab+bc+ca

Clearly, it is enough to prove that

a+ b2+ 2\* >6(a2+b2—|—02)
ab + be + ca ab+bc+ca ’

which is )
2 24 2
Lt SRS Y
ab + be + ca
b
The equality holds for a = 0 and - + g = 3 (or any cyclic permutation).
c

P 1.106. If a,b,c are the lengths of the sides of a triangle, then

alb+c¢) blc+a) c(a+b)<2
a2 +2bc b2 +2ca  c242ab —

(Vo Quoc Ba Can and Vasile Cirtoaje, 2010)

FirstSolution. Write the inequality as

ab + ac a’® + 2bc — ab — ac
1—-—— | >1 > 1.
Z( a2+260) - Z a? + 2bc -

Since

a®42bc —ab—ac=bc— (a—c)(b—a) > |a—c||b—a| — (a—c)(b—a) >0,
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by the Cauchy-Schwarz inequality, we have

Za2+2bc—ab—ac S [S7(a2 + 2be — ab — ac)]?
a? + 2bc ~ > (a? + 2bc)(a? 4 2bc — ab — ac)’

Thus, it suffices to prove that
(a® 4+ b* 4 *)? > Z(a2 4 2bc)(a? + 2bc — ab — ac),
which reduces to the obvious inequality
ab(a — b)* + be(b — ¢)* + calc — a)* > 0.

The equality holds for an equilateral triangle, and for a degenerate triangle with a = 0 and
b = ¢ (or any cyclic permutation).

Second Solution (by Nguyen Van Huyen). Since
a®+2bc—ab—ac=bc— (a—c)(b—a)>|a—c||b—a| - (a—c)(b—a) >0,
we have

a(b+c) _ alb+c)+(b—c)? b+ +alb+c)—2bc
a? +2bc ~ a®+2bc+ (b—c)? a? + b2 + ¢2 '

Therefore,

Za(b—l—c) <Zb2—l—02+a(b+c)—260_2(a2+b2—|—02)
a? + 2bc — a? + b? + 2 a2+ b2+ 2

P 1.107. If a,b, c are real numbers, then

a? — be b2 — ca 2 —ab
+ + > 0.
202 + b2+ 2 202+ c2+a? 22+ a? + b2

(Nguyen Anh Tuan, 2005)

First Solution. Rewrite the inequality as

Z 1 az—bc <3
2 2a24+b2+4+c2) 2

(b+ c)?
- 7 < 3.
22a2+b2+02—3
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If two of a,b,c are zero, then the inequality is trivial. Otherwise, applying the Cauchy-
Schwarz inequality, we get

(b+ c)? (b+ c)? b? c?
S <
Z2a2+b2+c2 Z(a2+b2)+(a2+c2)—z R
b2 a2
:Za2+62+zb2+a2:3'

The equality holds for a = b = c.
Second Solution. Use the SOS method. We have

a’ — be (a—"b)(a+c)+ (a—c)(a+D)
222a2—|—b2+02_z 202 + b + 2

:Z(a—b)(a—i-c) +Z(b—a)(b+c)

2a2 + b% + 2 202 + 2 + a?
—Z(a—b) a-+c _ b"—C
- 202 + b2+ ¢z 202 + 2 + a?
(a—0b)*

= (a® + 1? 2 _ab—be— >
(a®+b"+c—a c Ca)z(2a2+b2+02)(2b2+02—|—a2)_O

P 1.108. If a,b,c are nonnegative real numbers, then

3a% — be 3b% — ca 3¢ — ab 3
+ + <5
202+ b2+ 2 200+ c2+a? 22+ at+0b%2 T2

(Vasile Cirtoage, 2008)

First Solution. Write the inequality as
3 3a% — be
(B Bt Ny
2 20?4+ b2+ 2
2

2a% + b? + 2
By the Cauchy-Schwarz inequality, we have

[dbc+ (b—c)?]*  2(b+¢)*
S b2+ 4 dbe

8bc + 3(b — c)* > 1
2bc + §(b —¢)?

Therefore, it suffices to prove that

4
(b+c) o
Z (2a2 + b2 + c2)(b? + 2 + 4bc)
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Using again the Cauchy-Schwarz inequality, we get

3 (b+c)’ - (b + )
(2a%2 + 0% + ) (D% + 2 + 4bc) — > (24 + b2 + 2)(b? + 2 + 4be)
The equality holds for a = b = ¢, for a = 0 and b = ¢ (or any cyclic permutation), and for
b= c =0 (or any cyclic permutation).
Second Solution. Use the SOS method. Write the inequality as
Z 1 3a® — bc >0
2 22402 +c2) 7
Z (b+c+2a)(b+ c—2a) _
2a? 4 b2 + 2 -
Z (b+c+2a)(b—a)+ (b+c+2a)(c—a)
2a? 4 b2 + 2
(b+c+2a)(b—a) (c+a—+2b)(a—0)
>0
Z 2a2+b2—|—02 +Z 2b2+02+a2 -

2b b 2
Z(a—b)( cta+2b  b+c+2a )207

202 +c2 4+ a2 202+ b2+ 2

207

Z(Bab +be + ca — ¢*)(2¢ + a® + b%)(a — b)* > 0.

Clearly, it suffices to show that
Zc(a +b—c)(2¢* + a® + b%)(a — b)* > 0.
Assume that a > b > c. It is enough to prove that
a(b+c—a)(2a®> +b* + ) (b —c)* + b(c+a — b)(2V* + ¢ + a*)(c — a)* > 0;
that is,
blc+a—b)(2b* + 2 +a*)(a—c)* > ala —b—c)(2a*> + b* + *) (b — c)*.

Since ¢+ a — b > a — b — ¢, it suffices to prove that

b(2b? + ¢ +a*)(a — ¢)* > a(2a® + b* + *) (b — )%
We can obtain this inequality by multiplying the inequalities

b?(a —c)? > a*(b—c)?

and
a(2b® 4+ 2 + a*) > b(2a* + b* + ¢?).

The last inequality is equivalent to

(a—b)[(a—b)*+ab+c*] > 0.
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P 1.109. If a,b, c are nonnegative real numbers, then
(b+c)? (c+a)? (a+0b)?
4a? + 02+ AP+ +a? A+ a?+ 02
(Vasile Cirtoaje, 2005)

Solution. By the Cauchy-Schwarz inequality, we have

3 (b+e)? b+ )

4a? + b2+ 2 — > (b4 ¢)?(4a® + b2 + 2)
Sat 4+ 3> a%? +4abed a+ 2 ab(a® + b%) -9
STat +55 a?b? +4abed a+ > abla® +02)

Z ab(a®* + b*) > 2 Z a’b?.

The equality holds for a = b = ¢, and for b = ¢ = 0 (or any cyclic permutation).

= 2dot

because

P 1.110. If a,b, c are positive real numbers, then

(a) > ! ;

< .
11a2 + 2b% + 2¢2 — 5(ab+ bc + ca)’

1 1 1
< .
da? + 0% +c2 — 2(a2+62+02)+ab—|—bc+ca

(b) 2

(Vasile Cirtoaje, 2008)

Solution. We will prove that

S kr2 -2k 2k-1)
ka? +b2+c2 —a?2+b2+c2 ab+bec+ca

for any & > 1. Due to homogeneity, we may assume that a®+b?+c? = 3. On this hypothesis,
we need to show that

5 Fr2 -2k k-1
(k—1)a>+3 ~ 3 ab+be + ca’

Using the substitution m = 3/(k — 1), m > 0, the inequality can be written as

1 6
1 <3Im-2+—-—-:
m(m + )Za2+m_ m +ab+bc+ca

By the Cauchy-Schwarz inequality, we have

(@ +m)[m+ (m+1—a)’] > [av/m + vVm(m + 1 - a)> = m(m + 1),
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and hence
m(m + 1) - a’?—1

a2+m — m-+1

m(m+1)za2im <3(m+2)-2) a

Thus, it suffices to show that

+m+ 2 — 2a,

6

3 2) —2 <3Inm-2+ ——-—:
(m+2) ZG_ mn +ab—l—bc—i—ca7

that is,
(4—a—b—c)(ab+ bc+ ca) < 3.
Let p=a+ b+ c. Since
2(ab+bc+ca) = (a+b+c)* — (a*+b* + ) =p* =3,
we get
6—2(4—a—b—c)(ab+bc+ca) =6— (4 —p)(p* —3)
=(p—3)>%(p+2) >0

This completes the proof. The equality holds for a = b = c.

P 1.111. If a, b, ¢ are nonnegative real numbers such that ab+ bc + ca = 3, then

va o Vb Ve

b+c c+a a+b_ 2

(Vasile Cirtoaje, 2006)
Solution. By the Cauchy-Schwarz inequality, we have

(X e 3/4) >
Zb+c_ b+)c):é<za/) '

Thus, it suffices to show that

PP B> 3,

which follows immediately from Remark 1 from the proof of the inequality in P 3.33 in
Volume 1. The equality occurs for a =b=c=1.

Remark. Analogously, using Remark 2 from the proof of P 3.33 in Volume 1, we can prove
that

ak N bk N ck >3
b+c c+a a+0b 2
4In2 41n 2
for all £ > 3 — 1 ~ 0.476. For k = 3 — 1 , the equality occurs for a = b=c =1, and

In3 In3
also for a = 0 and b = ¢ = v/3 (or any cyclic permutation).

O
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P 1.112. Ifa, b, ¢ are nonnegative real numbers such that ab + bc + ca > 3, then

1 1 1 1 1 1
> .
2+a+2+b+2—|—c_ 1—|—b—|—c+1+c+a+1+a—|—b

(Vasile Cirtoaje, 2014)

Solution. Consider ¢ = min{a, b, ¢}, and denote

E( b ) 1 n 1 n 1 1 1 1
a,o,c) = — — — .
T 24a 2+4b 24c¢ 14+b+c 14+c+a 1+a+bd

If ¢ > 1, the desired inequality E(a,b,c) > 0 follows by summing the obvious inequalities
1 1
> )
24a 14c+a
1 1
> Y
24+b 7 14a+0d
1 1
> .
24+c” 1+b+c
Consider further that ¢ < 1. From
1—c 1 1 1 1

E(a,b,c) = — - -
(a,6,¢) (2+a)(l+c+a) Tfatb 240 2+c¢ 1tbte
and 1 1 1 1 1
— C
E(a,b,c) = — - -
(®5,¢) G101 1btd 1+atb 2+a 2+4c¢ Ttcta

it follows that E(a,b,c) is increasing in a and b. Based on this result, it suffices to prove the
desired inequality only for
ab + be + ca = 3.

Applying the AM-GM inequality, we get
3=ab+bc+ ca > 3(abc)*3,  abe <1,

a+b+c>3Vabe > 3.
We will show that

1 1 1 1 1 1
>1> .
2+a+2—|—b+2+c_ _1+b+c+1+c+a+1—|—a~l—b

By direct calculation, we can show that the left inequality is equivalent to abc < 1, while the
right inequality is equivalent to a + b+ ¢ > 2 + abc. Clearly, these are true and the proof is

completed. The equality occurs for a =b=c=1.
]
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P 1.113. If a,b,c are the lengths of the sides of a triangle, then

a® — be b? — ca  —ab

< 0;
3a2+62+c2+3b2+c2+a2+302+a2+62 -

a* — b2 b* — 2a? c* — a?b?

(a)

(b)

<0
3a* + b* + * 3b* + * + at * 3ct+at+0* —
(Nguyen Anh Tuan and Vasile Cirtoaje, 2006)

Solution. (a) Apply the SOS method. We have

22 a’ —be Z(a—b)(a—i—c)—l—(a—c)(a—i—b)

32+ 02+ 2 3a? + b% 4 2
(a—b)(a+c) (b—a)(b+c)
Z 3a% 4+ b + 2 +Z 3b% + 2 + a?

—Z(a—b) a+c B b+ c
N 3a2 +b2+c2 302+ 2+ a?

(a—b)?
(a2 + 0% + ) (3% + 2 + a?)’

:(a2+b2+02—2ab—2bc—2ca)z
Since
a? +b* +c* —2ab—2bc —2ca =ala —b—c)+bb—c—a)+c(c—a—b) <0,

the conclusion follows. The equality holds for an equilateral triangle, and for a degenerate
triangle with @ = 0 and b = ¢ (or any cyclic permutation).

(b) Using the same way as above, we get

QZ a —b2 2 . Z (a _b2)
3at + b+t (3a* + bt + ¢*)(3b* + ¢t + a*)’
where
A=a*+ b+t —2d%° — 20 — 2¢%a?
—(a+b+c)la+b—c)(b+c—a)(c+a—b) <O.

The equality holds for an equilateral triangle, and for a degenerate triangle with a = b + ¢
(or any cyclic permutation).
O

P 1.114. If a,b,c are the lengths of the sides of a triangle, then
be n ca n ab 1
da? + 02+ A2+ +a®> AP +a?+b02 T 2
(Vasile Cirtoaje and Vo Quoc Ba Can, 2010)




162 Vasile Cirtoaje

Solution. We apply the SOS method. Write the inequality as

2bc b2 c?
— >0
Z <4a2 + b2 + c2 Z a2b? + b2e2 + CQGQ) -

Z be(2a% — be)(b — c)?
4a2 4+ b2 + 2
Without loss of generality, assume that a > b > ¢. Then, it suffices to prove that

> 0.

c(20? — ca)(c —a)?  b(2c® — ab)(a — b)? >0
40 + 2 + a? 4+ a2+ T

Since
20 —ca>c(b+c)—ca=clb+c—a)>0

and

(20 — ca) + (22 —ab) = 2(* + ) —a(b+¢) > (b+¢)> — a(b + ¢)
=b+c)(b+c—a) >0,
it is enough to show that
cla —c)? S b(a —b)?
42 + 2+ a? ~ 4t 4 a? + 0
This follows by multiplying the inequalities

Ala—c)* > b*(a — b)?

and
b S c
42 + 2+ a2 A2+ a2+ 0%

These inequalities are true, since

cla—c)—bla—b)=(b-c)(b+c—a) >0,

b(4c® + a® +b*) — c(4b® + 4+ a?) = (b—¢)[(b — ¢)* + a* — be] > 0.

The equality occurs for an equilateral triangle, and for a degenerate triangle with a = b and
¢ =0 (or any cyclic permutation).
O

P 1.115. If a,b,c are the lengths of the sides of a triangle, then

1 1 1 9
< .
b2+c2+c2—|—a2+a2—|—b2 ~ 2(ab+ bc + ca)

(Vo Quoc Ba Can, 2008)
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Solution. Apply the SOS method. Write the inequality as
Z 3 ab+ bc + ca >0,
2 b2 + 2

Z 3(b* + ¢*) — 2(ab + bc + ca)

0+ =0
Z 3b(b — a) + 3c(c —bg)jc 26(a —b)+bla—c) >0,
S (a—b)(c— 32 1 i;z —ab=39)
e P =

Z(a2 + %) (a — b)*(ca + cb + 3c¢* — 3ab) > 0.

Without loss of generality, assume that a > b > ¢. Since

ab + ac + 3a® — 3be > 0,
it suffices to prove that
(a® + b%)(a — b)*(ca + cb + 3¢ — 3ab) + (a® + ¢*)(a — ¢)*(ab + be + 3b* — 3ac) > 0,
or, equivalently,

(a® + ¢*)(a — ¢)*(ab + be + 3b* — 3ac) > (a® + b*)(a — b)*(3ab — 3¢* — ca — cb).

Since
b b?
ab+bc+3b2—3ac—a(c+3 b—3c)
2
Za(bc+3b b3 )
b+c
a(b— ¢)(4b + 3c)
>0
b+c
and

(ab + bc + 3b* — 3ac) — (3ab — 3¢* — ca — cb) = 3(b* + ¢*) + 2bc — 2a(b + ¢)
> 3(b* + ¢*) + 2bc — 2(b + ¢)?
= (=0 >0,

it suffices to show that
(a® + c*)(a —¢)* > (a® +b*)(a — b)*.
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This is equivalent to (b — ¢)A > 0, where
A =20 —2a*(b+c) + 2a(b® + be + ) — (b + ¢)(b* + )

2 2 2
o (a— b+c> +a(36 + 2bc + 3¢?) bW+ )

2 2
2 2 2
> b(3b° + 2bc—|—3c ) bt )+ )
(B2 2
:(b c)(b ;bc+20)20.

The equality occurs for an equilateral triangle, and for a degenerate triangle with a/2 = b = ¢
(or any cyclic permutation).
]

P 1.116. If a,b,c are the lengths of the sides of a triangle, then

a+b b+c cHa
> b;
(e) a—b+b—c+c—a ’
(v) a?—b b2 —c2 2—q2 2 3.

(Vasile Cirtoaje, 2003)

Solution. Since the inequalities are symmetric, we consider
a>b>c
(a) Let c =a—candy=b—c. Froma >b> cand a <b+ ¢, it follows
x>y >0, c>x—y.

We have
a+b b+c cH+a 2c+x+y 2ty 2c+uw
+ - = - —

a—b b—c c—a r—y Y x

1 1 1
:20( +___)+x+y
r—y Yy x T—y

%+x+y>2(:c—y) T+y
y -y Y r—yY
:2(x_y+ Y >+1>5
) =Y

(b) We will show that

a?+bv> V+cE PA+a?
a?—0u b2—c2 2—q2 7
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that is,

Since

it suffices to prove that
2 2 2
b L (b+c¢) '
a2 —b> b2 —c? T a?—c?

This is equivalent to each of the following inequalities:

p( L L N\ af L 1\ 2
a2 — b2 a2 —c2? b2—c2 a2—c2) = a?—c?’

V(- ) Aa® - 1?)
a2 — b2 b2 _ o2
[b(b* — ¢*) — c(a® — b*)]* > 0.
This completes the proof. If a > b > ¢, then the equality holds for a degenerate triangle

with @ = b+ ¢ and b/c = x1, where x; ~ 1.5321 is the positive root of the equation
2 —3x—-1=0.

> 2bc,

]

P 1.117. If a,b,c are the lengths of the sides of a triangle, then

b+c c+a a-+b a b c
+ + +3>6 + + .
a b c b+c c+a a-+b

Solution. We apply the SOS method. Write the inequality as

b 9
3 +C—623( a —3).
a b+c

Since

S e () o-x

and

a—b—c a—b a—-c

b+c_ 3= o b+c brc  2ebic

a—"b b—a (a —b)?
Zb+c Zc+a_z(b+c)(c+a)

b—c
_Z (c+a)(a+b)




166 Vasile Cirtoaje

we can rewrite the inequality as
Z a(b+c)(b—c)*S, >0,

where
Se = ala+ b+ c) — 2bc.

Without loss of generality, assume that a > b > ¢. Since S, > 0,
Sp=bla+b+c)—2ca=(b-c)lat+b+c)+clb+c—a)>0
and
Z a(b+c)(b—c)2S, > b(c+ a)(c — a)*S, + c(a + b)(a — b)*S.
> (a —b)?*[b(c+ a)Sy + c(a + b) S,

it suffices to prove that
b(c+ a)Sy + c(a +b)S. > 0.

This is equivalent to each of the following inequalities
(a4 b+ c)a(d* + %) + be(b + ¢)] > 2abe(2a + b + c),

ala+b+c)(b—c)* + (a+ b+ c)2abc + be(b + ¢)] > 2abe(2a + b+ ¢),
ala+b+c)(b—c)* +bc(2a+b+c)(b+c—a)>0.

Since the last inequality is true, the proof is completed. The equality occurs for an equilateral

triangle, and for a degenerate triangle with a/2 = b = ¢ (or any cyclic permutation).
O

P 1.118. Let a,b,c be nonnegative real numbers, no two of which are zero. Prove that

3a(b+ c) — 2bc 3
2 hro@aihid >y

(Vasile Cirtoaje, 2009)

Solution. Use the SOS method. Write the inequality as follows:

3a(b+ c¢) — 2be 1
2. [(b+c)(2a+b+c) ~3] =0

4a(b+ ¢) — 6bc — b* — ¢*
Z (b+c)2a+b+c)
bla —b)+cla—c)+3b(a—c)+ 3c(a —b)
E: (b+c¢)(2a+b+c)

> 0,

>0,
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(a —0)(b+3c)+ (a —c)(c+ 3b)

2. (b+)(2a+b+0) =0,
(a—b)(b+ 3c) (b—a)(a+3c)

Z (b+c)2a+b+c) Z (c+a)2b+c+a) —

b+ 3c a+ 3c
2 (a=b) [(b—l—c)(2a—|—b+c) T letra@reral =Y
(a=b)(b—c)(c—a)d (a® = b*)(a+b+2c) > 0.

Since
D (a® =) (a+b+2c) = (a—b)(b—c)(c— a),

the conclusion follows. The equality holds for a = b, or b = ¢, or ¢ = a.

P 1.119. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a(b+ c¢) — 2bc
Z(b—i—c)(?)a—i-b—i-c) =0

(Vasile Cirtoaje, 2009)
Solution. We apply the SOS method. Since

alb+c)—2bc b(a —¢) + c(a —b)
Z(b+c)(3a+b+c) _Z(b—l—c)(?)a—l—b—i—c)

B c(b—a) (a —b)
Z (c+a)(3b+c+a) +Z(b—|—c)(3a+b+c)

_Z cla+b—c)a—10)
(b+c)(ct+a)Ba+b+c)(3b+c+a)
the inequality is equivalent to

D cla+b)Be+atb)(a+b—c)(a—Db)?®>0.

Without loss of generality, assume that a > b > ¢. Since a + b — ¢ > 0, it suffices to show
that

blc+a)Bb+c+a)cta—b)a—c)?>alb+c)Ba+b+c)(a—b—c)b—c)
This is true since
cta—b>a—b—c,
b(a —c)* > a?(b—c)?,
c+a>b+c,
a(3b+c+a) > b(3a+b+c).
The equality holds for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation).



168 Vasile Cirtoaje

P 1.120. Let a,b, c be positive real numbers such that a®> + b* + ¢ > 3. Prove that

a’® — a? B> — b? @ — 2

+ + >
@+ +c2 P+t ta® SHa?+b2 T

(Vasile Cirtoage, 2005)

Solution. The inequality is equivalent to

1 1 1 3
< :
P R R e S R S B < B R

Setting a = tx, b = ty and ¢ = tz, where
x,y,z >0, 2?4+ y? 4+ 22 =3,

the condition a? + b? + ¢ > 3 implies ¢ > 1, and the inequality becomes

1 1 1
<1
t3$5+y2+22+t3y5+22+$2+t325+$2+y2 -

We see that it suffices to prove this inequality for ¢ = 1, when it becomes

1 1 1
<1
x5—x2+3+y5—y2+3+z5—22+3_

Without loss of generality, assume that x > y > z. There are two cases to consider.
Case 1: z<y<zx< V2. The desired inequality follows by adding the inequalities

1 3—a? 1 3 — 12 1 3 — 22
< ) < ) < .
»¥—224+37 6 Y —y?+3 6 25— 2243 6
We have
1 _3—x2_($—1)2(:E5—|—2x4—3x2—6x—3)<0
x5 — 22 4 3 6 6(x5 — 22+ 3) -
since
5 4 2 2 (.3 2 6 3
x>+ 22" — 3" —6xr—3=2" |2+ 2x —3————2
r

< 2 (N§+4—3—3f—g)
:—IQ(\/E—F%) < 0.

Case 2: x > /2. From 2% + y?> + 2> = 3, it follows that 3> + 2> < 1. Since

1 1 1

< < <
-2 4+3  (2vV2-1)22+3  22v2-1)+3

=
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and
1 1 1 1

<
y5—y2+3+z5—22+3 3—y2+3—22’

it suffices to prove that

1 N 1 <5
3—y2 3—22°6
Indeed, we have
1 1 2 2_1_ 2.2
+ _§:9(y e ) = 5y <0,
3—y? 3—22 6 6(3 —y?)(3 — 2?)

which completes the proof. The equality occurs for a =b=c=1.

Remark. Since abc > 1 involves a? + b? 4 ¢ > 3va2b2c? > 3, the inequality is also true
under the condition abc > 1. A proof of this inequality (which is a problem from IMO-2005
- proposed by Hojoo Lee) is the following:

5 2 5 2

a’ —a a’ —a 1 1
-7 > — 2_
Za5+62+02 —Za5+a3(b2+02> a2+b2+622<a CL)’

Z(ﬁ-é) >3 @ —be) = 5 3 (@b 20

P 1.121. Let a,b, ¢ be positive real numbers such that a® +b* + ¢ = a®> + b3 + 3. Prove that

2 2 2
a b c 3
>

b—l—c+c+a+a+b_ 2

(Pham Huu Duc, 2008)

First Solution. By the Cauchy-Schwarz inequality, we have

> b+ . _(Ze) (X a®) (X a?)

> atb+e) Ooad) (D ab) —abeda?

Therefore, it is enough to show that

2 (S) () + a2 3 () (S at).

Write this inequality as follows:

(20 (Tt - ) - (S sabe) () 20
3() (B = Ear) = (o) (T - 2 at) (X ?) 20
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(e =Xa) [pXoe - (Xo) ()] 20

The last inequality is true since

2(2&2—Zab> :Z(a—b)2 >0

and
SZag - (Za) (Za2> = Z(a?’ +b*) — Zab(a+b)
=> (a+b)(a—1b)’>0.

The equality occurs for a =b=c = 1.

Second Solution. Write the inequality in the homogeneous form A > B, where

a? 3(a® +b* + %)
A:22b+c—2a, B = PrRC R —Za.

Since
ala —b) +ala—c ala —b b(b—a
N B *r ey
B (a — b)?
—(a+b+c)zm
and

g 2@ +0) -3 abla+b) _ 3(atb)(a—b)

a? 4+ b2 + ¢2 a? 4+ b2 + 2

)

we can write the inequality as

Z{(a+b+c a+b }(a—b)220,

b+c)c+a) a4+

— 5)2
5453 3 — 2ab (a— > 0.
(0 +8° 4~ 2abe) ) b+octa)
Since a® + b3 + ¢ > 3abe, the conclusion follows.
]
P 1.122. Ifa,b,c € [0,1], then
a b c

< 1.
bc—0—2+ca—|—2+ab+2 -

(Vasile Cirtoaje, 2010)
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Solution. (a) First Solution. It suffices to show that

a . b L+ c <
abc+2  abc+2  abc+2 —

L

which is equivalent to
abc+2>a+b+ec.

We have
abc+2—a—-b—c=(1—-0b)(1—-¢c)+ (1 —a)(l—bc)>0.

The equality holds for a = b = ¢ = 1, and for a = 0 and b = ¢ = 1 (or any cyclic
permutation).

Second Solution. Assume that a = max{a, b, c}. It suffices to show that

a n b N c <1
bc+2 bc+2 be+2 7
that is,
a+b+c) <2+ be
We have

24+bc—a—-b—c)=1—a+(1-0)(1—c)>0.

P 1.123. Let a,b, c be positive real numbers such that a + b+ ¢ = 2. Prove that

L 1y
1—ab 1—-bc 1-—-ca

5(1—ab—bc—ca)( )—1-920.

(Vasile Cirtoaje, 2011)
Solution. Write the inequality as

24_5a(b+c) _ Bb(c+a)  5cla+D) >0.
1—be 1—ca 1—ab

Since
41 —be) >4 —(b+c) =(a+b+c)* — (b+c)” =ala+2b+20c),

it suffices to show that

65 b+c B c+a B a-+b >0,
a+2b+2¢c b+2c+2a c+2a+2b

which is equivalent to

b+c
l——) >
ZS( a—l—2b+20)_97
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1
5(a+b+0)2m29,

[Z(a +2b+ 20)} <Z m> > 9.

The last inequality follows immediately from the AM-HM inequality. The equality holds for
a=b=c=2/3.
O

P 1.124. Let a,b, c be nonnegative real numbers such that a + b+ ¢ = 2. Prove that

2—a2+2—b2+2—c2<3
2—bc 2—ca 2—ab

(Vasile Cirtoaje, 2011)

First Solution. Write the inequality as follows:
2 —a?
1-— >0
X (-) 2
a* —be
>0
Z 2—be — 7
> (a® = be)(2 — ca)(2 — ab) > 0,

Z(a2 — be)[4 — 2a(b+ ¢) + a®bc] > 0,

42(@2 —be) — QZ a(b+ c)(a* — be) + abcz a(a® — be) > 0.
By virtue of the AM-GM inequality,

Za(a2 —be) = a® + b + ¢* — 3abe > 0.
Then, it suffices to prove that

23 (a® —be) = > a(b+c)(a® - be).

Indeed, we have

Za(b—i— c)(a* — bec) = ZaB(b—l— c) — ach(b—l— c)
= Za(b3 + ) — ach(b—l— c) = Za(b—ir c)(b—c)?
< {W} (-2 =Y (b—0)? =23 (a® —bo),
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The equality holds for a = b = ¢ = 2/3, and for a = 0 and b = ¢ = 1 (or any cyclic
permutation).

Second Solution. We apply the SOS method. Write the inequality as follows:
a’® — bc
>0
Z 2—be — 7

Z(a—b)(a—i—;)j—b(ca—c)(a—l—b) >0,

Z(a—b)(a—i—c) +Z(b—a)(b+c) >0,

2 —be 2 —ca

(-0’2 clath)—
2w 2"

Z(a —b)*(2—ab)(1 —¢) > 0.
Assuming that a > b > ¢, it suffices to prove that
(b—c)*(2—=bc)(1 —a)+ (c—a)*(2—ca)(1—b) > 0.

Since
2l—b)=a—b+c>0, (c—a)?>(b-c)

it suffices to show that
(2—=bc)(l—a)+ (2—ca)(1—0)>0.

We have
(2—=0bc)(1—a)+ (2—ca)(1—0b) =4—2(a+b) — c(a+b)+ 2abc

=0.

(a+b)+(2+c)r

Z4—(a+b)(2+0)24—[ 5

P 1.125. Let a,b, c be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

3+5a2+3+562+3+502 - 19
3 —bc 3—ca 3—ab — 7

(Vasile Cirtoaje, 2010)
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Solution. Use the SOS method. Write the inequality as follows:
3 + ba?
—41]1>0
Z ( 3 —be ) -

2 _
ZE)CL +4bC 9207
3 —bc

2 _ 2
ZS@ +4bc — (a+b+c) >0,
3 —be

Z4a2—b2—02—2ab+2bc—20a>
3 —be -

22a2—b2—02+2(a—b)(a—c)

3 —be =0,
(a—=b)(a+b)+ (a—c)a+c)+2(a—b)(a—rc)
Z 3 —bc 20,
[(a—=0b)(a+b)+ (a—"0b)(a—c)+ [(a—c)a+c)+ (a—c)(a—D)]
Z 3—bc =0,
(a—=b)(2a+b—c)+ (a—c)(2a+c—1D)
Z 3 —be =0,
(a—b)(2a+b—c) (b—a)(2b+a—c)
25 T =0

3 —ca

(a—b)*[3 —2c(a+b) +¢?]
Z 3 —bc)(3 — ca) 20,

(
Z((a—b) (c—1)2 > 0.

3 —bc)(3 —ca)
The equality holds for a =b=c=1.

P 1.126. Let a,b, c be nonnegative real numbers such that a + b+ c = 2. If

_—1<m<z
7 - — 8
then
ad+m  V+m  A+m _ 3(4+9m)
3—2bc 3—2ca 3 —2ab — 19 '

(Vasile Cirtoaje, 2010)
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Solution. We apply the SOS method. Write the inequality as

2
Z a +m_4+9m >0,
3 — 2bc 19

Z 19a% + 2(4 + 9m)bc — 12 — 8m
3 — 2bc

> 0.
Since
19a* + 2(4 + 9m)bc — 12 — 8m =
= 19a® + 2(4 + 9m)bc — (34 2m)(a + b+ ¢)?
= (16 — 2m)a® — (3 + 2m)(b* + ¢* + 2ab + 2ac) + 2(1 + Tm)be
= (3+2m)(2a*> = b* — ) +2(5 — 3m)(a® + be — ab — ac) + (4 — 10m)(ab + ac — 2bc)
= (34 2m)(a* — b*) + (5 — 3m)(a — b)(a — ¢) + (4 — 10m)c(a — b)
+(342m)(a® — ) + (5 — 3m)(a — c)(a — b) + (4 — 10m)b(a — ¢)
=(a—b)B+ (a—c)C,

where
B=8—-m)a+ (3+2m)b— (14 7m)c,

C=(@8—m)a+ (3+2m)c— (1+Tm)b,

the inequality can be written as

B, +C, >0,
where (0 — D8~ m)a+ (34 2m)b — (1+ Tm)d
a— —m)a—+ (3+2m)bo— (1 + 7m)c
Bi=). 3 — 2bc ’
- (b—a)[(8 —m)b+ (3+2m)a — (1 + Tm)c]|
01—2 3 —2ca ’
We have ( b)ZS
a — c
Bi+Ci= Z (3 —2bc)(3 — 2¢ca)’
where

S, =3(5—3m) — 2(8 — m)c(a + b) + 2(1 + 7m)c?
=6(2m + 3)c* — 4(8 — m)c + 3(5 — 3m)
8—m r (14 7m)(7 — 8m)
3(2m + 3) 32m+3)

=6(2m + 3) {c -

Since S, > 0 for —1/7 < m < 7/8, the proof is completed. The equality holds for a = b =
c=2/3. If m = —1/7, then the equality holds also for a = 0 and b = ¢ = 1 (or any cyclic
permutation). If m = 7/8, then the equality holds also for a = 1 and b = ¢ = 1/2 (or any
cyclic permutation).
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Remark. The following more general statement holds:

e Let a,b,c be nonnegative real numbers such that a +b+c = 3. If

0<k§37 mlngmQ,

where 5
_ < Z
00, 0< <3
M= B3-k)@4—-Fk) 3 ’
S<k<3
23_2k) 2 "=
36— 4k — K +4(9 — k)\/3(3 — k)
M2 = 2+ k ’
then

a2+mbc+b2+mca+02+mab>3(1+m)
9 — kbc 9 — kca 9—kab — 9—-Fk

with equality fora =b=c=1. If3/2 < k <3 and m = my, then the equality holds also for

=0, b=c=-.
a , ¢=3

If m = mo, then the equality holds also for
3k —6+24/3(3—k) 3—+/3(3—k)
a= - , b=c= ? .

The inequalities in P 1.124, P 1.125 and P 1.126 are particular cases of this result (for
k=2and m =m; = —1, for k =3 and m = my = 1/5, and for k = 8/3, respectively).

]

P 1.127. Let a,b, c be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

47—7a2+47—7b2+47—702 > 60
1+ bc 1+ ca 14+ab —

(Vasile Cirtoaje, 2011)

Solution. We apply the SOS method. Write the inequality as follows:

A7 — Ta?
E _— =2 >
(1+bc 0)_0’

27 — Ta? — 20bc
g >0,
14 bc
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2 =2
ZB(CL—l—b—l—c) Ta* — 20bc >0

1+ be -
> (202 — B2 — ) + 2(a 1_+b)b(s o) +8(ab—e+ea)
5 ~3(a—b)(a+b)+ (1a+—bl;)(a—0) +8cla—b)
oy “3(a—c)(ate)+ (1a+—bz)<a —h+8a—c)
5 (a—b)(—12jb—c3b+7c) Y (a—c)(—12jb—c3c+7b) >0,
5 (a— b)(_lzjl;:ngr 7o) | 3 (b— a)(—lzﬁ C—a3a+ 7c) >0,

(@ —b)*[1 — 2¢c(a +b) + 7c?
2 At iga 2%
(a—1)*(3c —1)?
2 T b Teay 2

The equality holds for a = b = ¢ = 1, and for a = 7/3 and b = ¢ = 1/3 (or any cyclic
permutation).

Remark. The following more general statement holds:

o Let a,b,c be nonnegative real numbers such that a + b+ c = 3. If

k>0, m > myq,
uhere 36 + 4k — k? +4(9 + k)+/3(3 + k)
+ 4k — K2+ 4(9+ -
=9 238 el | k7é72’
—= k=T72
then

a2+mbc+b2+mca+02—|—mab<3(1—|—m)
9 + kbc 9 + kca 9+kab — 9+k

with equality for a = b= c=1. If m = my, then the equality holds also for

3k +6—233B+k) 3B3+Fk) —3
o= . , b=c= p .

The inequality in P 1.127 is a particular case of this result (for &k = 9 and m = m; = 47/7).
O
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P 1.128. Let a,b, c be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

26 — Ta®> 26 —T7b*> 26—Tc2 57
+ + < —.
1+ be 1+ca 1+ab 2

(Vasile Cirtoaje, 2011)

Solution. Use the SOS method. Write the inequality as follows:
19 26 — Ta?
> (2-Bom) .,
2 1+ be

Z 14@2 —+ 19bc — 33

14 be ’
Z 42a? 4+ 57bc — 11(a + b + ¢)? =0
1+ be -
Z 11(2a® = b* — ¢*) + 9(a — b)(a — ¢) — 13(ab — 2bc + ca) S
1+ be -
Z 22(a — b)(a+b) +9(a — b)(a — ¢) — 26¢(a — b)+
1+ bc
22(a —c¢)(a+c) +9(a — ¢)(a — b) — 26b(a — ¢)
>
+Z 1+be 20,
(a —b)(31a + 22b — 35¢) (a —¢)(3la + 22¢c — 35b)
>
2 1+ be > 1+ be =0
(a —b)(3la + 22b — 35¢) (b—a)(31b+ 22a — 35¢)
>
Z 14 be +Z 1+ ca 20,
Z (@ —)2[9 + 31c(a + b) — 35¢7] -0

(14 bc)(1 + ca)
> (a—b)*(1+ ab)(1 + 11¢)(3 — 2c) > 0.

Assume that a > b > ¢. Since 3 — 2¢ > 0, it suffices to show that
(b—c)*(1 + be)(1 + 11a)(3 — 2a) + (¢ — a)*(1 + ab)(1 + 11b)(3 — 2b) > 0;
that is,
(a —¢)*(1 +ab)(1 + 110)(3 — 2b) > (b — ¢)*(1 + be)(1 + 11a)(2a — 3).
Since 3 —2b =a — b+ ¢ > 0, we get this inequality by multiplying the inequalities
3—2b>2a—3,

a(l+ ab) > b(1 + be),
a(1+ 11b) > b(1 + 11a),



Symmetric Rational Inequalities 179

b?(a —c)* > a*(b — c)*.

The equality holds for a = b = ¢ = 1, and for a = b = 3/2 and ¢ = 0 (or any cyclic
permutation).

Remark. The following more general statement holds:
e Let a,b,c be nonnegative real numbers such that a + b+ c = 3. If

(B+k)(4+k)
2(3+2k)

k>0, m<mg, Mg=

then
a* +mbc  b*+mca  *+mab - 3(1+m)

01 kbe " Ot kea T Oikab = 94k

with equality for a = b = ¢ = 1. When m = mao, the equality holds also for a = 0 and
b=c=3/2 (or any cyclic permutation,).

The inequalities in P 1.128 is a particular cases of this result (for £k = 9 and m = my =
26/7).
m

P 1.129. If a,b, c are nonnegative real numbers, then

Z 5a(b+ ¢) — 6bc .

a2+ b0 +c+bc”
(Vasile Cirtoaje, 2010)

First Solution. Apply the SOS method. If two of a,b,c are zero, then the inequality is
trivial. Consider further that

A+ b2+ =1, a>b>c, b>0,
and write the inequality as follows:
Z 1— 5a(b—|—c)—6bc ZO,
a?+ b2+ %+ be
a® +b* + ¢ — 5a(b+ c) + The
a? + b? + % + be

>0,

Tb+2c—a)(c—a)— (Tc+2b—a)la—0>
Z< + )( 1)—|—b(c + )( )207
(7Tc +2a — b)(a — b) (7c +2b—a)(a —b)
Z 14 ca _Z 14 bc =0,

> (a—b)*(1+ ab)(3 + ac+ be — 7c%) > 0.
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Since
3+ ac + bc — 7¢* = 3a® + 3b* + ac + be — 4¢* > 0,

it suffices to prove that

(1+be)(3 4 ab + ac — 7a*) (b — ¢)* + (1 + ac)(3 + ab + be — Tb*)(a — ¢)* > 0

Since
3+ ab+ ac— T0* = 3(a® — b*) + 3¢ + b(a — b) + be > 0

and 1+ ac > 1 + bc, it is enough to show that

(3+ab+ac—"T7a*)(b—c)*+ (3+ ab+bc— 7b%)(a —c)* > 0

From b(a — ¢) > a(b—c) > 0, we get b*(a — ¢)* > a*(b — ¢)?, hence
bla—c)* > a(b—c)’.
Thus, it suffices to show that
b(3 + ab+ ac — 7a*) + a(3 + ab + be — Tb?) > 0.

This is true if
b(3 + ab—7a*) + a(3 + ab — Tb?) > 0.

Indeed,
b(3 4+ ab — 7a*) + a(3 + ab — 7b*) = 3(a + b)(1 — 2ab) > 0,

since
1—2ab= (a—0b)*+c*>0.

The equality holds for a = b = ¢, and for a = b and ¢ = 0 (or any cyclic permutation).

Second Solution. Without loss of generality, assume that a> +b* 4+ > =1and a < b < c.
Setting
p=a+b+c, q=ab+bc+ca, 1r=abc,

Z 5q — 11bc <3
1+ 0be
3 +be)+ > (11be — 5¢)(1 + ca)(1 + ab) > 0,

3(1 4 g+ pr+r%) + 11(q + 2pr + 3r%) — 5¢(3 +2q + pr) > 0,
36r* +5(5 — q)pr +3 — q — 10¢*> > 0.

the inequality becomes

According to P 3.57-(a) in Volume 1, for fixed p and ¢, the product r = abc is minimum when
b= cor a = 0. Therefore, since 5 — q > 4 > 0, it suffices to prove the original homogeneous
inequality for a = 0, and for b = ¢ = 1. For a = 0, the original inequality becomes

—6bc . 10bc <3
b2+c2+bc b2 +4+c2 7
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(b — ¢)*(3b* + 5bc + 3b*) > 0,
while for b = ¢ = 1, the original inequality becomes

10a_6+2 5—a <3
a?+3 a?+a+2 "7

which is equivalent to
a(3a+1)(a —1)* > 0.
Remark. Similarly, we can prove the following generalization:
e Let a,b,c be nonnegative real numbers. If k > 0, then

2k + 3)a(b+c) + (k+ 2)(k — 3)bc
Z( Ja(b+¢) + ( )( )

< 3k
a? + b2 + 2 + kbe < 3k,

with equality for a = b = ¢, and for a =0 and b = c (or any cyclic permutation).

P 1.130. Let a,b, c be nonnegative real numbers, no two of which are zero, and let

a’ +b>+ 2
r=—
ab + be + ca
Prove that
(a) a n b n c +1> +1
a - > x4+ -
b+c c4+a a+b 27 x’
a b c 4
b 6 > 5 —:
v (b+c+c+a+a+b>_ g
(c) a L b N c 3>1 1
c ——>—|z—-=.
b+c c¢c+a a+b 273 T

(Vasile Cirtoaje, 2011)
Solution. We will prove the more general inequality

2 2b 2 2(1 — k
L I RS P 5 P Gl
b+c c+a a+bd T

where

_ 21+6V6
25
For k =0, k=1/3 and k = 4/3, we get the inequalities in (a), (b) and (c), respectively. Let
p=a+b+cand g =ab+ bc+ ca. Since x = (p? — 2q)/q, we can write the inequality as
follows:

a N b . c > f(p.q)
b+c c+a a+b— P> 4)s
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D (%H) >3+ f(p,q),

p(p* +q)
pq — abc

>3+ f(p.q)

According to P 3.57-(a) in Volume 1, for fixed p and ¢, the product abc is minimum when
b = c or a = 0. Therefore, it suffices to prove the inequality for a = 0, and for b = ¢ = 1.
For a = 0, using the substitution y = b/c + ¢/b, the desired inequality becomes

2(1 -k
2+ 1—3k> 2—ky+ 22—
)
=2k - +1
)
Since y > 2, this inequality is clearly true. For b = ¢ = 1, the desired inequality becomes

4 2 —k)(a?+2 2(1 — k)(2 1
ve L g @@ ) 21kt
a+1 2a +1 a2+ 2

Y

which is equivalent to
ala —1)*[ka® +3(1 — k)a + 6 — 4k] > 0.
For 0 < k <1, this is obvious, and for 1 < k < (21 + 6\/6)/25, we have

ka? +3(1 — k)a + 6 — 4k > [23/k(6 — 4k) + 3(1 — k)]a > 0.

The equality holds for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation). If
k = ko, then the equality holds also for (2 4+ v/6)a = 2b = 2¢ (or any cyclic permutation).
O

P 1.131. If a,b,c are real numbers, then

1 1 1 9
< .
a? 4+ 7(b%* + 2) * b2 + 7(c% + a?) * A+ Ta®+0v%) ~ 5la+b+c)?

(Vasile Cirtoaje, 2008)

Solution. We use the highest coefficient method. Let
p=a+b+c, q = ab + bc + ca.
Write the inequality as fs(a,b,c) > 0, where

fola,b,c) =9 [(a® + 7% +7¢*) — 5p> > (b + 7¢* + Ta)(c” + Ta’ + TV%).
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Since

[+ +72) = [17(* — 29) - 67,
fs(a, b, c) has the highest coefficient
A=9(-6) <0.

According to P 2.75 in Volume 1, it suffices to prove the original inequality for b = ¢ = 1,
when the inequality reduces to

1 . 2 < 9
a®+14  Ta?+8 T 5(a+2)?’

(a—1)*(a—4)*>0.

Thus, the proof is completed. The equality holds for a = b = ¢, and for a/4 = b = ¢ (or any

cyclic permutation).
]

P 1.132. If a,b,c are real numbers, then

be . ca . ab <3
362 +02+c2  32+c2+a? 3c2+a?+b2 5

(Vasile Cirtoaje and Pham Kim Hung, 2005)

Solution. Use the highest coefficient method. Write the inequality as fg(a,b,c) > 0, where
fola,b,c) =3][(3a® + 1%+ ¢®) =5 " be(30° + ¢ + a®) (3¢ + a® + 7).

Let
p=a+b+c, q = ab+ bc + ca.

From
fe(a,b,c) =3 H(2a2 +p?—2¢) -5 Z be(20? + p* — 2q)(2¢% + p? — 2q),
it follows that fg(a, b, c) has the same highest coefficient A as
24a’b’c® — 20 Y bPc%;
that is,

A=24-60<0.

According to P 2.75 in Volume 1, it suffices to prove the original inequality for b = ¢ = 1,
when the inequality is equivalent to

1 n 2a
3624+2  a?+4

3
<_a
-5
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(a—1)*(3a — 2)* > 0.

Thus, the proof is completed. The equality holds for a = b = ¢, and for 3a/2 = b = ¢ (or
any cyclic permutation).

Remark. The inequality in P 1.132 is a particular case (k = 3) of the following more general
result (Vasile Cirtoage, 2008):

e Leta,b,c be real numbers. If k > 1, then

S Bk —3)a” +2(k — Dbe _ 3(k+1)(k—2)
ka? + b% + ¢2 - k+2 ’

with equality for a = b = ¢, and for ka/2 = b = ¢ (or any cyclic permutation).

P 1.133. If a,b,c are real numbers such that a + b+ c = 3, then

| 1 1
S5+ @)  B45E+a)  BiB@ )

1
< —.
~ 6

(Vasile Cirtoaje, 20006)
Solution. Use the highest coefficient method. Denote
p=a+b+ec, q = ab + bc + ca,

and write the inequality in the homogeneous form

1 1 1
8p? + 45(b% + ?) * 8p? + 45(c? 4 a?) * 8p? + 45(a? + b?)

IA

1
6p?’
which is equivalent to fg(a,b,c) > 0, where

fe(a,b,c) = 1_[(53192 —90q — 45a?)
—6p” > _(53p” — 90q — 45b%)(53p” — 90g — 45¢%).
Clearly, fs(a,b,c) has the highest coefficient
A= (—-45)* <.
According to P 2.75 in Volume 1, it suffices to prove the homogeneous inequality for b = ¢ =
1; that is,
1 L 2 < 1
8(a+2)2+90 8(a+2)2+45(1+a?) ~ 6(a+2)>
Using the substitution

a+ 2 =3z,
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the inequality becomes as follows:

1 2 1
<
7222 4 90 * 7222 + 45 + 45(3x — 2)2) — Hdx?’

1 2 1

+ < ,
824+ 10  53z2 — 60z + 25 ~ 62
zt — 122°% + 4622 — 60z + 25 > 0,

(= 1)*(z—5)" 20,
(a—1)*(a—13)* > 0.

The equality holds for a = b = ¢ = 1, and for a = 13/5 and b = ¢ = 1/5 (or any cyclic
permutation).
[

P 1.134. If a,b,c are real numbers, then

(a+0b)(a+c) (b+c)(b+a) (c+a)(c+b)
a? +4(b? 4+ %) B +4(2+a?) A+ 4(a®+b?)

<3
-3
(Vasile Cirtoaje, 2008)
Solution. Use the highest coefficient method. Let
p=a+b+ec, q = ab + bc + ca.
Write the inequality as fs(a,b,c) > 0, where
fola,b,c) = 4] J(a® + 4b* + 4¢?)
-3 Z(a +b)(a + ¢)(b* 4 4c® + 4a®)(® + 4a® + 4b%)

= 4H(4p2 — 8¢ — 3a*) — 3 Z(@2 + q)(4p® — 8q — 3b*)(4p® — 8¢ — 3¢?).
Thus, fe(a,b, c) has the highest coefficient
A=4(-3-3"<0.

By P 2.75 in Volume 1, it suffices to prove the original inequality for b = ¢ = 1, when the
inequality is equivalent to

(a+1)% 4(a+1) A
a? + 8 4a?2+5 — 3’
(a—1)*(2a —7)*>0.
The equality holds for a = b = ¢, and for 2a/7 = b = ¢ (or any cyclic permutation).
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P 1.135. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

1 1
< .
Z (b+c)(Ta+b+c) = 2(ab+ be+ ca)
(Vasile Cirtoaje, 2009)

First Solution. Write the inequality as

V

Z [1_(4(ab+bc+ca)

1
b+e)(Ta+b+ce)| —

(b—c¢)*+3a(b+c)
Z (b+c¢)(Ta+b+c) =1

By the Cauchy-Schwarz inequality, we have

Z(b—c)2+3a(b+c) - 4(a+b+c)?
b+c)(Ta+b+c) — D lb—c)?+3alb+c)(b+c)(Ta+b+c)

Therefore, it suffices to show that
4la+b+c)t > Z(b2 + ¢® — 2bc + 3ca + 3ab) (b + ¢)(Ta + b+ ¢).

Write this inequality as
D at+abed a+3) ab(a®+ 1) -8 a’h* >0,
Za4 —l—acha — Zab(a2 +b?) +4Zab(a —b)? > 0.
Za4+acha— X:ab(a2 +b%) >0

(Schur’s inequality of degree four), the conclusion follows. The equality holds for a = b = ¢,
and also for a = 0 and b = ¢ (or any cyclic permutation).

Second Solution. Use the highest coefficient method. We need to prove that fgs(a,b,c) > 0,
where

Since

fola,b.c) =T[0+e)(Ta+b+c)
—2(ab + bc + ca) Z(a +b)(a+c)(Tb+c+a)(Tc+a+D).
Let p=a+ b+ c. Clearly, fs(a,b,c) has the same highest coefficient A as f(a, b, c), where
fla.b,c) = [0+ ) (Ta+b+e)=]](p - a)(p+ 6a);

that is,
A= (-6)<0.
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Thus, by P 3.76-(a) in Volume 1, it suffices to prove the original inequality for b = ¢ = 1,

and for a = 0.
For b = ¢ = 1, the inequality reduces to

1 n 2 < 1
2(7a+2)  (a+1)(a+8) ~ 2(2a+1)’

ala —1)* > 0.
For a = 0, the inequality can be written as

1 1 1 1
<
G+ 2 dThro)  bretrd) 2

1 N b? + % + 14bc L
(b+¢)? " be[7(b? + ) + 50bc] — 2bc’
1 x4+ 14 < 1

12 Trr50=2

where
b ¢
T=-+4 -, x> 2.
c b
This reduces to the obvious inequality

(x —2)(5x +28) > 0.

P 1.136. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

1 9
< .
Z b2+ 2+ 4a(b+c¢) — 10(ab+ be + ca)
(Vasile Cirtoaje, 2009)

Solution. Use the highest coefficient method. Let

p=a+b+c, qg=ab+bc+ ca.
We need to prove that fg(a,b,c) > 0, where
fe(a,b,c) =9 H[b2 + 4+ 4a(b+ ¢))
—10(ab + be + ca) Y [a® + U +4c(a + b)][a® + ¢ + 4b(a + c)]

=9 +2q — a® — 4bc) — 10¢ Y "(p* + 2 — * — 4ab)(p® + 2q — b* — 4ca).
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Clearly, fs(a,b,c) has the same highest coefficient A as Ps(a, b, c), where
Ps(a,b,c) = -9 H(a2 + 4bc).

According to Remark 2 from the proof of P 2.75 in Volume 1,
A=Py(1,1,1) = —9-125 < 0.

Thus, by P 3.76-(a) in Volume 1, it suffices to prove the original inequality for b = ¢ = 1,
and for a = 0.
For b = ¢ = 1, the inequality reduces to

1 2 9
<
2(4a +1) +a2—|—4a—|—5 ~ 10(2a + 1)’

ala —1)* > 0.
For a = 0, the inequality becomes
1 1 1 9
b? + 2 * b% + 4bc * 2 + 4be = 10bc’
1 b*> + ¢® + 8bc 9

< .
PrE " e+ )+ 172 — 10be
L, w8 _ 9
r 4x+17 7 10
(2 — 2)(262 + 85) > 0,

where
b ¢
T=-4 -, x> 2.
c b
The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).

]

P 1.137. Let a,b, ¢ be nonnegative real numbers, no two of which are zero. Ifa+b+c =3,

then
1 1 1 9

< .
3—ab+3—bc+3—ca ~ 2(ab + be + ca)

(Vasile Cirtoaje, 2011)

First Solution. We apply the SOS method. Write the inequality as

Z §_ab~|—bc+ca > 0.
2 3 —be

29—2a(b—|—c)—560207
3 —bc
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2 2 2
Za +b°+c 36020'
3 —bc

Since
2(a® +b* + ¢ — 3be) = 2(a® — be) + 2(b* + ¢ — ab — ac) + 2(ab + ac — 2bc)
=(a—=b)a+c)+ (a—c)a+b) —2b(a—0b) —2c(a—c) +2c(a—b) +2b(a — ¢)

= (a —b)(a —2b+ 3c) + (a — ¢)(a — 2¢ + 3b),

the required inequality is equivalent to

(a —b)(a—2b+3c) + (a—c)(a—2c+ 3b)
Z 3 —bc =0,
a—0b)(a—2b+ 3c b—a)(b—2a+ 3c
Z( )é_bc )+Z( )é_m )

(a —0)%[9 — c(a+ b+ 3c)]
2 T BB w 2"

207

D (a3 —ab)(3+c)(3—2c) > 0.
Without loss of generality, assume that a > b > c¢. It suffices to prove that
(b—¢)*(3—=bc)(3+a)(3 —2a)+ (c—a)*(3 — ca)(3 + b)(3 — 2b) > 0,
which is equivalent to
(a—¢)*(3 —ac)(3+b)(3—2b) > (b—c)*(3 — bc)(a+ 3)(2a — 3).
Since 3 — 2b =a — b+ ¢ > 0, we can obtain this inequality by multiplying the inequalities
b(a —c)* > a*(b—c)?,
a(3 —ac) > b(3 — be),
a(34+0)(3 —2b) > bla+ 3)(2a — 3) > 0.
We have

a(3 —ac) — b(3 —bc) = (a — b)[3 — cla +b)] = (a —b)(3 — 3c+ )
(a—b)(3—3c) >0.

v

Also, since a+b < a+ b+ c =3, we have
a(3+0b)(3—2b) —b(a+ 3)(2a — 3) = 9(a + b) — 6ab — 2ab(a + b)

> 9(a+b) — 12ab > 3(a + b)* — 12ab = 3(a — b)* > 0.
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The equality holds for a = b = ¢ = 1, and for a = 0 and b = ¢ = 3/2 (or any cyclic
permutation).

Second Solution. Write the inequality in the homogeneous form

1 n 1 + 1 <3
p?—3ab  p?—3bc  p?—3ca " 2q’

where
p=a+b+c, q=ab+bc+ ca.

We need to prove that fg(a,b,c) > 0, where

fe(a,b,c) =3 1_[(102 —3bc) — 2q 2:(102 — 3ca)(p® — 3ab).
Clearly, fs(a,b,c) has the highest coefficient
A=3(-3)?<0.

Thus, by P 3.76-(a) in Volume 1, it suffices to prove the homogeneous inequality for b = ¢ = 1,
and for a = 0.
For b = ¢ = 1, the homogeneous inequality reduces to

2 1 3
<
(@127 —3a  (@a+27-3 " 22a+1)

a?+3a+2 < 3
(a2+a+4)(a2+4a+1) ~ 2(2a +1)’

ala+3)(a—1)>>0.

For a = 0, the homogeneous inequality can be written as

2 N 1 < 3
(b+¢)2  (b+¢)?2—3bc ~ 2bc’

(b—c)*(b* + ¢ + be) =0
2bc(b+ ¢)?(b® + 2 —be) —

P 1.138. If a,b,c are nonnegative real numbers such that a +b+ c =3, then

be . ca N ab <3
a2+a+6 V24+b+6 24+c+6" 8

(Vasile Cirtoaje, 2009)
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Solution. Write the inequality in the homogeneous form

bc n ca n ab
3a? 4+ ap +2p* 32+ bp+2p* 3¢+ cp + 2p?

1
< 3’ p=a+b+c
We need to prove that fg(a,b,c) > 0, where

fe(a,b,c) = H(3a2 +ap + 2p?) — 8 Z be(3b? + bp + 2p*)(3¢® + cp + 2p?).
Clearly, fs(a,b,c) has the same highest coefficient as
27a°*¢* — 72 bPc%;
that is,

A=27-216 <0.

By P 3.76-(a) in Volume 1, it suffices to prove the homogeneous inequality for b = ¢ = 1,
and for a = 0.
For b = ¢ = 1, the homogeneous inequality reduces to

1 2a
2(3a? + ba + 4) * 2a% 4+ 9a + 13

1
<_7
-8

6a* — 11a® + 4a* +a > 0,
a(6a +1)(a —1)*> > 0.

For a = 0, the homogeneous inequality can be written as

(b—1c)*>0.

The equality holds for a = b = ¢ = 1, and for a = 0 and b = ¢ = 3/2 (or any cyclic
permutation).
]

P 1.139. If a,b,c are nonnegative real numbers such that ab + bc + ca = 3, then

1 1 1 1
+ + > .
8a? —2bc+21  8b*> —2ca+21 8 —2ab+21 — 9

(Michael Rozenberg, 2013)
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Solution. Write the inequality in the homogeneous form

1 1 1
8a2—2bc+7q+8b2—2ca—|—7q+802—2ab—|—7q

1
> —, q = ab + bc + ca.
3q

We need to prove that fg(a,b,c) > 0, where
fe(a,b,c) = 3q Z(sz —2ca + 7q)(8¢% — 2ab + 7q) — 1_[(8(12 — 2bc + 7q).
Clearly, fs(a,b,c) has the same highest coefficient as P(a, b, c), where

Py(a,b,c) = — H(8a2 — 2bc).
According to Remark 2 from the proof of P 2.75 in Volume 1, we have
A= Py(1,1,1) = -6 < 0.

By P 3.76-(a) in Volume 1, it suffices to prove the homogeneous inequality for b = ¢ = 1,
and for a = 0.
For b = ¢ = 1, the homogeneous inequality reduces to

1 2 1
>
8a2—|—14a+5+ 120415 7 3(2a+ 1)’

1 2 1
>
(da+5)2a+1) 3{@at5) " 32a+1)

which is an identity.
For a = 0, the homogeneous inequality can be written as
1 n 1 < 2
b(8b+Tc)  c(8¢+Tb) — 15bc’

c b 2
>

So+7c Scr b= 15
(b—1c)*>0.

The equality holds when two of a, b, ¢ are equal.

Remark. The following identity holds for ab + bc + ca = 3:

5 9 L 8Tla—b

8a2 —2bc+21  [](8a% —2bc+21)
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P 1.140. Let a,b, c be real numbers, no two of which are zero. Prove that

a’+bc bV +ca 02+ab>(a+b+c)2'
b2+ 2+a?  a?+b2 T a4 b2+ 2

(a)

a’?+3bc  V?+ 3ca 02—|—3ab>6(ab—|—bc+ca)
b2 + c? 24+a?  a?+0? T a?+ b0+

(b)
(Vasile Cirtoaje, 2014)

Solution. (a) Using the known inequality
3 a3
b2+~ 2
and the Cauchy-Schwarz inequality yields

a® + be a?
Zmzzb2+62 252+02—Z( 62+02)
-y (b+o)? o >b+e)*  (a+b+c)?

202+ ¢c2) = 3202+ ) a4+ b2+ 2’

The equality holds for a = b = c.
(b) We have

a® + 3be 3bc 3 3bc
P4 ZbQ+C2 Zb2+02_§ Zb2+02
(b+ c)?
:—3+3Z(§+62 )——3+32 G
30+ o) 3(3a)? _ 6(ab+ bc + ca)

>34 === - =
- 3+Z2(b2+02) 5 > a? a? 4+ b? + ¢?

The equality holds for a = b = c.

P 1.141. Let a,b, ¢ be real numbers such that ab+ bc+ ca > 0 and no two of which are zero.
Prove that

a(b+c) blc+a) cla+b) - 3

V42 A+a2 a?+02 T 10

(Vasile Cirtoaje, 2014)

Solution. Since the problem remains unchanged by replacing a,b,c with —a, —b, —c, it
suffices to consider the cases a,b,c >0 and a <0, >0, ¢ > 0.
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Case 1: a,b,c > 0. We have

b2 +c2 — (b+c)?
B a >3> 3
B b+c =27 10

Case 2: a < 0,b>0, c> 0. Replacing a by —a, we need to show that

blc—a) c(b—a) a(b—l—c)>3

a? + 2 a? + b2 b2 +c2 — 10

where
be

b+c

a,b,c >0, a <

We show first that

b(c —a) - b(c —x)
a2+ T a2+

c
where x = 2 , x > a. This is equivalent to

+c
b(x — a)[(c — a)x + ac + *] > 0,
which is true because

2 2b
(c—a):l:—irac—l—cQ:C(a—i_——i_C)zO.
b+c

Similarly, we can show that
c(b—a) S c(b—x)
@+0 T 20

In addition, since
a(b+ c) < z(b+ c)
P+ T P+

it suffices to prove that

blc—z) c(b—x) a:(b—l—c)>3

22 + 2 22 + b2 b2+c2 10

Denote

, ptq=1
Since
blc—x)  p cb—x) ¢
242 1+p? 22402 1+¢
x(b+c)  be  pg
B4+c2 2+ 1—2pg
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we need to show that
p q bq

172 " 1+¢ 1-2pq = 10

This inequality is equivalent to

l+pg  pg
2—2pg+p*¢2 1—2pg — 10’

(pq+2)*(1 — 4pq) > 0.

Since
1—dpg=(p+q)*—4pg = (p—q)* >0,

the proof is completed. The equality holds for —2a = b = ¢ (or any cyclic permutation).
O

P 1.142. If a,b,c are positive real numbers such that abc > 1, then

1 . 1 S 4 ‘
at+b+c—3 abc—1 " ab+bc+ca—3

(Vasile Cirtoaje, 2011)

Solution (by Vo Quoc Ba Can). By the AM-GM inequality, we have
a+b+c>3Vabe > 3,

ab + be + ca > Va2b2c? > 3.

Without loss of generality, assume that a = min{a, b, ¢}. By the Cauchy-Schwarz inequality,
we have

( ! P ){a(a+b+c—3)+abca_1]2(\/5+ia>2.

a+b+c—3 abc—1 Vva

Therefore, it suffices to prove that

abc — 1

2 ala+b+c—3)+
(a+1) S
4da ab+bc+ ca — 3

Since b 1 e
e :ab+bc+ca—3+(a_ ) ,

ala+b+c—3)+ ”

this inequality can be written as follows:

(a—|—1)2_1> (a—1)3
4a ~ a(ab+ bec +ca—3)’
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(-1 (@—1p
4a  ~ a(ab+ bc+ ca — 3)’

(a—1)*(ab+ bc+ ca+ 1 —4a) > 0.

This is true since
be > v/ (abe)? > 1,
hence
ab+bc+ca+1—4a>a*+1+a*+1—4a=2(a—1)*>0.

The equality holds for a = b =1 and ¢ > 1 (or any cyclic permutation).

Remark. Using this inequality, we can prove P 3.84 in Volume 1, which states that

1 1 1 1
(a+b+c—3) (—+—+——3)+abc+—22
a b ¢ abe

for any positive real numbers a, b, c. This inequality is clearly true for abc = 1. In addition,
it remains unchanged by substituting a, b, ¢ with 1/a, 1/b, 1/c, respectively. Therefore, it
suffices to consider the case abc > 1. Since a+ b+ ¢ > 3v/abc > 3, we can write the required
inequality as £ > 0, where

be —1)?
E:ab+bc+ca—3abc+u.
a+b+c—3
According to the inequality in P 1.142, we have
E > ab+ bc + ca — 3abe + (abc — 1)? A R
- ab+bc+ca—3 abc—1
4(abc — 1)?
= — —4 —1
(ab+ be + ca 3)+ab+bc+ca—3 (abc — 1)
4(abc — 1)?
> 2 b+0b —3)- —4(abc —1) = 0.
N \/(a Fbetca—3) ab +bc+ca — 3 (abe —1)

P 1.143. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

2 _ 2
Z (40* — ac)(4c® — ab) < 2—7abc.
b+c 2

(Vasile Cirtoaje, 2011)
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Solution. Use the SOS method. Since

Z (4b* — ac)(4c® — ab) _ Z be(16bc +a*) 42 a(d® + ¢*)

b+c b+c b+c
be(16be + a?) 9
—Z e —42 (b* + ¢®) + 12abe
2 1
:Zbc T 6bc—4(b+c) + 12abe
b+c b+c
2

N2
= Zbc a —4(b ) + 12abc
b+c b+c

we can write the inequality as follows:

a a®  4(b—c)?
a_ >
266[2 b+c+ b+c ]_O’

In addition, since
2a —b—c (a —b)+ a—c) a—>b b—a
Z b+c _Z b+c b+c+zc+a
:Z (a—b)? :Z (b—c)?
(b+c)(c+a) (c+a)(a+b)
the inequality can be restated as
be(b (b—c)?
8 abc
Z b+c Z (c+a)(a+b)’

be(b — ¢)*(8a? + 8be + Tab + Tac)
Z (a+b)(b+c)(c+a)

Since the last form is obvious, the proof is completed. The equality holds for a = b = ¢, and
also for a = 0 and b = ¢ (or any cyclic permutation).

]

P 1.144. Let a,b,c be nonnegative real numbers, no two of which are zero, such that
a+b+c=2.

Prove that

a N b N c 1
20 +bc 2b+ca 2c+ab T
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Solution. Since
2a +bc=(a+b+c)a+bc=(a+b)(a+c),

we can write the inequality as follows:
a(b+c)+blc+a)+cla+b) > (a+b)(b+c)(c+a),

2(ab + bc + ca) > (a+ b+ c)(ab+ be + ca) — abe,
abc > 0.

The equality holds for a =0, or b= 0, or ¢ = 0.

P 1.145. Let a,b, c be positive real numbers such that

1 1 1
b S+ 4+-) =10
(a+ +C)(a+b+c)

Prove that
19 < a b c

ﬁ_b+c+c+a+a+b

D

< -.

-3
(Vasile Cirtoaje, 2012)

First Solution. Write the hypothesis

1 1 1
b Sis4s)=10
(a+ +C)(a+b+c>

as
b+c¢c c¢c4+a a+b
+ + =

a b c

7

and
(a+b)(b+ c)(c+ a) = 9abe.

Using the substitution

b+c c+a a+b
l’: ) y: ) Z: )

a b c

we need to show that x +y + 2 = 7 and xyz = 9 involve

or, equivalently,
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Clearly, z,y,z € (0,7). The left inequality is equivalent to
(x —4)(2z —3)* <0,
while the right inequality is equivalent to
(x —1)(x —3)* > 0.

These inequalities are true if 1 < z < 4. To show that 1 < z < 4, from (y + 2)2 > dyz, we

get
36

(x = 1)(x —4)(z—9) >0,

1 <x<4.

(7T—2)’ >

)

Thus, the proof is completed. The left inequality is an equality for 2a = b = ¢ (or any
cyclic permutation), and the right inequality is an equality for a/2 = b = ¢ (or any cyclic
permutation).

Second Solution. Due to homogeneity, assume that b+ ¢ = 2; this involves bc < 1. From
the hypothesis

11 1
b Srsts)=1
(a+ +@(a+b+ ) 0,

c
we get
bCZQa(a+2)
9a — 2
Since o (2 .
o1 (@=D2a—1)
9a — 2
from the condition bc < 1, we get
l<a<2
5 Sa=
We have
b ¢ alb+o)+0*+c  2a+4—2bc
cta a+b a2+ (b+ca+be  a®+2a+be
_2(7a* +12a—4)  2(7a —2)
- 9a2(a+2) 922
hence
a b c a 2(7Ta—2) 9a®+28a—8
+ - =-+ =
b+c c+a a+b 2 9a? 18a?

Thus, we need to show that
19 < 9a® + 28a — 8

< 3
12 — 18a? -3
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These inequalities are true, since the left inequality is equivalent to
(2a — 1)(3a — 4)* > 0,

and the right inequality is equivalent to
(a—2)(3a —2)* <0.

Remark. Similarly, we can prove the following generalization.

e Leta,b, c be positive real numbers such that
1 1 1 8k?
(a+b+c) (E+E+E> —9+m,
where k € (0,1). Then,
k2
1—k

k2 < a n b n c
1+ " b+c c+a a+bd

3
- <
5 =

P 1.146. Let a, b, c be nonnegative real numbers, no two of which are zero, such that a+b+c =

3. Prove that
9 a b c

L <
10 2a+bc+2b—|—ca+20+ab -

1.

(Vasile Cirtoaje, 2012)

Solution. (a) Since
a 1 —be

2a+bc 2 2(2a + be)’

we can write the right inequality as

be
O
2a + be

According to the Cauchy-Schwarz inequality, we have

Z bc - (3 be)? Y b 42abe Y a 1

2a +be ~ Y be(2a + be) Gabe + ) b2c?

The equality holds for a = b =c¢ =1, and also for a =0, or b =0, or ¢ = 0.
(b) First Solution. For the nontrivial case a,b,c > 0, we can write the left inequality as

>

b - .

24 10
a
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Ibc ca lab
Tr = - Y= 7, R = R
a \/ b c

Yre
2422 10

for all positive real numbers z, y, z satisfying xy +yz + zz = 3. By expanding, the inequality

becomes
4 Z 2 448 > 92%%2* 4 8 Z z2y

Zx2y2 = (ny>2 —2xyzZ$ = 9—2$y22x,

we can write the desired inequality as

Using the substitution

we need to show that

Since

4 Z z? + 16xyz Z x> 9r%y% 2 4 24,

which is equivalent to

4(p* — 12) + 16zyzp > 92%y*22,

where p =  + y + z. Using Schur’s inequality
p* +9zyz > dp(ey + yz + 2x),

which is equivalent to
p(p* — 12) > —9xyz,

it suffices to prove that

36
e + 16zy2zp > 9x2y%22.

This is true if 26
—— + 16p > 9zyz.
p

Since
T+y+z> /3y +yz+2)=3
and
1o WAL
we have

_§+16p_9xy22—§+48—9>0.
p

Second Solution. As it is shown at the first solution, it suffices to show that

SYoe
2422 10
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for all positive real numbers z,y, z satisfying zy + yz + zx = 3. Rewrite this inequality as

IR
2+2%2 5

Let p and ¢ be two positive real numbers such that

p+q=3.

By the Cauchy-Schwarz inequality, we have

z? 3z? B (px + qz)?

2+22  2@y+yzr+zr)+322  2z(r+y+2)+ (22 + 2yz)

Pz Pz
T 2r+y+2) x?+42yz

Therefore,

22 Jr P v 22
< S S — S S ST S —
22+x2_22(x+y+z)+2x2+2y2 2+qzx2+2yz

Thus, it suffices to prove that

2 2
D 9 x 6
— —_— < -
2 +a Zx2+2yz 5

2
E .T—<2
2+ 2yz

Under this assumption, we only need to show that

We claim that

2
b 2
— 4+ 2¢° <
9 q =

Ut O

4/3 3 2 6
Indeed, choosing p = %— and ¢ = %, we have p+ ¢ = v/3 and % +2¢% = 5 To complete
2

x
the proof, we need to prove the homogeneous inequality » ORI
x

+ 2yz
yz 1
— > -
Zx2+2yz 2

By the Cauchy-Schwarz inequality, we get

< 2, which is equivalent

to

S Cy2)? Sty

24+ 2yz T S yz(a? 4 2y2)  ayzd o+ 2 y222

>1
5
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P 1.147. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a’ N b3 N 3 a®+ b+
202 +bc  202+ca 22 +ab T a2+ b2+ 2

(Vasile Cirtoaje, 2011)

Solution. Use the SOS method. Write the inequality as follows:

a’ a’
- Z Oa
Z a?+b2+c2  2a%2+be

Z a*(a® + be — b* — ¢2) >0,
2a% + bc
Za3[a2(b+c)—b3—c3] 0
(b+c)(2a2 +bc) 7
Z a*b(a® — b?) + a’c(a® — ) -0
(b+ ¢)(2a% + be) -

3p (02 _ B2 3. (12 _ o2
Z a’b(a® — b*) +Z b*a(b® — a*) >0,
(b+ ¢)(2a® + bc) (c+a)(2b? + ca)
Z ab(a + b)(a — b)*[2a*b? + c(a® + a®b + ab® + b*) + *(a® + ab + b?)]

(b+ ¢)(c+ a)(2a% 4 be) (20 + ca)

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).
O

> 0.

P 1.148. If a,b, c are positive real numbers, then

a’ b3 e a+b+c
+ + > :
4a? +bc  4b%2+ca  4c2+ab 5

(Vasile Cirtoaje, 2011)

Solution. Use the SOS method. Write the inequality as follows:

3

Z _v %Y 5y
4a2 +bc 5) = 7

a(a® — be
> e 20
al(a = b)(a+c)+ (a—c)(a+D)]
Z 4a? + be

Za(a—b)(a+c) +z:b(b—a)(lﬂ—c) >

4a? + be 4b2 + ca

>0,
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c(a—b)?[(a—b)? + bc+ ca — ab)
Z (4a? + bc) (4b? + ca) = 0.

Clearly, it suffices to show that

Z c(a —b)*(bc + ca — ab) >0

(4a® + be)(4b% + ca)
which can be written as
Z(a — b)%(be + ca — ab)(4c® + abe) > 0.
Assume that a > b > c¢. Since ca 4+ ab — be > 0, it is enough to prove that
(c — a)*(ab+ bc — ca)(4b® + abe) + (a — b)?(be + ca — ab)(4c® + abe) > 0,
which is equivalent to
(a — ¢)*(ab + bc — ca)(4b® 4 abe) > (a — b)*(ab — be — ca)(4c® + abe).

This inequality is true since ab + bc — ca > 0 and

(a—c)* > (a—0b)* 4b°+abc > 4c® + abe, ab+ be— ca > ab — be — ca.

The equality holds for a = b = c.

P 1.149. If a,b, ¢ are positive real numbers, then

1 1 1 3
> :
(2+a)2+(2+b)2+(2+c)2 ~ 64 ab+bc+ca

(Vasile Cirtoaje, 2013)

Solution. By the Cauchy-Schwarz inequality, we have

1 4(a+b+c)?
DN e E SR (Ruerl

Thus, it suffices to show that
Aa+b+c)’(6+ab+be+ca) >3> (2+a)*(b+c)
This inequality is equivalent to
2p%q — 3¢° + 3pr + 12¢ > 6(pq + 3r),

q(2p* — 3¢ — 6p + 12) > 3(6 — p)r,
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where
p=a+b+c, q=ab+bc+ca, r=abc.

For p > 6, the inequality is true since
2p% — 3¢ — 6p+ 12 = (p*> —3q) + p(p — 6) + 12> 0.

For p < 6, since 9r < pq, it suffices to show that

3¢(2p® — 3¢ — 6p + 12) > (6 — p)py,

that is
q(Tp* — 9q — 24p + 36) > 0,

q[3(p* — 3q) +4(p = 3)°] 2 0.
The equality holds for a =b=c=1.

P 1.150. If a,b, c are positive real numbers, then

1 n 1 n 1 S 3
1+3a 1430 14+3c 3+abc

(Vasile Cirtoage, 2013)

Solution. Set
p=a+b+ec, g=ab+bc+ca, r=Vabe,

and write the inequality as follows:
(3+77) ) (1 +3b)(1 +3¢) > 3(1+ 3a)(1 + 3b)(1 + 3c),

(3+71)(3 4 6p+9q) > 3(1+ 3p+ 9q + 27r°),
r3(2p + 3q) + 2+ 3p > 261°
By virtue of the AM-GM inequality, we have

p>3r, q>3r
Therefore, it suffices to show that
r?(6r 4+ 9r*) + 2 + 9r > 261°,
which is equivalent to the obvious inequality
(r—1)%(9r® 4+ 247> + 13r + 2) > 0.

The equality holds for a =b=c=1.
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P 1.151. Let a,b,c be real numbers, no two of which are zero. If 1 < k < 3, then

2ab 2bc 2ca
k4t — ) [ k+—— ) [k+—— ) > (k—1)(k*—1).
( +a2+b2)( +b2+62>( +62+a2>_( ) )

(Vasile Cirtoaje and Vo Quoc Ba Can, 2011)

Solution. If a,b, c have the same sign, then

2ab 2bc 2ca
Ek+ —— | [ k+——=]) | Kk B> (k—1)(k*—1).
( +a2+b2)( +b2+c2)( +02+a2)> > I )

Since the inequality remains unchanged by replacing a,b,c with —a, —b, —c, it suffices to
consider further that a < 0 and b, ¢ > 0. Setting —a for a, we need to show that

2ab 2bc 2ca
k— —— k+ —— E——— ) > (k-1 -1
( a2+b2>< +b2+02>< 02+a2)_( ) )

for a,b,c > 0. Since

2ab 2ca (a — b)? (a—c)
k————=||bk—5——]=|k—-1 kE—1
( a2—|—b2>< 02—|—a2) { +a2—|—62]{ +c2—|—a2

g o [ )

it suffices to prove that

{k_1+<a—b)2+<a—c)2} (k+ 2be )2]?2_1'

a? + b? 2 + a? b2 + 2

According to Lemma below, we have

@b (a-oF _ (-0
a? + b2 A+a?2 ~ (b+c)?

Thus, it suffices to show that

(b—c)? 2bc 5
kE—1 k >k =1
{ " (b+c)? Terea) = ’

which is equivalent to the obvious inequality

(b—c)* +2(3 = k)be(b—c)* > 0.
The equality holds for a = b = c.
Lemma. Ifa,b,c > 0, no two of which are zero, then

(a=b)?®  (a=0) _ (b—c)
a2+ a4 T (b+o)?
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Proof. Consider two cases: a® < bc and a? > be.

Case 1: a® < be. By the Cauchy-Schwarz inequality, we have

(=0 (=) [b-a)+(@=oF (-

a? + b2 a? + 2 _(a2—|—62)+(a2—|—02)_2a2—|—b2+02’

Thus, it suffices to show that

1 1
>
202+ 02 +c2 = (b+c)?’

which is equivalent to a? < be.
Case 2: a®> > be. By the Cauchy-Schwarz inequality, we have

(a—b)* (a—c)? S [c(b—a)+bla—c)]* a’(b—c)?

a2+ a2+ 7A@+ 0?) + b2 (a? + 2) a?(b? + 2) + 2022

Therefore, it suffices to prove that

a? S 1
a?(b? + ¢2) + 2022 — (b+c)?’

which reduces to bc(a? — be) > 0.

P 1.152. If a,b,c are non-zero and distinct real numbers, then

b ab ' be

111 1 1 1 11
StEtats + + >4 =+ —+

(=02 (b-¢)? (c—a)

Solution. Write the inequality as

(£ -Td)wr ety ni

In virtue of the AM-GM inequality, it suffices to prove that

(5T Eata] T

which is true if

(o) [Eatalz(E0)-

L (e LY (-
Z(b—cw( b—c) (a—0)2(b— c)2(c —a)?’

Since

1

ca

)
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we can rewrite this inequality as

4 <Z a’b? — acha) (Z a® — Zab>2 > 3(a+b+c)*(a—0b)*b—c)(c—a)

Using the notations
p=a+b+c, q=ab+bc+ca, r=abc,

and the identity

(@ —=b)*(b—c)*(c—a)* = =27r* = 2(2p* — 9q)pr + p*¢* — 4¢°,
the inequality can be written as

4(q* = 3pr)(p” — 3¢)* > 3p*[-27r* — 2(2p” — 9g)pr + p*¢" — Aq’],

which is equivalent to
(9pr +p*q — 64°)* > 0.

P 1.153. Let a,b, c be positive real numbers, and let

a
b

where —2 < k < 4. Prove that

A= +9+h B:§+9+h C= 424k,
a C a

b b

1+1+1< 1 N 4
A B C  k+2 A4+B+C—-k—-2

(Vasile Cirtoaje, 2009)

Solution. Let us denote

We need to show that

x 1 4
<
Zx2+kx+1 - k+2+2x+2xy+2k—2

for all positive real numbers z,y, z satisfying xyz = 1. Write this inequality as follows:

1 x 2 4
_ > _
Z<k+2 x2+kx+1>_k+2 rx+Y xy+2k—2

Z (x —1)? - 25 yz(z —1)?
24+kr+17 Y x+> ay+2k—2’
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(=1 —z+y+z+a(y+z)—yz—2 -0

Z 2+ kr+1
Since
—x4y+ztay+z)—yz—2=(x+1)(y+2) —(x+yz+2)
=@+ y+2)-(@+Dyz+1)=—-(@@+ 1y -1(=-1),
the inequality is equivalent to
22 -1

_($_1)(y_1)(3_1)2m2 ;

that is, £ > 0, where
E=—(@-1)(y—-1)(z—1)) (=1 +ky+1)(z" +kz +1).

We have
@D +ky+1)(2*+kz+1) =
=k(k—2) (Zx — ny) + <Z:B2y2 — Zﬁ)
=k(k=2)(@ -1y -1)(z—1) = (2" = D" - 1)(z* — 1)
—(z =D -DE-Di@+)y+1D(z+1) - k(k-2)],

hence
B = (x— 1)y = 1)%(z = %[ + D)y + 1)(z + 1) — k(k - 2)].
Since
(r+ Dy +1)(z+1) = k(k = 2) > (2V2)(2y/y)(2V2) — k(k — 2)
=2+k)(4—-k) >0,

it follows that £ > 0. The equality holds for a = b, or b = ¢, or ¢ = a.

P 1.154. If a,b,c are nonnegative real numbers, no two of which are zero, then
1 S 1 n 1 N 1
202 +bc 202 +ca  2c2+ab

1
te TS
(Vasile Cirtoaje, 2014)

1
c2 +ca+ a?

b2 + be + 2

Solution. Write the inequality as follows:

1 1
— >
Z<b2+bc+02 2a2+bc> 20,




210 Vasile Cirtoaje

a’ — b? a’ —
Z(< )+ ( )

>
b2 + be + ) (2a% + be) —

a* — b b — a?
> D >0,
(0% 4 be + ¢2)(2a? + be) (¢ 4 ca + a?)(20% + ca)
c(a® — v*)(a — b)
(b2 4+ be + ¢)(c® + ca + a?)(2a® + be) (262 + ca) —
Clearly, the last inequality is obvious. The equality holds for a = b = c.

(a2+b2+cz—ab—bc—ca)z

P 1.155. If a,b, ¢ are nonnegative real numbers such that a + b+ ¢ < 3, then

(a) 1 N 1 N 1 S 1 N 1 N 1
“ )
20+1 2b4+1 2c+1 " a+2 b+2 c+2’
1 1 1 1 1 1
b > )
(v) Sab+1 et l 2atl-@+2 Ri2 @42

(Vasile Cirtoaje, 2014)

Solution. Denote
p=a+b+tec, 3¢<p<3,
q = ab+ bc + ca, 0<q<3.
(a) Use the SOS method. Write the inequality as follows

1 1
E - >0,
<2a—|-1 a+2>

1—a
2 a2

(a+b+c)—3a
2 Gty 2

S O-0tle-a

2a+ )(at+2) =

b—a a—>b
2 Eai ey T B ey 2

1 1
2 (a=b) [(26+ Db+2) (2a+D@+2)]’
Z(a —b)*(2a+2b+5)(2c+ 1)(c+2) > 0.

The equality holds for a =b=c=1.
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(b) Write the inequality as

1 1 1 3
Z2ab+1zz(a2+2_§)+§’
2 a®
ZZab—l—l—{—Zcﬂ—l—QZ&

By the AM-HM inequality, we have

3 L 9 9
2ab+1 = > (2ab+1)  2¢+3

and
Z a’ > (Za)2 _ v
a2+2 =~ > (a®2+2) p?—2¢+6
o289 oy 206-q 3¢
p?—2q+6 q+6 q+6

Therefore, it suffices to show that

18 3q
+ >
2¢+3 q+6

3,

which is equivalent to the obvious inequality ¢ < 3. The equality holds for a =b=c = 1.
[

P 1.156. If a,b,c are nonnegative real numbers such that a +b+ c =4, then
1 N 1 N 1 < 1 N 1 N 1
ab+2 bc+2 ca+2 a?+2 b2+2 242
(Vasile Cirtoaje, 2014)

First Solution (by Nguyen Van Quy). Use the SOS method. Rewrite the inequality as

follows:
Z 2 _ 1 _ 1 >0
ab+2 a2+2 b24+2) 7

a(a — b) b(b—a)
Z {(ab+2)(a2+2) (ab+2)(62+2)}
Z (2 —ab)(a—b)*(* +2) 0.

ab + 2 -
Without loss of generality, assume that a > b > ¢ > 0. Then,

v

0,

a(b+c) < (a+b+c)?

be < ac <
2 8

=2
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and

Z (2 —ab)(a —b)*(c* +2) > (2 —ab)(a —b)*(c* +2) N (2 —ac)(a — c)?(b* +2)

ab + 2 ab + 2 ac+ 2
S (2 —ab)(a—0)*(*+2) (2—ac)(a—b)*(c*+2)
- ab + 2 ab + 2
_ (4 —ab—ac)(a — b)*(c* +2)
ab + 2
_ (a—b—c)*(a—0)3(c?+2)
4(ab+ 2)

The equality holds for a = b = ¢ = 4/3, and also for a = 2 and b = ¢ = 1 (or any cyclic
permutation).

Second Solution. Write the inequality as

Assume that a > b > ¢, and denote

b 4
§= —;ca p:bC, 0§3§§> O§p§32

By the Cauchy-Schwarz inequality, we have

b? ? (b+c)? _ s?

> .
2P 12) 242 212 rAE 1214 22 _pi2

In addition,
1 N 1 alb+c)+4  2as+4
ca+2 ab+2 (ab+2)(ac+2) a%p+das+4

Therefore, it suffices to show that E(a,b,c) > 0, where

E(a.b.c) 1 N 52 N 2(as + 2) N a? 3
a,b,c) = _ 2
o p+2 282—p+2 a?ptdas+4  2a*+2) 2

Use the mixing variables method. We will prove that

E(a,b,c) > E(a,s,s) >0
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We have

1 1 1 1
E(a,b,c) — E(a,s,s) = - + 52 —
p+2 s2+2 22 —p+2  s2+2

+2(as+2)( ! ! )

a?p+4as+4  a2s®+ das + 4
= s*(s* = p)
T(p+2)(s2+2)  (s2+2)(282—p+2)
2a°(s* — p)
(a®p + 4as +4)(as +2)

Since s2 — p > 0, we need to show that

1 N 2a® S s
(p+2)(s*2+2) (a®’p+4as+4)(as+2) ~ (s>+2)(2s2 —p+2)’

which is equivalent to

2a? S p(s?+1)—2
(a®p+4das+4)(as+2) — (p+2)(s2+2)(2s2 —p+2)

Since
a’p + 4as + 4 < a*s* + das + 4 = (as + 2)?

and
27 —p+2> 52 +2,

it is enough to prove that
2a* p(s?+1)—2
(as+2)* ~ (p+2)(s* +2)*

In addition, since
as+2=(4—-2s)s+2<4

and
24 1)—=2 2(s%2 42
p(s ) 211 (5 )

2(s% +
p+2 p+2

<s?+1-—
s° + 210 ,

it suffices to show that
a? S s2—1
32 7 (s2+2)%

which is equivalent to
(2 - 5)2(2+ 7)2 = 8(s? — 1).
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4
Indeed, for the nontrivial case 1 < s < 3 we have

(2—5)%(24 5% —8(s* - 1) > (2 - %) (2+5%)% —8(s* — 1)

= (" —14s* +22) = — [(T = s*)* — 27]

162 88
— ) —orl =22 >0,
[(7 9) 7] 5 >0

To end the proof, we need to show that E(a, s, s) > 0. We have

O W~

>

Ol = Ol

1 N s? N 2 N a? 3
2+2 242 as+2 2a*+2) 2
(s —1)%(3s — 4)?

> 0.
2(s24+2)(14+2s — s?)(2s2 = 8s+9) —

E(a,s,s) =

P 1.157. If a,b, ¢ are nonnegative real numbers, no two of which are zero, then

(a) ab + bc + ca (a—0)2(b—c)*(c — a)? '
a?+0?+2  (a2+)(P+A)(E+a?) T

) ab + bc + ca (@ —b)2(b—c)?*(c—a)? 1
a2+ +c2 (a2 —ab+b?) (b2 —bc+ ) (2 —ca+a?) ~

(Vasile Cirtoaje, 2014)

Solution. (a) First Solution. Consider the nontrivial case where a, b, ¢ are distinct and
write the inequality as follows:

(a—b)%*(b—c)*(c — a)? (a—=b)*+(b—c)*+ (c—a)?

(a2 + ) (0% + 2)(2 + a?) = 2(a2 + 0% + 2) ’
(@) + B+ )+ (P +a’) (@a=b0P+(b—cf+(c—a)
(@+0)* +e)(E+a?) T (a=bPb—oc—a)?

1 1
< .
Z B2+ 2)(2 +a2) = Z (b—c)2(c—a)?
Since
a>+ b > (a—0)? b +cE>(0b—c)? E+a®>(c—a),

the conclusion follows. The equality holds for a = b = c.
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Second Solution. Assume that a > b > ¢. We have

ab+bc+ca  (a—0)2b—c)?*(c—a)? o abtbetca (a—b)*(a—c)?

a2+b2_|_02 (a2+b2)<b2+02)(02+a2) — a2+b2+02 (CL2+62)(G2+C2)

2ab + ¢? (a — b)%a®

T+ +2 a?(a?+ b2+ ?)

_ 2ab+* + (a—b)?
N a?+ b+ 2

=1.

(b) Consider the nontrivial case where a,b,c are distinct and write the inequality as

follows:

(a—=0)*(b—c)*(c — a)* (a—b)*+(b—c)?

a)*

IN

(a® — ab+ b?)(b? — bc + ¢?)(c? — ca + a?)

2(a® + b + )

(a—=b)*+(b—c)?

a)*

+ (c—
2(a® + b+ 2)
+ (c

IN

(a® —ab+ b?)(b* — bc + ?)(c? — ca + a?) a)?

(@ =b)*(b—c)*(c

Z 1 > (CL + b2 +c )
(a—0)2%(a—c)? ~ (a2 —ab+b?) (b2 —bc+ ) (2 — ca+ a?)’
Assume that ¢ = min{a, b, ¢}, and use the substitution

b=a+2xz, c=a+vy, x,y>0.

The inequality can be written as

1 . 1 . 1
22y 2 —y)? yHx—vy)

where
3a® + 2(z + y)a + 2% + y*

a) = )
1 = @t @ gt P 1 @t y)at @ eyt o
We will show that
1 1 1
>2f(0)>2
722 + 22(z — y)? + 2z —y)2 = f(0) > 2f(a)
The left inequality is equivalent to
x2+y2—xy> 22 + o2
?y(r—y)? T 2%y (@ —ay +yP)
Indeed,
Y —wy 2?4 1? _ 1 -0
2 x—y)? a2 —wy+y?) (v ) —ay+y?) T
Also, since

(a® + xa + %) (a® + ya +y?) > (2* + v a® + zy(z + y)a + 2°y°

Y
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and
@’ + (z +y)a+2° —zy +y* > 2° —ay + 97,

we get f(a) < g(a), where

3a® + 2(x + y)a + 2* + y?
(22 +y?)a? + zy(x + y)a + 22| (22 — 2y + y?)

g(a) =

Therefore,

x? + yQ
w2y (2 —wy+17) 9e)

(' = 2*y* +y*)a® +ay(z + y)(z —y)a
r?y? (22 — zy + y?)[(2? + y?)a® + zy(z + y)a + 22y?] —

f(0) = fla) =

Thus, the proof is completed. The equality holds for a = b = c.

P 1.158. If a,b, c are nonnegative real numbers, no two of which are zero, then

a?+ 0%+ - 9(a —b)*(b — ¢)*(c — a)*
ab+bc+ca (a+0)2(0b+c)(c+a)?

(Vasile Cirtoage, 2014)
Solution. Consider the nontrivial case where
0<a<b<e,

and write the inequality as follows:

(a—b*+(b—c)*+ (c—a)? S 9(a —b)*(b— ¢)*(c — a)?

2(ab + bc + ca) ~ (a+b)2(b+ ) (c+a)?’
(a—b)*+(b—c)*+ (c —a)? S 18(ab + be + ca)
(@a=0b?*(b—c)(c—a)* = (a+b)*(b+c)*(c+a)?

1 18(ab + be + ca)
)3 e PR T T w3

Since

> =
2(c—a)? = b2 * b2(b — c¢)? * 2(b— c)? b2c%(b — c)?

1 1 1 1 2(b* + ¢ — be)
Z _
(b—a)

and
ab 4+ bc + ca ab + be + ca 1

@+ 02a+ PO+~ (abtbetcaPbrop ~ belb+ o




Symmetric Rational Inequalities 217

it suffices to show that
b? + ¢ — be 9

b2c2(b—c)? = be(b+c)?

Write this inequality as follows:

(b+c)? —3be - 9(b + ¢)? — 36bc

be - (b+c)?
(b+c)? 36bc
—12 >0
be i (b+c)2 = 7

(b4 c)* —12bc(b + ¢)* + 36b*c* > 0,
[(b+ c)? — 6bc]*> >

Thus, the proof is completed. The equality holds for a = b = ¢, and also for a = 0 and
b/c+ ¢/b =4 (or any cyclic permutation).
]

P 1.159. If a,b, c are nonnegative real numbers, no two of which are zero, then

a® + b + ¢? (a—0)2(b—c)?*(c —a)?
— > 1+ (1+V2)? :
ab + bc + ca +('+¢3(ﬂ+haw%+&xa+a%

(Vasile Cirtoage, 2014)

Solution. Consider the nontrivial case where a,b,c are distinct and denote k = 1 + /2.
Write the inequality as follows:

(a=b)?+(b=c+(c=a) _ F(a=b)*b=c)(c—a)’
)

2(ab + be + ca (a2 + )0+ ) (2 +a?)
(a—0)2+(b—c)?+(c—a)? S 2k2(ab + be + ca)

(= 0Pb—fle—aP = @+ P+ @+ )
1 2k*(ab + bc + ca)
D R e G [ R | Gy

Assume that ¢ = min{a, b, ¢}, and use the substitution
b=a+x, c=a+vy, x,y>0.

The inequality becomes

where
3a® +2(z + y)a + xy

(22 + 2za + 22)(2a® + 2ya + y?)[2a% + 2(x + y)a + 22 + y?]

fla) =
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We will show that

5 > 22(0) = 2K (a).

2+ —ay) 2k2xy

CatP(r -y 2P 4y
2[2% + % — (2+ V2 Jay]?

= > 0.
292z — y)2(a? —ay +47) —

Also, since
(2a* + 2xa + 2%)(2a® + 2ya + y?) > 2(2* + y*)a® + 2xy(z + y)a + 2%y

and
2a% + 2(x + y)a + 22 + y* > 2* + 4%,

we get f(a) < g(a), where

3a® +2(z + y)a + zy

gla) = 2(2% 4+ y*)a? + 2xy(x + y)a + 2292 (22 + y?)
Therefore,
1
f(0) — f(a) > m —g(a)

(222 + 2y* — 3zy)a?
zy(z® +y?)[2(2% + y?)a® + 2xy(z + y)a + 22y?]

Thus, the proof is completed. The equality holds for a = b = ¢, and also for a = 0 and
b/c+c/b=2+ /2 (or any cyclic permutation).
]

P 1.160. If a,b, c are nonnegative real numbers, no two of which are zero, then

2 L 2 n 2 S 5 n 5 N 5
a+b b4+c c4+a 3a+b+c 3b+c+a 3c+a+b

Solution. Use the SOS method. Write the inequality as follows:
2
S 20
b+c 3a+b+c

Z 2a —b—c -0
(b+c)Ba+b+c) — 7
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a—>b a@—c
Z<b+c>(3a+b+c>+Z(b+c)(3a+b+c) >0,

a—2b b—a
Z(b—I—C)(?)a—I—b—i—c)+Z<C+a)<3b+c+a) >0,

(a—b)*(a+b—c)
Z (b+c)(c+a)Ba+b+c)(3b+c+a)
Z(b - C)QSa > 07

where
Se=(0b+c—a)b+c)(3a+b+c).

Assume that a > b > c¢. Since S. > 0, it suffices to show that
(b—1¢)?S, + (a—c)2S, > 0.
Since Sy, > 0, we have
(b—1¢)?S, + (a— )28y > (b—¢)?Se + (b—¢)2Sy = (b —¢)*(S, + Sp).
Thus, it is enough to prove that S, + S, > 0, which is equivalent to
(ct+ta—"0b)(c+a)(3b+c+a)>(b+c—a)b+c)(3a+b+c).
For the nontrivial case b+ c—a > 0, since c+a — b > b+ ¢ — a, we only need to show that
(c+a)Bb+c+a)>(b+c)(3a+b+c).

Indeed,
(c+a)Bb+c+a)—(b+c)(Ba+b+c)=(a—b)(a+b—c)>0.

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).
O

P 1.161. If a,b, c are real numbers, no two of which are zero, then

(@) 8a? + 3bc N 8b? + 3ca N 8c? + 3ab -1
4 .
2+bc+c2 A+cat+a? a?+ab+b2 7

2 2 2
(0) 8a Hbe n b Hea n 8¢ Hab > 9.

b2 —bc+c? c2—ca+a® a?—ab+0b?

(Vasile Cirtoaje, 2011)
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Solution. Consider the more general inequality

a? + mbe N b? + mea N c* + mab >3(m+1)
b2 +kbc+c2  c2+kca+a? a?+kab+b> — k+4+2

which can be written as fg(a,b,c) > 0, where
fe(a,b,¢) = (k +2) Z(a2 + mbe)(a® + kab + b*)(a* + kac + ¢?)

—3(m+ 1) [[(0* + kbe + ).

Let
p=a+b+ec, q = ab + bc + ca.

From

fe(a,b,c) = (k+2) Z(a2 + mbe)(kab — ¢ 4 p?* — 2q)(kac — b* + p* — 2q)

—3(m+1) H(k:bc —a? +p* - 2).
it follows that fg(a, b, c) has the same highest coefficient A as
(k +2)Py(a,b,c) —3(m+ 1)Ps(a, b, c),

where

Py(a,b,c) = Z(GQ + mbe)(kab — ¢*)(kac — b?),
Ps(a,b,c) = H(kbc —a?).

According to Remark 2 from the proof of P 2.75 in Volume 1,
A= (k+2)P(1,1,1) — 3(m + 1)P5(1,1,1)
=3(k+2)(m+1)(k—1)>=3(m+1)(k—1)° =9(m + 1)(k — 1).
Also, we have
fo(a,1,1) = (k +2)(a® + ka + 1)(a — 1)*[a* + (k 4+ 2)a + 1 + 2k — 2m)].

(a) For our particular case m = 3/8 and k = 1, we have A = 0. Therefore, according to
P 2.75 in Volume 1, it suffices to prove that fs(a,1,1) > 0 for all real a. Indeed,

2
fola,1,1) =3(a®* + a + 1)(a — 1) (a + ;) > 0.

Thus, the proof is completed. The equality holds for a = b = ¢, and also for —2a/3 =b = ¢
(or any cyclic permutation).

(b) For m = —5/8 and k = —1, we have

A
2
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and )
fola,1,1) = Z(a2 —a+1)(a—1)*2a+1)2

Since A > 0, we will use the highest coefficient cancellation method. Consider the homoge-
neous polynomial
P(a,b,c) = abc + Bp* + Cpq,

where B and C' are real constants. Since the desired inequality becomes an equality for
a=b=c=1, and also for a = —1/2 and b = ¢ = 1, we will determine B and C such that
P(1,1,1) = P(—1/2,1,1) = 0; that is,

when

4p3 5pq
P(a.b.c) = abe + — — 24
(a,b,c) = abc + 5 R

2
P(a,1,1) = ﬁ(a —1)*(2a +1).
We will show that o7
fela,b,c) > ?PQ(a,b, c).
Let us denote

2
gs(a,b,c) = fe(a,b,c) — ;PQ(a,b, c).

Since gg(a, b, ¢) has the highest coefficient equal to zero, it suffices to prove that gg(a,1,1) > 0
for all real a (see P 2.75 in Volume 1). Indeed,

27 1
gs(a,1,1) = fe(a,1,1) — 7PQ(OL, 1,1) = m(a —1)*(2a + 1)*(19a* — 11a + 19) > 0.

The equality holds for a = b = ¢, and also for —2a = b = ¢ (or any cyclic permutation).
O

P 1.162. If a,b,c are real numbers, no two of which are zero, then

4a? + be N 40?2 + ca N 4¢® + ab -
4b% 4 The + 4c?2  4c?2 4 Teca + 4a?  4a? + Tab + 4% —

(Vasile Cirtoaje, 2011)

Solution. Write the inequality as fs(a,b,c) > 0, where
fola,b,c) = (4a® + be)(4a® + Tab + 4b)(4a” + Tac + 4¢) — [ [(4b* + Tbe + 4c?).

Let
p=a+b+c, q=ab+bc+H ca.
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From
fe(a,b,c) = Z(4a2 + be)(Tab — 4c* + 4p* — 8q)(Tac — 4b* + 4p* — 8q)
—[](7be — 4a® + 4p* — 8¢),
it follows that fg(a, b, c) has the same highest coefficient A as

Pg(a,b, C) — Pg(a,b, C),

where
Py(a,b,c) = Z(4a2 + be)(Tab — 4¢%) (Tac — 4b%),
Ps(a,b,c) = H(?bc — 4a?).
According to Remark 2 from the proof of P 2.75 in Volume 1,

A= Py(1,1,1) — P3(1,1,1) = 135 — 27 = 108.

Since A > 0, we will apply the highest coefficient cancellation method. Consider the homo-
geneous polynomial
P(a,b,c) = abc + Bp* + Cpq,

where B and C' are real constants. We will show that there are two real numbers B and C
such that the following sharper inequality holds
fo(a,b,c) > 108P*(a, b, c).
Let us denote
gs(a,b,c) = fe(a,b,c) — 108P%*(a, b, c).

Clearly, gs(a, b, c) has the highest coefficient equal to zero. Then, by P 2.75 in Volume 1, it
suffices to prove that there exist B and C such that gg(a,1,1) > 0 for all real a.
We have
gs(a,1,1) = fe(a,1,1) — 108P*(a, 1,1),

where
fo(a,1,1) = 4(4a® + Ta + 4)(a — 1)*(4a* + 15a + 16),

P(a,1,1) =a+ B(a+2)*+C(a+2)(2a+1).
Let us denote g(a) = fs(a,1,1). Since

the condition

g,(_2) = 07
which involves C' = —5/9, is necessary to have g(a) > 0 in the vicinity of @ = —2. On the
other hand, from g(1) = 0, we get B = 4/27. For these values of B and C, we get

2(a —1)2(2a + 1)
27 ’

P(a,1,1) =



Symmetric Rational Inequalities 223

4
gs(a,1,1) = 2—7(a —1)*(a + 2)*(416a* + 728a + 431) > 0.

The proof is completed. The equality holds for a = b = ¢, and for a = 0 and b+ ¢ =0 (or

any cyclic permutation).
O

P 1.163. If a,b,c are real numbers, no two of which are equal, then

1 n 1 L 1 S 27
(a—0b)2 (b—c)? (c—a)® ~ 4(a®>+ b+ —ab—bc—ca)

First Solution. Write the inequality as follows:

[(a—b)2 +(b—c)?+(a— C)Q} [

(a—b)2+(b— )2+1 (a —c)? (a—0)2+1 _Z
(a—c)?  (a—c)? (a=0)?  (b—c)? 2
1 1 27
(x2+y2+1>(P+E+1)Z?’
where
a—2b b—c
x:a_c7 y:a_ca l‘—i—y:l
We have

1 1 27 (x4 1)*(x —2)*(2z —1)?
2 .2
1 1] ——= > 0.
(@ 4y + )( ) 2 222(1 — 2)? =
The proof is completed. The equality holds for 2a = b+ ¢ (or any cyclic permutation).
Second Solution. Assume that a > b > c. We have

1 n 1 S 2 S 8 _ 8
(@07 " h—cp ~ (a-bo—c) -

[(a=b)+ (- (a—c)*
Therefore, it suffices to show that

9 S 27
(a—c)? = 4(a®> 4+ >+ 2 —ab— be — ca)’

which is equivalent to
(a—2b+c)* > 0.
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Third Solution. Write the inequality as fs(a, b, c) > 0, where
fo(a,b,c) = 4(a* + b*> + ¢* — ab — be — ca) Z(a —b)?(a—c)* —27(a — b)*(b — ¢)*(c — a)*.
Clearly, fg(a,b,c) has the same highest coefficient A as
—27(a — b)*(b — ¢)*(c — a)*;

that is,
A= -27(-27) = T729.

Since A > 0, we will use the highest coefficient cancellation method. Define the homogeneous
polynomial

1
P(a,b,c) = abc+ B(a+b+c)* — (3B+§) (a+ b+ c)(ab+ be + ca)

which satisfies P(1,1,1) = 0. We will show that there is a real value of B such that the
following sharper inequality holds

fe(a,b,c) > 729P%(a, b, c).

Let us denote
gs(a,b,c) = fe(a,b,c) — 729P%(a, b, c).

Clearly, gs(a, b, c) has the highest coefficient equal to zero. Then, by P 2.75 in Volume 1, it
suffices to prove that gg(a,1,1) > 0 for all real a. We have

fo(a,1,1) = 4(a —1)°

and
Pla,1,1) = %(a —1)2[9B(a +2) + 2],

hence

gs(a, 1,1) = fs(a,1,1) — 729P*(a, 1,1)
= (27TB +2)(a+2)(a — 1)*[(2 — 27B)a — 54B — 8].

Choosing B = —2/27, we get gg(a,1,1) = 0 for all real a.

Remark. The inequality is equivalent to

(a—2b+c)*(b— 2c+ a)*(c — 2a + b)* > 0.
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P 1.164. If a,b, c are real numbers, no two of which are zero, then

1 n 1 n 1 S 14
a?—ab+0 VP —bc+c2 E—ca+a® " 3(a*+ b+ 32)

(Vasile Cirtoaje and BJSL, 2014)
Solution. Write the inequality as fs(a,b,c) > 0, where
fo(a,b,c) =3(a® +b* + c*) Z(a2 —ab+ b*)(a* — ac + ¢*)
—14(a® — ab + b*)(b* — bc + *)(c* — ca + a?).
Clearly, fs(a,b,c) has the same highest coefficient A as
—14(a* — ab + b*)(b* — be + ¢*)(¢* — ca + a*);
that is, according to Remark 2 from the proof of P 2.75 in Volume 1,
A=—14(-1-1)*=112.

Since A > 0, we apply the highest coefficient cancellation method. Consider the homogeneous
polynomial

P(a,b,c) = abc+ B(a+b+¢)* + C(a+ b+ c)(ab+ bc+ ca).

We will show that there are two real numbers B and C such that the following sharper
inequality holds
fs(a,b,c) > 112P*(a, b, c).

Let us denote
gs(a,b,c) = fs(a,b,c) — 112P%(a, b, c).

Clearly, ge(a, b, ¢) has the highest coefficient equal to zero. By P 2.75 in Volume 1, it suffices
to prove that gg(a,1,1) > 0 for all real a. We have

gs(a,1,1) = fe(a,1,1) — 112P*(a, 1, 1),

where
fo(a,1,1) = (a® —a +1)(3a* — 3a® + a* + 8a + 4),

P(a,1,1) =a+ Bla+2)*+C(a+2)(2a + 1).

Let us denote g(a) = gs(a, 1,1). Since

the condition
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which involves C' = —4/7, is necessary to have g(a) > 0 in the vicinity of ¢ = —2. In
addition, setting B = 9/56, we get

1
P(a,1,1) = %(9(13 — 10a” + 4a + 8),

3
g6(a,1,1) = %(aﬁ + 4a® + 8a* + 16a* + 20a* + 16a + 16)
2(,.2 2
:3(a+2) (a® +2) -
28 -

The proof is completed. The equality holds for a = 0 and b + ¢ = 0 (or any cyclic
permutation).
O

P 1.165. If a,b, c are real numbers, then

a® + be b? + ca A+ ab >1
202 +b24+c2  a?4+202+c2 a?+b24+2¢2 T 6

(Vasile Cirtoaje, 2010)

Solution. Write the inequality as fg(a,b,c) > 0, where

fe(a,b,c) =6 Xj(a2 + be)(a? + 2% + ) (a® + b + 2¢%)
— (2a® +b* + A)(a® + 20* + *)(a® + b* + 262).
Clearly, fs(a,b,c) has the same highest coefficient A as f(a, b, c), where
fla,b,c) =6 Z(a2 + be)b?c® — a’b*c® = 17a*b*c® + 6(a’b” + b*c® + *a®);
that is,
A=17+6-3 = 35.

Since A > 0, we apply the highest coefficient cancellation method. Consider the homogeneous
polynomial
P(a,b,c) = abc+ Bla+b+¢)* + C(a+ b+ c)(ab+ bc + ca)

and show that there are two real numbers B and C' such that the following sharper inequality
holds
fe(a,b,¢) > 35P(a,b,c).

Let us denote
g6(a, b, c) = fs(a,b,c) — 35P%*(a, b, c).

Clearly, ge(a, b, ¢) has the highest coefficient equal to zero. By P 2.75 in Volume 1, it suffices
to prove that gg(a,1,1) > 0 for all real a. We have

gs(a,1,1) = fe(a,1,1) — 35P%(a,1,1),
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where
fo(a,1,1) = 4(a® + 1)(a* + 3)(a + 3)?,
P(a,1,1) =a+ Bla+2)*+C(a+2)(2a +1).
Let
g(a) = ge(a,1,1).
Since g(—2) = 0, we can have g(a) > 0 in the vicinity of a = —2 only if ¢'(—2) = 0, which
involves C' = 19/35. Since fg(—3,1,1) = 0, we enforce P(—3,1,1) = 0, which provides
B = —2/7. Thus,

2 1 9 2y
P(a,11) =a— 2+ 1)+ o(a+2)(2a+1) = et IOC Aot D

and
4
g6(a, 1,1) = 4(a® + 1)(a® + 3)(a + 3)* — %(a +3)%(5a® — 4a + 7)?

_ %(a +3)2(a+ 2)2(5a2 +7) > 0.

The proof is completed. The equality holds for a = 0 and b + ¢ = 0 (or any cyclic
permutation), and also for —a/3 = b = ¢ (or any cyclic permutation).
O

P 1.166. If a,b, c are real numbers, then

2% + 2¢? + 3be N 2¢% + 2a% + 3ca N 2a® + 2b + 3ab
(a+ 3b+ 3c)? (b+ 3¢+ 3a)? (c+ 3a + 3b)?

3
> —.
-7

(Vasile Cirtoaje, 2010)

Solution. Write the inequality as fs(a,b,c) > 0, where

fe(a,b,c) = 72(2()2 +2¢ + 3bc) (b + 3¢ + 3a)*(c + 3a + 3b)* — 3 H(a + 3b + 3¢)?.

We have
fo(a,1,1) = (@ — 1)*(a — 8)*(3a + 4)*.
Let
p=a+b+c, q=ab+bc+ca, r=abc.
From

fola,b,c) =7 (2p° — 4q + 3bc — 2a°)(3p — 2b)*(3p — 2¢)* — 3| [(3p — 20)”,

it follows that f(a,b,c) has the same highest coefficient A as g(a, b, ¢), where

gla,bye) =T (3be — 2a%)(~2b)*(~2¢)* — 3] [ (~2a)* = 48 (721)3@3 . 18a2b262) :
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that is,
A =48(21 — 18) = 144.

Since the highest coefficient A is positive, we will use the highest coefficient cancellation
method. There are two cases to consider: p? +¢ > 0 and p? + ¢ < 0.

Case 1: p* 4+ q > 0. Since
fe(1,1,1) = f6(8,1,1) = 0,
define the homogeneous function
P(a,b,c) =1+ Bp® + Cpq

such that P(1,1,1) = P(8,1,1) = 0; that is,
1 8
P P
(a,b,¢) =7+ 20" = =pa,
which leads to

Pa,1,1) = 45a + (a + 2) _458(61‘1'2)(2a+ 1) _ (a — 1)45(a—8)'

We will show that the following sharper inequality holds for p? 4+ ¢ > 0:
fG(Cl, b, C) > 144P2(a, b, C).

Let us denote
gs(a,b,c) = fs(a,b,c) — 144P*(a, b, c).

Since the highest coefficient of gg(a, b, ¢) is zero, it suffices to prove that gg(a,1,1) > 0 for
all real a such that (a + 2)? 4+ 2a + 1 > 0, that is

a € (—oo, —5] U [—1,00)
(see Remark 3 from the proof of P 2.75 in Volume 1). We have

g6(a,1,1) = fs(a,1,1) — 144P*(a,1,1)

_ %@L ~12(a — 8)%225(3a + 4)? — 16(a — 1)
_ %(a —1)%(a — 8)%(41a + 64)(Ta + 8) > 0.

Case 2: p* 4+ q < 0. Since
f6(1> 17 1) = fﬁ(_4/3? 17 1) = 07
define the homogeneous function

P(a,b,c) =7+ Bp® + Cpq



Symmetric Rational Inequalities 229

such that P(1,1,1) = P(—4/3,1,1) = 0; that is,

1 10
Pla,b,c) =7+ —p* — —
(a,b,c) =71+ P P

which leads to

Pla,1,1) = 9a + 3(a +2) —910(a+2)(2a+1) _(a—1) 9(3(1—1—4)'

We will show that the following sharper inequality holds for p* + ¢ < 0:
fs(a,b,c) > 144P*(a, b, c).

Let us denote
ge(a,b,c) = fs(a,b,c) — 144P*(a, b, c).

Since the highest coefficient of gg(a, b, c) is zero, it suffices to prove that gg(a,1,1) > 0 for
all real a such that (a + 2)? + 2a + 1 < 0, that is

a€ (—5,—1)
(see Remark 3 from the proof of P 2.75 in Volume 1). We have
g6(a,1,1) = fs(a,1,1) — 144P*(a, 1,1)
_ %(a —1)2(3a+ 4)2[9(a — 8)2 — 16(a — 1)7]

_ g<a —1)%(3a +4)2(20 + a) (4 — a) > 0.

The proof is completed. The equality holds for a = b = ¢, for a/8 = b = ¢ (or any cyclic
permutation), and also for —3a/4 = b = ¢ (or any cyclic permutation).
m

P 1.167. If a,b, ¢ are nonnegative real numbers, then

6b% 4+ 6¢2 + 13bc n 6¢® 4 6a® + 13ca . 6a® + 6b*> + 13ab
(a4 2b+ 2¢)? (b + 2¢ + 2a)? (c+2a+2b)?% —

(Vasile Cirtoaje, 2010)
Solution. Write the inequality as fg(a,b,c) > 0, where
fola,b,c) =3 J(a+2b+2c)* = (66> + 6¢> + 13bc) (b + 2¢ + 2a)*(c + 2a + 2b)°.

Let
p=a+b+c, q=ab+bc+ ca.
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From
fe(a,b,c) =3 H(Qp —a)? - Z:(Gp2 — 12q + 13bc — 6a*)(2p — b)*(2p — ¢)?,

it follows that f(a, b, c) has the same highest coefficient A as g(a, b, ¢), where

gla,b,c) = 3H(—a)2 — Z(lec — 6a%)(=b)*(—c)?* = 21a*b*c® — 132 bic?;
that is,
A=21-39=-18.

Since the highest coefficient A is negative, it suffices to prove the desired inequality for
b=c=1,and for a =0 (see P 3.76-(a) in Volume 1).
For b = ¢ = 1, the inequality becomes

25 N 2(6a” + 13a + 6) <3
(a+4)? (2a+3)> 7

2(6a* + 13a + 6) < 3a? + 24a + 23

20+32 = (atd2
5(2a + 3)(a — 1)?
(2a+3)2(a+ 47 ="

For a = 0, the inequality turns into

60? + 6¢2 + 13bc 6c? 60°
- - <3,
4(b+ ¢)? (b+2¢)?>  (2b+ ¢)?

6b* + 6¢2 + 13bc  6[(b* + ¢*)? + 4be(b? + %) + 6b*?]

<3.
4(b+ ¢)? (262 + 2¢% + 5bc)? -

If bc = 0, then the inequality is an identity. For bc # 0, we may consider bc = 1 (due to
homogeneity). Denoting
r =00+, x> 2,

the inequality becomes
6z + 13  6(x? + 4z + 6) <3

4(z +2) * 2z +5)2  —

which reduces to the obvious inequality

2022 + 34x — 13 > 0.

The equality holds for a = b = ¢, and also for a = b = 0 (or any cyclic permutation).
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P 1.168. If a,b, c are nonnegative real numbers such that a + b+ ¢ = 3, then

3a® 4 8be n 3b% + 8ca n 3¢ + 8ab
94+b02+c2 9+c2+a?2 9+a®+0b2

(Vasile Cirtoaje, 2010)

Solution. Let
p=a+b+c, q=ab+bc+ ca.

Write the inequality in the homogeneous form

3a? + 8be N 3b* + 8ca N 3c% + 8ab
p2+b2+62 p2+02+a2 p2+a2+b2—

which is equivalent to fg(a,b,c) > 0, where
(a.b,c) =3[ [ + 02 + ) = Y (3a® + 8bo) (p* + 2 + ) (p* + a® + V).
From
fola,b,c) =3[ (20" — 29— a®) = Y _(3a” + 8bc) (2p” — 20 — 1) (2p” — 2¢ — ),

it follows that f(a,b,c) has the same highest coefficient A as g(a, b, ¢), where

g(a,b,c) = 3H Z 3a® + 8bc)(—b?)(—c?) = —12a*b*c* — 82()303;
that is,
A=-12-24 = -36.

Since the highest coefficient A is negative, it suffices to prove the homogeneous inequality
for b=c=1 and for a = 0 (see P 3.76-(a) in Volume 1).
For b = ¢ = 1, we need to show that

3a? + 8 2(3+ 8a) <3
(a+2)2+2 (a+22+a*+1" "7
which is equivalent to
3a® + 8 2(8a + 3)
a’?+4a+6  2a®+4a+5 —
8a + 3 < 6a + 5
202 +4a+5 ~ a2 +4a+6’
4a® —a® —10a+ 7 > 0,

(a—1)*(4a+7) > 0.

For a = 0, we need to show that

8bc N 30? N 3c? <3
b+e)2+0+c2 (b+ce)2+c2  (b+c)24+b> 7
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Clearly, it suffices to show that

8bc N 3(0* + 2)
b+c)2+b2+c2  (b+c)?

§37

which is equivalent to
4bc 6bc

<
b2+ c2+bec— (b+c)?
be(b —¢)* > 0.

The equality holds for a = b = ¢ = 1, and also for a = b = 0 and ¢ = 3 (or any cyclic
permutation).

O

P 1.169. If a,b, c are nonnegative real numbers such that a + b+ ¢ = 3, then

5a? + 6bc 5b% + 6ca 5¢2 + 6ab
9+02+c2 94+c2+a?2 94+a2+0b%2

(Vasile Cirtoaje, 2010)

Solution. We use the highest coefficient method. Let
p=a+b+c, q=ab+bc+ ca.
Write the inequality in the homogeneous form fg(a, b, c¢) > 0, where
fola,b,c) = (5a® + 6be)(p” + ¢ + a®)(p* + a® + 1°) = 3[[(»* + 1> + ).
From
fe(a,b,c) = Z:(5a2 + 6bc) (2p* — 2q — b)) (2p* — 2q — *) — 31_[(2]92 —2q — a?),
it follows that fg(a, b, c) has the same highest coefficient A as
fla,b,c) = Z(5a2 + 6bc)(—b*)(—c?) — 3(—a?)(—=b*)(—c?) = 18a*b*c* + 6 Z v’c?;

therefore,
A =18+ 18 = 36.

On the other hand,
fo(a,1,1) = 4a(2a® + 4a +5)(a + 1)(a — 1)* > 0
and

f5(0,b,¢) = 6bcBC + 5b*AB + 5¢* AC' — 3ABC
= —3(A — 2bc) BC + 5A(b*B + ¢*C),
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where
A=+ + P+ B=(0+cP+1%,  C=0+0’+c

Substituting
(b+c)2:4x, be =y, x>,

we have
A=2(4x —vy), B =4z + %, C =4z + ¢,

A —2bc = 4(2x — y),
BC = 162° + 42(b* + ¢2) + b°c* = 162” + 4z (da — 2y) + y* = 3227 — Sxy + ¢,
VB + 20 = 4x(b* + ) + b* + ¢* = 2(162% — 122y + o),
therefore
f6(0,b,¢) = —12(2z — y)(322% — 8xy + y*) + 20(4zx — y)(162° — 122y + )
= 8(642” — 88x%y + 25xy* — *) = 8(x — y) (642 — 24y + 7).

Since
fﬁ(]-) 17 1) = f6(07 17 1) = Oa

define the homogeneous function
P(a,b,c) = abc+ B(a+b+¢)* +C(a + b+ c)(ab + bc + ca)

such that P(1,1,1) = P(0,1,1) = 0; that is,

1 4
P(a,b,c) = abc + §(a +b+c)* — =(a+b+c)(ab+ be+ ca).

9
We have 2 ) 1
P(a,1,1) = M, P(a,1,1) = M)
9 81
_ )2 4 )2
P(0,b,c) = (b“)g’ V0o = By ”“"(21 u

We will prove the sharper inequality g¢(a,b,c) > 0, where
g6(a,b,c) = fs(a,b,c) — 36P*(a,b,c).

Clearly, gs(a, b, ) has the highest coefficient A = 0. Then, according to P 3.76-(a) in Volume
1, it suffices to prove that gs(a,1,1) > 0 and g¢(0,b,¢) > 0 for a,b,c > 0.
We have
4a(a — 1)*h(a)
9 )

g6(a,1,1) = fe(a,1,1) — 36P*(a,1,1) =
where

h(a) = 9(2a®> + 4a +5)(a + 1) — a(a — 1)
>(a—1)*a+1)—ala—1)?=(a—1)*>0.
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Also, we have

8(x —y)g(w,y)

g6(0,b,¢) = f5(0,b,¢) — 36P%(0,b,c) = 5 ,

where

g(x,y) = 9(642* — 242y + y*) — 32x(x — y)
> (642% — 24xy + °) — 32x(x — y) = 322% + Sxy +y* > 0.
The equality holds for a = b = ¢ = 1, and also for « = 0 and b = ¢ = 3/2 (or any cyclic

permutation).

O

P 1.170. If a,b, c are nonnegative real numbers such that a + b+ ¢ = 3, then
1 1 1 3
+ + < -
a?+bc+12 b>4+ca+12 A+ab+12 ~ 14
(Vasile Cirtoaje, 2010)

Solution. Write the inequality in the homogeneous form

1 1 1 9
<
3(a? + be) + 4p? - 3(b% + ca) + 4p? * 3(c? 4 ab) + 4p? — 14p*’

where
p=a-+b+ec.

The inequality is equivalent to fs(a,b,c) > 0, where
fe(a,b,¢) =9 1_[(3a2 + 3bc + 4p?) — 14p? Z(3b2 + 3ca + 4p?)(3¢* 4 3ab + 4p?).
Clearly, fg(a,b,c) has the same highest coefficient A as

g(a,b,c) =243 H(a2 + be).
According to Remark 2 from the proof of P 2.75 in Volume 1, we have
A=g(1,1,1) = 243 - 8 = 1944.

Since the highest coefficient A is positive, we will apply the highest coefficient cancellation
method. We have

fo(a,1,1) =9[3a* + 3 + 4(a + 2)*][3a + 3 + 4(a + 2)*]?
—14(a +2)*[3a + 3 + 4(a + 2)°*]?
— 28(a + 2)*[3a + 3 + 4(a + 2)*|[3a® + 3 + 4(a + 2)?]
=9(7a* + 16a + 19)(4a® + 19a + 19)* — 14(a + 2)*(4a® + 19a + 19)?
— 28(a + 2)*(4a* + 19a + 19)(7a* + 16a + 19)
=3(4a* + 19a + 19) f(a),
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where
f(a) = 3(7a® + 16a + 19)(4a® + 19a + 19) — 14(a + 2)*(6a® + 17a + 19)
= 17a* — 15a* — 21a + 19 = (a — 1)*(17a + 19);
therefore,
fs(a,1,1) = 3(4a® + 19a + 19)(a — 1)*(17a + 19).
Since

f6(17 17 1) = fﬁ(lvoao) = 07

define the homogeneous function
P(a,b,c) = abc+ B(a+b+c)* + Cla+ b+ c)(ab + be + ca)

such that P(1,1,1) = P(1,0,0) = 0; that is,
1
P(a,b,c) = abc — §(a + b+ c)(ab+ be + ca).

We will prove the sharper inequality g¢(a, b, c) > 0, where
gs(a,b,c) = fs(a,b,c) — 1944P*(a, b, c).

Clearly, gs(a, b, ) has the highest coefficient A = 0. Then, it suffices to prove that gg(a, 1,1) >
0 and g¢(0,b,¢) > 0 for a,b,c > 0 (see P 3.76-(a) in Volume 1).
To show that gg(a,1,1) > 0, which can be written as

fe(a,1,1) — 1944P*(a,1,1) > 0,

we see that 2\(2 | ) 2
Plat1)—a_ @+ —2a— 12
9 9
4(a —1)*
P*(a,1,1) = ———
(a7 ) ) 81 Y
hence
gs(a, 1,1) = 3(4a* + 19a + 19)(a — 1)*(17a + 19) — 96(a — 1)*
= 3(a — 1)*h(a),
where

h(a) = (4a* + 19a + 19)(17a + 19) — 32(a — 1)*.
We need to show that h(a) > 0 for a > 0. Indeed, since

(4a* +19a + 19)(17a + 19) > (19a + 19)(17a + 17) > 32(a + 1),

we get
h(a) > 32[(a +1)* — (a — 1)?] = 128a > 0.
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To show that g¢(0,b,c¢) > 0, denote
z = (b+c)? y = be.
We have

f6(0,b,¢) =9ABC — 142[BC + A(B + C)] = (9A — 14z)BC — 142 A(B + C),

where
A=4x+3y, B=4r+3V*, C =4x+3c
Since
9A — 14z =220+ 27y, B+ C =8x+3(z —2y) = 11z — 6y,
BC = 162% + 12x(x — 2y) + 9y* = 282% — 24zy + 9%,
we get
f6(0,b,¢) = (222 + 27y)(282% — 24zy + 9y?) — 142 (4x + 3y)(11z — 6y)
= 3y(342* — 66xy + 81y°).
Also,
—be(b + ¢) ) zy?
P(0,b,¢) = ———— P%(0,b,¢c) = —=-.
( b ’C) 9 Y ( ) ’C) 8].
Hence

96(0,0,¢) = f5(0,b,c) — 1944P%(0,b, c) = 3y(34a® — Tdwy + 81y?)
> 3y(252% — 90y + 81y%) = 3y(5x — 9y)* > 0.

The equality holds for a = b = ¢, and also for a = b = 0 (or any cyclic permutation).

P 1.171. If a,b, c are nonnegative real numbers, no two of which are zero, then

1 1 1 45
> .
a? + b? +b2—|—02+02+a2 — 8(a? 4 b? + ?) + 2(ab + be + ca)

(Vasile Cirtoage, 2014)
First Solution (by Nguyen Van Quy). Multiplying by a? + b*+ ¢?, the inequality becomes

Z a? L3> 45(a® 4+ b* + )
b + 2 ~ 8(a?+ b+ ¢?) + 2(ab+ be + ca)’

Applying the Cauchy-Schwarz inequality, we have

3 @ (e (@)
b2+c2 = Y a2(b2+c?)  2(a2b? + b2 + c2a?)’
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Therefore, it suffices to show that

(a® 4+ b + ¢2)? S 45(a® 4+ b* + *)
2(a?b? + b2c? + 2a?) ~ 8(a2+ b+ %) +2(ab+ be + ca)’

which is equivalent to

-9
a?b? + b%c? + c2a? 4+ 02+ ) +ab+bet+ca

(a® + b + ¢2)? . 45(a* + b* + *)

at + bt + ! — b — 1’ — Fa? S 9(a® 4+ b* + ¢* — ab — bc — ca)
a?b? + b%c? + c2a? T 4(a?+ 02+ A2)+ab+be+ca

By Schur’s inequality of degree four, we have

a' + b + ¢t — a?V? — v*c® — Fa® > (a® + bV + & — ab — be — ca)(ab + be + ca).
Therefore, it suffices to show that
[4(a® + b® + ) + ab + be + ca](ab + be + ca) > 9(a®b® + b*c® + *a?).
Since
(ab+ be + ca)? > a*b* + b*c* + 2a?,
this inequality is true if
4(a® 4+ b* + *)(ab + be + ca) > 8(a’V? + b*c* + 2a?),
which is equivalent to the obvious inequality
ab(a — b)* + be(b — ¢)* + ca(c — a)* + abe(a + b+ ¢) > 0.

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).

Second Solution. Write the inequality as fg(a,b, c) > 0, where
fo(a,b,c) = [8(a” +U* + ) + 2(ab + be + ca)] > (a® +b*)(a® + *) — 45 [ [(0* + &)
Clearly, fg(a,b,c) has the same highest coefficient A as
fla,b,c) = —45H b+ c?) 45H(p2—2q—a2),
where p = a + b+ ¢ and ¢ = ab + bc + ca; that is,
A =45.
Since A > 0, we will apply the highest coefficient cancellation method. We have

fo(a,1,1) = 4a(2a + 5)(a® + 1)(a — 1)?,
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f6(0,b,¢) = (b — c)?*[8(b* + c*) + 18be(b* + ¢*) + 15b°¢7).
Since
fﬁ(]-v 17 1) = f6(07 17 1) = Oa
define the homogeneous function

P(a,b,c) = abc+ B(a+b+¢)* + C(a+ b+ c)(ab + bc + ca)

such that P(1,1,1) = P(0,1,1) = 0; that is,

P(a,b,c) = abc + %(a +b+c)’ — g(a + b+ c¢)(ab+ be + ca).
We will show that the following sharper inequality holds
fo(a,b,c) > 45P*(a,b,c).
Let us denote
gs(a,b,c) = fs(a,b,c) — 45P%(a,b,c).

Clearly, gg(a,b,c) has the highest coefficient equal to zero. By P 3.76-(a) in Volume 1, it
suffices to prove that gg(a,1,1) > 0 and g(0,b,¢) > 0 for all a,b,c > 0. We have

—1)?
P(a,l,l):%,

hence

a(a —1)*(67a* 4+ 190a® + 67a + 180) S

g6(a,1,1) = fg(a,1,1) — 45P%(a,1,1) = 5 > 0.

Also, we have

P(0.b.¢) = (b—irc)éb—c)Q’

hence

96(0,b,¢) = f5(0,b,c) — 45P*(0, b, c)
(b —c)?[67(b* + c*) + 162bc(b? + ¢2) + 145b*c?] >0
9 >

P 1.172. If a,b,c are real numbers, no two of which are zero, then

a2—7bc+62—7ca c* —Tab 9(ab+bc+ca)>0
b+ a4+ a4 b? a2+ b0+t T

(Vasile Cirtoaje, 2014)
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Solution. Let
p=a+b+c, qg=ab+bc+ca, r=abc.

Write the inequality as fs(a,b,c) > 0, where
fala,b,c) =(a® + >+ ¢*) Y (a® = The)(a® + b°)(a® + )
+ 9(ab + be + ca) l_I(b2 +¢?)

is a symmetric homogeneous polynomial of degree eight. Notice that any symmetric homo-
geneous polynomial of degree eight fg(a,b,c) can be written in the form

fs(a,b,¢) = A(p, q)r* + B(p,q)r + C(p, q),

where the highest polynomial A(p,q) has the form

A(p,q) = ap® + Bq.

Since

fs(a,b,0) =(v* = 2q) Y _(a® = The) (P — 2 — &) (p* — 2¢ — ")
+9¢ [ [0* — 2¢ - 0?),

fs(a, b, c) has the same highest polynomial as

gs(a,b,¢) =(p* = 2¢) Y _(a® = The)(=c*)(—b7) + 9g(—a®)(—b%) (=)
=(p* — 2q) (37"2 — 72 6303) — 9qr?;
that is,
Ap,q) = (1 = 2¢)(3 — 21) — 9g = —9(p* — 3q).

Since A(p,q) < 0 for all real a,b, ¢, it suffices to prove the original inequality for b = ¢ = 1
(see Lemma below). We need to show that

a>=7 2(Ta—1) 9(2a+1)
— >0
2 a?+1 + a?2+2 — 7

which is equivalent to
(a —1)*(a +2)*(a® — 2a + 3) > 0.

The equality holds for a = b = ¢, and also for —a/2 = b = ¢ (or any cyclic permutation).

Lemma. Let
p=a+b+c, q=ab+bc+ca, r=abc,

and let fs(a,b, c) be a symmetric homogeneous polynomial of degree eight written in the form

fs(a,b,¢) = A(p, q)r* + B(p,q)r + C(p, q),
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where A(p,q) < 0 for all real a,b,c. The inequality fs(a,b,c) > 0 holds for all real numbers
a,b, c if and only if fs(a,1,1) >0 for all real a.

Proof. For fixed p and g,

hs(r) = A(p, q)r* + B(p,q)r + C(p,q)

is a concave quadratic function of » which is minimum when r is minimum or maximum;
that is, according to P 2.53 in Volume 1, when two of a, b, ¢ are equal. Thus, the inequality
fs(a,b,c) > 0 holds for all real numbers a, b, ¢ if and only if fs(a,1,1) > 0 and fs(a,0,0) >0
for all real a. The last condition is not necessary because it follows from the first condition
as follows:

fs(a,0,0) = lim fs(a,t,t) = Il:i_l%tgfg(a/t, 1,1) > 0.
Notice that A(p, q) is called the highest polynomial of fs(a,b,c).

Remark. This Lemma can be extended for the case where the highest polynomial A(p, ¢ is
not nonnegative for all real a, b, c.

o The inequality fs(a,b,c) > 0 in the previous Lemma holds for all real numbers a,b, c
satisfying
A(p,q) <0

if and only if fs(a,1,1) >0 for all real a satisfying A(a+ 2,2a + 1) < 0.

P 1.173. If a,b, c are nonnegative real numbers, no two of which are zero, then

a® — 4bc n b* —4ca ¢ —4ab  9(ab+ be + ca)
b% + c? c? + a? a? + b? a? 4+ b? + c?

9
> —.
-2

(Vasile Cirtoaje, 201/)

Solution. Let
p=a+b+c, q=ab+bc+ca, 1 =abc.

Write the inequality as fs(a,b,c) > 0, where
fs(a,b,c) =2(a® + b +¢*) Y _(a® — 4bc)(a® + b*)(a® + ¢*)

+9(2ab + 2bc + 2ca — a® — b* — ¢?) H(62 +c?)

is a symmetric homogeneous polynomial of degree eight. Any symmetric homogeneous poly-
nomial of degree eight can be written in the form

fs(a,b,¢) = A(p, q)r* + B(p,q)r + C(p, q),
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where A(p, q) = ap? + Bq is called the highest polynomial of fs(a,b,c). From

fu(a,b,¢) =2(p* — 20)' 3" (a® — 4be) <p2 —2g— A)(p? 20— 1)
+9(4g —p H —2q — a?

it follows that fs(a,b,c) has the same highest polynomial as

gs(a,b,c) =2(p* — 2q) Z(a2 — 4be)b*c? + 9(4q — p*)(—a®b*c?)
=2(p” — 2q) ( —4) b 3) 9(4q — p)r’
that is,
A(p,q) = 2(p" — 2¢)(3 — 12) — 9(4q — p*) = —9p”.

Since A(p,q) < 0 for all a,b,c > 0, it suffices to prove the original inequality for b = ¢ = 1,
and for a = 0 (see Lemma below).
For b = ¢ = 1, the original inequality becomes

a? =4 2(a—1) 92 +1)
2 a?+1 a? +2

9
>_7
-2

which is equivalent to
ala+4)(a—1)*>0.

For a = 0, the original inequality turns into
b? Lo c? , _5be_ 5bc 29 9
2 b b4 2

Substituting
T =-4 -, x> 2,
c
the inequality becomes
5.9
2
—9 > 2
(z )2 r 2

(x —2)(22* + 4o — 5) > 0.

Thus, the proof is completed. The equality holds for a = b = ¢, and also for a =0 and b = ¢
(or any cyclic permutation).

Lemma. Let
p=a+b+c, qg=ab+bc+ca, r=abc,

and let fs(a,b, c) be a symmetric homogeneous polynomial of degree eight written in the form
fs(a,b,¢) = A(p, q)r* + B(p,q)r + C(p, q),

where A(p,q) <0 for all a,b,c > 0. The inequality fs(a,b,c) > 0 holds for all a,b,c > 0 if
and only if the inequalities fs(a,1,1) > 0 and fs(0,b,¢) > 0 hold for all a,b,c > 0.



242 Vasile Cirtoaje

Proof. For fixed p and g,

hs(r) = A(p, q)r* + B(p,q)r + C(p,q)

is a concave quadratic function of r. Therefore, hg(r) is minimum when 7 is minimum or
maximum; that is, according to P 3.57 in Volume 1, when b = ¢ or a = 0. Thus, the
conclusion follows. Notice that A(p, q) is called the highest polynomial of fs(a,b,c).

Remark. This Lemma can be extended for the case where the highest polynomial A(p, ¢ is
not nonnegative for all a,b,c > 0.

e The inequality fs(a,b,c) > 0 in the previous Lemma holds for all a,b,c > 0 satisfying
A(p,q) < 0 if and only if the inequalities fs(a,1,1) > 0 and fs(0,b,¢) > 0 hold for all
a,b,c >0 satisfying A(a+2,2a+ 1) <0 and A(b+ ¢, bc) < 0.

O

P 1.174. If a,b,c are real numbers such that abc # 0, then

(b+¢)?  (c+a)? (a+0b)? 10(a + b+ c)?
>2 .
a? * b? + 2~ * 3(a? + b2+ ¢?)

(Vasile Cirtoaje and Michael Rozenberg, 2014)

Solution. Let
p=a+b+c, q=ab+bc+ca, 1r=abc.

By the Cauchy-Schwarz inequality, we have
3 b+o? DO+ O 2 a*+3ab)’ 20 —g)?
a2 T Y a?(b+c)2 Y a2 +abcd.a @ —pr
Therefore, it suffices to show that

2p? — q)? 10p2
(2; q>22+ 2p |
q> —pr 3(p? —2q)

which is equivalent to
3(p* —q)* _ 8p* —6g
¢ —pr — p*—2q

Using Schur’s inequality
P’ +9r > dpg,

we get

CApg—p® _ pt—4p?q+9¢

2 2
—or < ag?—
¢ —pr~q —p 9 9

Thus, it suffices to prove that

27(p* —q)* _ 8p* —6q
pt—4p?q+9¢> T p?—2¢’
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which is equivalent to the obvious inequality
P2 (p? — 3¢)(19p? — 13¢) > 0.

The equality holds for a = b = c.

P 1.175. Let a,b, c be real numbers such that ab+ bc+ ca > 0 and no two of which are zero.
Prove that

a N b n c >3‘
b+c¢c c+a a+b 2

(a)

(b) if ab <0, then

a b c
+ + > 2.
b+c c+a a—+bd

(Vasile Cirtoaje, 2014)

Solution. Let as show first that b+ ¢ # 0, c+a # 0 and a + b # 0. Indeed, if b+ c = 0,
then ab + be + ca > 0 yields be > 0, hence b = ¢ = 0, which is not possible (because, by
hypothesis, at most one of a,b, ¢ can be zero).

(a) Use the SOS method. Write the inequality as follows:

(b—0¢)
2+ ierg 2"

S
a?+ (ab+bc+ca) —
Clearly, the last inequality is true. The equality holds for a = b = ¢ # 0.

(b) From ab + bc+ ca > 0, it follows that if one of a, b, ¢ is zero, then the others are the
same sign. In this case, the desired inequality is trivial. Consider further that abc # 0. Since
the problem remains unchanged by replacing a, b, ¢ with —a, —b, —c, it suffices to consider

a<0<b,ec.
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First Solution. We will show that
F(a,b,c) > F(0,b,¢) > 2,

where

a b c
Fla,b,c) = .
(a,b,¢) b—l—c+c+a+a+b

The right inequality is true because

+- 22

F(0,b,¢) =

ol
SO

Since
1 b c

F(a,b,c) — F(0,b,c) = -
(Cl, ,C) (07 70) a b+C C(C+CL) b(a+b) 7

the left inequality is true if
b c 1

c(c+a) +b(a+b) ~ b+c

From ab + bc + ca > 0, we get
—ca —ab
C+GZT>0’ a+b>—>0,
c

hence
b b c

c
clc+a) z @ bla+0b) ~ b*

Therefore, it suffices to prove that

b c 1

> .
02+b2_b+c

Indeed, by virtue of the AM-GM inequality, we have

b+c_ 1 >2_ 1
2 b b+c Ve 2Vbe

This completes the proof. The equality holds for a =0 and b =¢, or b =0 and a = c.

> 0.

Second Solution. From b+ ¢ > 0 and
(b+c)(a+b) =b*+ (ab+ bc+ ca) > 0,

(b+c)(c+a) =+ (ab+bc+ ca) > 0,

it follows that
a+b>0, c+a>0.
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By virtue of the Cauchy-Schwarz inequality and AM-GM inequality, we have

a b c a (b+c)?
+ + >
b+c¢ c+a a+b b+c blct+a)+cla+Db)
__e (b+c)?
bdc 2bctalb+c)
- a (b+c)?
2a+b+c  (b+c)?
5 +a(b+c)
4a 2(b+¢)

> e
2a+b+c+2a+b+c

P 1.176. If a,b, c are nonnegative real numbers, then

a b c ab + bc + ca
+ + > :
Ta+b+c Th+c+a Tc+a+b~ (a+b+c)?

(Vasile Cirtoaje, 2014)

First Solution. Use the SOS method. Write the inequality as follows:

2a a(b+ c)
| 0
Ta+b+c (a+0b+c)?

al(a —b) + (a—c)](a—b—c)
Z Ta+b+c

>0

)

ZCL(a_b)(G_b_C)+Za(a_c>(a_b_0) >0,

Ta+b+c Ta+b+c

Za(a—b)(a—b—c)+Zb(b—a)(b—c—a) >0

Ta+b+c b+c+a

Sy {a(a—b—c) _b(b—c—a)] o

Ta+b+c +c+a

Y

D (a—=b*(a® + b — ¢ + 14ab)(a + b+ Tc) > 0.

Since
a?+ b - +14ab> (a+b)? - =(a+b+c)a+b—c),

it suffices to show that

> (a=b*(a+b—c)a+b+7c)>0.
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Assume that a > b > c¢. It is enough to show that
(a—c)Pa—b+c)a+Th+c)+ (b—c)* (—a+b+c)(Ta+b+c)>0.

For the nontrivial case b > 0, we have

[\V]

(a0 > (b—c) >

(b—c)*.

SRS

Thus, it suffices to prove that
ala—b+c)a+Tb+c)+b(—a+b+c)(Ta+b+c) > 0.
Since
ala+T7b+c) > b(7Ta+b+c),

we have
ala—b+c)a+Tb+c)+b(—a+b+c)(Ta+b+c) >

>bla—b+c)(Ta+b+c)+b(—a+b+c)(Ta+b+c)
=2bc(Ta+b+c) > 0.

This completes the proof. The equality holds for a = b = ¢, and also for a = 0 and b = ¢
(or any cyclic permutation).

Second Solution. Assume that
agbgc) a+b+C:3,

and use the substitution

We have b+ ¢ > 2 and

1

The inequality can be written as follows:

a N b N c >9—a2—bz—c2
20+1 2b+1 2c+1— 6 ’
a® + b+ 2 1 1 1
> + + ,
3 20+1 2b+1 2¢c+1
(2a+1)2+(26+1)2+(26+1)2—15> 1 N 1 N 1
12 ~“2a+1 20+1 2¢c+1’

1 1 1
9(x2+y2+22)24<—+—+—)+15.
r Yy z
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We will use the mixing variables method. More precisely, we will show that

E(z,y,2) > E(z,t,t) >0,

where
t=(wy+2)/2=3-1)/2,
2 2 2 1 1 1
E(x,y,2) =92 +y°+2°) -4~ +~-+-] — 15
A TR
We have
2 2 9 1 1 2
_ (y—2)?yxly +2) 8] .
2yz(y + 2) -
since
9yz=(2b+1)(2c+1) >2(b+c)+1>5 y+z>2.
Also,

4 8 (z—1)2%3x—1)(8—3x)
E(x,t,t) =922 +2t> — 15— — — — = > 0.
(z,t,8) = 92" + > x 2x(3 — x) 20

Third Solution. Write the inequality as f5(a,b,c) > 0, where f5(a,b,c) is a symmetric
homogeneous inequality of degree five. According to P 3.68-(a) in Volume 1, it suffices to
prove the inequality for a = 0 and for b = ¢ = 1, when the inequality is equivalent to

(b—c)?(b* 4+ c* + 11bc) > 0

and
ala —1)*(a + 14) > 0,

respectively.

P 1.177. If a,b, ¢ are positive real numbers such that abc = 1, then

a+b—|—c+ 1 1 1 >8

30 a—|—1+b+1+c+1_5

(Vasile Cirtoage, 2018)

Solution. Assume that a > b > ¢, which involves ab > 1. Since a + b > 2v/ab and

1 2 (va— vBA(Vab— 1)

a+1+b+1_\/%+1_(a+1)(b+1)<\/%+1) =0
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it suffices to show that

2Vab + ¢ 2 1 8

- - > .
30 Vab+1 c¢+1 75
Substituting vab = 1/t, which implies ¢ = 2, the inequality becomes

342 2t N 1 >8
306  t+1 2415

0 + 7 + 13t* — 45¢% + 44> — 16t + 2 > 0,
(t —1)%[t* + 3t> +2(3t — 1)?] >

2
0.
The equality holds for a =b=c=1.

P 1.178. Let a,b,c be positive real numbers such that at most one of them s larger that 1
and abc = 1. Prove that
11(0* + ¢*) — 10a? N 11(c* + a®) — 100?

11(a® + b*) — 10c¢?
b+c c+a

a+b

< 18.

(Vasile Cirtoaje, RMM, 38, 2025)

Solution. Assume that a > 1 > b > ¢ and denote p = a+ b+ c and ¢ = ab + bc + ca. By
the AM-GM inequality, we have

p > 3(abc)'/? = 3.
In addition, from (a—1)(b—1)(c —1) >0, we get

q=<p.
Write the inequality as follows:

11(a® + b? 2) — 21a?
(a® +b° + ) a <18
Z b+c
cyc

2

a
11( b2 + <18
a + b—l—c ;b—i—c_ ’

cyc

1(a®+ b+ ) (a+b)(a+e)—21) a*(a+b)(a+c) <18(a+b)(b+c)(c+a)

cyc cyc

11(p* = 29)(p* + q) — 21(p" — 3p*q + 4p) < 18(pg — 1).
So, for fixed p, we need to show that f(q) > 0, where

fq) = 11¢* — p(26p — 9)q + 5p* + 42p — 9.
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Since
f(q) = 22q — p(26p — 9) < 8p* — p(26p — 9) = —9p(2p — 1) < 0,

f(q) is decreasing, therefore
flq) = f(p) = bp* — 26p” +20p* + 42p — 9 = (p — 3)*(5p” + 4p — 1) > 0.

The equality occurs for a =b=c=1.

P 1.179. Let a,b,c < 8 be real numbers such that a + b+ c = 3. Prove that

13a—l+13b—1+13c—1 <3
a?+23  b2+23 2423 2

(Vasile Cirtoaje, 2008)

Solution. Write the inequality as

fl@)+ 1)+ 102

where

1—13u
flu) = —5os
Assume that a < b < ¢, and denote
_b+tc
s = 5
We have
5:3;3 1<s<8.

We claim that
f(b) + f(c) = 2f(s).

To show this, according to Lemma below, it suffices to show that
hb,c) >0,

where
NP UL GRS (O LY (U]
We have (135 — 1) 599
9 = o E 1 93)
(1 —13s)bc+ (s +299)(b+ ¢) +23(13s — 1)
(82 +23)(b? 4 23)(c? + 23)

h(b,c) =
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Since 1 — 135 < 0 and be < s%, we get

h(b,c) > (1 —13s)s? + (s +299)(2s) + 23(13s — 1)
= (52 4 23) (b + 23)(c? + 23)

_ —135° +35° + 8975 — 23

(824 23)(b2 +23)(c? + 23)

- —13s® + 3s* + 897s — 712
(52 4 23)(b? + 23)(c? + 23)

~ (8—5)(13s* 4 101s — 89) >0
(824 23) (b2 +23)(c2 +23) —

Therefore,

F@)+ 50+ £+ 5 2 fl 4269+ 5 = o)+ 2 (250) +
1-13a¢  4(13a—37) 3

T a2+ 23 +a2—6a+101 *3
3(a—1)*(a+11)?
2(a? + 23)(a? — 6a + 101) —

The equality holds for a = b = ¢ = 1, and also for a = —11 and b = ¢ = 7 (or any cyclic
permutation).

Lemma. Let f be a real function defined on an interval 1, and let z,y € 1. If s = T ;L y’
then the inequality
f(@)+ f(y) = 2f(s)
holds if and only if
hz,y) = 0,
e (@)~ 909 ) - £(5)
g\r)— gy u)—Js
ha,y) = =—"—>,  g(u)=
x—y u—s

In addition, the property is valid for the case where f is defined on T\ {ug} and x,y, s # uy.
Proof. From

the conclusion follows.
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3
P 1.180. Let a,b,c # 1 be nonnegative real numbers such that a + b+ c = 3. Prove that

1—a n 1-0 n 1-c¢ >0
(4a —3)%2  (4b—3)2 " (4c—3)2 —
(Vasile Cirtoaje, 20006)
Solution. Write the inequality as
fla)+ f(b) + f(c) =0,
where .
—u
Assume that a < b < ¢, and denote
_b+tc
T
We have
_3Ta o8
s = 5 <s< 5
We claim that
fb)+ flc) = 2f(s).
According to Lemma from P 1.179, it suffices to show that
h(b,c) > 0,
where (5) - g(c) fu) = £(s)
g(b) —g(c uw) — f(s
h(b,c) = =
(be) = LO=29  g = L2
We have

(1) = 16(s — 1)u — 16s + 15

T = s —32(du—3)2

1 —-32(s—1)b 4% — 2

L, ) = 32(s — 1)bc + 64s* — 90s + 27
(4s — 3)2(4b — 3)%(4c — 3)?

8

Since s — 1 > 0 and be < 52, we get

—32(s — 1)s* + 64s*> — 90s + 27
(4s — 3)%(4b — 3)%(4c — 3)?
—325% +96s% — 90s + 27
(4s — 3)%(4b — 3)%(4c — 3)?
(3 —25)(3 — 4s)?

= (s~ 3)2(4b — 3)2(dc — 32 = "

1
§h<ba C) >
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Therefore,

2

__l-a a—1 _  12(-1 _
= (4@—3)2 + (3—2&)2 - (4a_3)2(3_2a)2 > U.

f(a)+ f(b) + f(c) > fla) +2f(s) = f(a) +2f (3—a)

The equality holds for a = b = ¢ = 1, and also for a = 0 and b = ¢ = 3/2 (or any cyclic
permutation).

]

P 1.181. If a,b,c are the lengths of the sides of a triangle, then

a? b? 2 1
+ + > .
4a? + 5bc  4b%2 4 5ca 4c? +5ab T 3

(Vasile Cirtoaje, 2009)
Solution. Use the highest coefficient method. Write the inequality as fs(a,b, c) > 0, where
fe(a,b,c) =3 Z a®(4b? + 5ca)(4c* + 5ab) — H(4a2 + 5be)
= —45a*b*c* — 25abc a® + 40 Z a®v’.
Since fg(a, b, ¢) has the highest coefficient
A=—-45-T5+4+120 =0,

according to P 3.76-(b) in Volume 1, it suffices to prove the original inequality for b =c =1
and 0 < a <2, and fora = b+ c.
Case 1: b=c=1,0 < a < 2. The original inequality becomes
a? n 2
4a> +5  Ha+4

1
> o)
-3

(2—a)(a—1)*>0.
Case 2: a = b+ c. Using the Cauchy-Schwarz inequality
b? N c? - (b+c)?
4b% +5ca - 4c? 4+ 5ab — 4(0? + ¢2) + 5a(b+¢)’

it suffices to show that

a? N (b+c)?
4a? 4+ 5bc  4(b% + 2) + ba(b+c)

1
>_7
-3



Symmetric Rational Inequalities 253

which is equivalent to

1 1 1
> .
4(b? + ¢?) + 13be * 9(b%? + %) 4+ 10bc — 3(b? + 2 + 2bc)

Using the substitution

the inequality becomes
1 1 1

>
b+ 13 021107 3@ +2)
(x —2)(3x —4) > 0.

The equality holds for an equilateral triangle, and for a degenerate triangle with a/2 = b = ¢
(or any cyclic permutation).
O

P 1.182. If a,b,c are the lengths of the sides of a triangle, then

1 1 1 3
> .
7a2—|—b2+02+7b2+62+a2+7c2+a2+b2 ~(a+b+c)?

(Vo Quoc Ba Can, 2010)
Solution. Use the highest coefficient method. Denote
p=a+b+ec, q = ab + bc + ca,
and write the inequality as fg(a,b,c) > 0, where
fola,b,c) =p* > (10 + ¢ +a®)(7* + a® + ) = 3] [(Ta® + 0 + )
=p* > (60" +p* — 29)(6c” + p* — 29) — 3] [(6a” + p* — 29).

Since fg(a, b, ¢) has the highest coefficient

A=-3-6°<0,

according to P 3.76-(b) in Volume 1, it suffices to prove the original inequality for b = ¢ = 1
and 0 < a <2, and for a =0+ c.

Case 1: b=c=1, 0 < a < 2. The original inequality reduces to

1 + 2 S 3
Ta2+2  a2+8 ~ (a+2)?

a(8 —a)(a—1)%>0.
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Case 2: a = b+ c. Write the inequality as

1 1 1 3
> .
4(b2—|—62)+7bc+4b2+02+bc+402+b2—|—bc_ 2(b+c)?

Since
3 B 1 3 1 5

< — —
2b+¢)?2 AW+ ) +Tbe T 2(b+ )2 4>+ A2)+ 8 4(b+c)?’
it suffices to show that

1 1 )
>
462+02+bc+4c2+b2+bc ~4(b+c)?

which is equivalent to
45(b* + ¢*) + 2be][(b* + ¢*) + 2bc] > 5(4b% + ¢* + be)(4c + b2 + be),
415(6* + ) + 12bc(b® + ) + 4b*c?] > 5[4(b* + ¢*)? + bbe(b® + ) + 106>,
be[23(b — ¢)? + 12bc] > 0.

The equality holds for an equilateral triangle, and for a degenerate triangle with a = 0 and
b = ¢ (or any cyclic permutation).
O

P 1.183. Let a,b,c be the lengths of the sides of a triangle. If k > —2, then

Za(b+c)+(k+1)bc < 3(k+3)
b2 + kbe + 2 — k+2

(Vasile Cirtoaje, 2009)
Solution. Use the highest coefficient method. Let
p=a+b+c, q = ab+ bc + ca.

Write the inequality as fs(a,b,c) > 0, where
fe(a,b,¢) = 3(k + 3) H(62 + kbe + %)

—(k+2)) [a(b+¢) + (k + 1)bc](¢* + kea + a®)(a® + kab + b%).

From

fe(a,b,c) = 3(k +3) I_I(p2 — 2q + kbc — a?)
—(k+2) Z(q + kbe)(p® — 2q + kea — b*)(p® — 2q + kab — ¢*),
it follows that fg(a, b, c) has the same highest coefficient A as f(a, b, ¢), where

fla,b,¢) =3(k + 3)Ps(a,b,¢c) — k(k +2)Py(a, b, c),
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Ps(a,b,c) = H(kbc —a®), Pa,bc)= Z be(kea — b%)(kab — ¢?).
According to Remark 2 from the proof of P 2.75 in Volume 1, we have

A=3(k+3)Py(1,1,1) — k(k +2)Py(1,1,1)
=3(k+3)(k—1)* =3k(k+2)(k—1)*> = -9(k — 1)* <0.

Taking into account P 3.76-(b) in Volume 1, it suffices to prove the original inequality for
b=c=1land 0<a<2 and fora=>b+c.

Case 1: b=c=1,0 < a < 2. The original inequality reduces to

2a+k+1 2k+2a+2 _3(k+3)
k+2 a?+ka+1 — k+2

)

a—k—4 (k+2a+1 <0
k42 a?+ka+1 —

(2—a)(a—1)*>0.

Y

Case 2: a = b+ c. Write the inequality as follows:

1] < ———
b2 + kbc + c2 ~— k42’

Z[a(b%—c)%—(k:—l—l)bc_ 3

Z@b+bc+ca—b2—c2< 3

b2 + kbe + 2 ~k+2

3bc n be — 2 n be — b? < 3
b2+ kbe+ 2 B2+ (k+2)(be+c2) A+ (k+2)(be+b?) ~ k+2

Since

3bc < 3
b2+ kbc+c2 — k+2’

it suffices to prove that

bc — 2 n be — b2 <0
b+ (k+2)(be+c?) A+ (k+2)(bc+b?) —

This reduces to the obvious inequality
(b—c)*(b* + bc+ ) > 0.

The equality holds for an equilateral triangle, and for a degenerate triangle with a/2 = b = ¢
(or any cyclic permutation).

]
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P 1.184. Let a,b,c be the lengths of the sides of a triangle. If k > —2, then

2a® + (4k + 9)bc - 3(4k + 11)
b2+ kbc+c2 — k+2

(Vasile Cirtoaje, 2009)
Solution. Use the highest coefficient method. Let
p=a+b+ec, q = ab + bc + ca.

Write the inequality as fs(a,b,c) > 0, where
fe(a,b,c) = 3(4k + 11) H(b2 + kbe + )

—(k+2) Z[2a2 + (4K + 9)bc](c* + kea + a*)(a® + kab + b?).

From

fe(a,b,c) = 3(4k + 11) H(p2 — 2q + kbc — a?)
—(k+2) Z[QaQ + (4k + 9)bc) (p* — 2q + keca — b*)(p* — 2q + kab — ¢*),
it follows that fs(a, b, c) has the same highest coefficient A as f(a, b, ¢), where

fla,b,¢) = 3(4k + 11)Ps(a, b, c) — (k + 2) Py(a, b, ¢),

Ps(a,b,c) = H(kbc —a?),
Py(a,b,c) = [2a° + (4k + 9)bc](kca — b*)(kab — ¢?).
According to Remark 2 from the proof of P 2.75 in Volume 1, we have
A=34k+11)P3(1,1,1) — (E+2)P(1,1,1)

=34k +11)(k — 1)® = 3(k +2)(4k + 11)(k — 1)?
= —9(4k + 11)(k — 1)* < 0.

Taking into account P 3.76-(b) in Volume 1, it suffices to prove the original inequality for
b=c=1land 0<a<2, and fora=0b+c.

Case 1: b=c=1, 0 < a < 2. The original inequality reduces to

2a® + 4k +9 2(4kz+9)a+4<3(4k+11)
k+2 a2+ka+1 —  k+2

9

a’ — 4k — 12 (4k:+9)a+2<0
k+2 a2+ ka +1
(2—a)(a—1)*>0,

Y
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Case 2: a = b+ c. Write the inequality as follows:

b? + kbc + c? — k42

Z 20 — 4b* — 4¢® + 9be < 9
b% + kbc + 2 ~k+2
13bc — 2b% — 2¢2 N be — 2b% + 2 N bc — 2¢% + b? < 9
RtkbetcE B2+ (k+2)bet @) A+ (k+2)(be+b?) ~ k+2

Since
0 13bc— 2b% — 2¢2 (2k + 13)(b — c)?

k+2  B+kbc+cE  (k+2)(b+ kbe + )

and
be — 2b% 4 2 be — 2¢% 4+ b? B

b2 + (k + 2)(be + ¢2) ey (k4 2)(be +b2)
(b= )?(b* + & + 3bc) — 2(k + 2)(b* — ¢?)?
B2+ (k4 2)(be + )] + (k4 2)(be + b2]’

we only need to show that

2k + 13 2(k+2)(b+c)? —b* — ¢* — 3bc
(k+2)(b2 + kbc+c?) [0+ (k+2)(bc + ¢?)][c? + (k4 2)(be + 2] —

Using the substitution

b ¢
r=-+4 -, T > 2,
c b
the inequality can be written as
2k +13 (2k+3)x+4k+5

(k+2)(z + k) * (k+2)a?+ (k+2)(k+3)x+2k>+6k+5 20,
which is equivalent to
4(k 4+ 2)(k + 4)2® + 2(k + 2)Bx + C > 0,
where

B =2k +13k+22, C =8>+ 51k* + 98k + 65.

Since
B=2(k+2)?*+5(k+2)+4>0,
C=8Fk+2>%+2k*+ (k+1)? >0,

the conclusion follows. The equality holds for an equilateral triangle, and for a degenerate

triangle with a/2 = b = ¢ (or any cyclic permutation).
O
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P 1.185. If a,b,c are nnonnegative numbers such that abc = 1, then

1 1 1 1
> 1.
@r12 "o 1)?  Crl? 2atbre 1) -
(Vasile Cirtoage, 2018)

Solution. Let
p=a+b+c, q = ab+ bc + ca.

By the Cauchy-Schwarz inequality, we have

I b2c? (>~ be)?
2 CESIEE 2 (L4002 = S(1+ be)?

q2

T P+2q-2p+3

Thus we only need to show that

¢ 1
+ > 1,
?+2¢-2p+3 20p-1)

which is equivalent to
(¢—2p+3)*>0.

The equality occurs for a = b =c = 1.

P 1.186. If a,b, c are positive real numbers such that
a<b<ec, a’be > 1,
then

1 L 1 n 1 S 3
14+a3 148 14+~ 1+abc

(Vasile Cirtoaje, 2008)

Solution. Since

1 N 1 2 (z —y)?(xy — 1)
T+a2 14y 1+ay (I+2)(1+y?)(1+ay)
we have
1 1 2
+ > )
1+ 1+ 1483
where

t=+be, at>1, t>1, t>a.
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So, we only need to show that

1 n 2 S 3
1+a3 1+~ 1+at?’

which is equivalent to
a(t? —a?) _ 2t*(t — a)
l+a®> — 1+

(t —a)?lat*(2a +t) —a —2t] > 0.

)

This is true since
at’(2a+t) —a—2t >t(2a+t) —a—2t = (t—1)*+ (at — 1) +a(t — 1) > 0.
The equality occurs for a =b=c¢ > 1.
Remark 1. The inequality is true for the weaker condition
a®%be > 1,

that is a®t> > 1. Since bc > 1, it suffices to show that at?(2a +t) — a — 2t > 0. This is true
if the following homogeneous inequality is true:

at?

W(Qa—i—t) Z a+2t,

that is
tY32a+ 1) > a'3(a + 2t).

Setting @ = 1 and ¢t = 23 > 1, the inequality becomes as follows:

(24 2%) > 14 22%

2 —1>22(2% - 1),

(2 =1)(z—1)*>0.
Remark 2. The inequality is also true for the condition

a*h® > 1.
Indeed, if a*b® > 1, then b > 1, be > b> > 1 and
a*(be)®? > 1,

which is equivalent to to the condition a®°bc > 1 from Remark 1.

Remark 3. From P 1.186, the following statement follows (Vasile Cirtoaje and Vasile
Vornicu):



260 Vasile Cirtoaje

e Ifa,b,c,d are positive real numbers such that
a>b>c>d, abed > 1,
then

1 n 1 n 1 S 3
14+a3 148 14+~ 1+abc

This is valid because ¢ < b < a and c?ba > 1.

P 1.187. If a,b, c are positive real numbers such that
a<b<e, a’c > 1,
then

1 L 1 n 1 S 3
1+a3 148 14+~ 1+abc

(Vasile Cirtoaje, 2021)

Solution. Denote

d=+/ac, d>1.
If d =1, then ac = 1 and a?c > 1 yield a = b = ¢ = 1, and the required inequality is an
equality. Next assume d > 1. For fixed a and ¢, write the inequality as f(b) > 0, where

1 1 1 3

b) = — b
1) 1—|—a3+1+b3+1+c3 1+ abc’ € la.d,
and calculate the derivative

1 d? b?

2 f'(b) = 22 3\2

3 (14 d2b) (1+0%)

(db? — 1)(b — d)[d(1 + b3) + b(d?b + 1)]
(1 + d2b)2(1 + b)2 '

Ifa < %, then f/(b) < 0 for b € [1/v/d,d] and f'(b) > 0 for b € [a,1/v/d]U[d, ¢], hence f(b)

is decreasing on [1/v/d,d] and increasing on [a, 1/v/d] U [d, c]. Thus, it suffices to show that
1
f(a) > 0and f(d) >0. If a > ﬁ, then f'(b) <0 for b € [a,d] and f'(b) > 0 for b € [d, c|,

f(b) is decreasing on [a, d] and increasing on [d, ], hence it suffices to show that f(d) > 0. In
conclusion, we only need to show that f(a) > 0 and f(d) > 0. Write the inequality f(a) >0

as follows:
2 1 3

>
1+a3+1+c3 — 1+a%c

9
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2a%(c — a) - c(c? — a?)
l+a> = 14¢
(c —a)?*[a*c(a+ 2¢) — 2a — ] > 0.

Y

This is true because
a*cla+2c) —2a—c>(a+2c)—2a—c=c—a>0.
Write now the inequality f(d) > 0 as

1 . 1 S 2
14+a® 14+ = 1+ (ac)¥?

Since
1 1 2 (z —y)*(zy — 1)

+ - = :
I+a2 14y 1+4azy (I+22)(1+y?)(1+y)

the inequality is equivalent to

(a3/2 _ 03/2)2 [(ac)g/Z _ 1] > 0.

This is true because
(ac)® > (a*c)? > 1.

The equality occurs fora =b=c > 1.

P 1.188. If a,b, c are positive real numbers such that
a<b<eg, 2a +c > 3,

then
1 1 1 3
>

- + .
2 2 2 — a+tbtc)?2
3+a 3+0b 3+ c 3+(%)

(Vasile Cirtoaje, 2021)

Solution. Denote
a+b+c
S = T, S Z 1.

For fixed a and ¢, write the inequality as f(b) > 0, where

1 1 1 3
b) = — b
1 (%) 3+a2+3+b2+3+c2 3+ 52’ € la.d;
and calculate the derivative
5 b (b—s)g(b)

L.y =
/O = G T G G PR PR
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where
g(b) = bs(b* + bs + s* +6) — 9.
Denote I
d="2 . € od>1.

Ifd=1,then a+c=2and 2a + ¢ > 3 yield a = b = ¢ = 1, and the required inequality is
an equality. Next assume d > 1. Since

S_b+2d
=3
we have 20— )
b _
s T
b(b+ 2d b(b+ 2d b+ 2d)?
g(b)_(“g )b2+(§ )+(+9)+6 9,

Since g(b) is strictly increasing, g(0) = —9 and
g(d) = 3(d* + 2d*> — 3) > 0,

there is an unique d; € (0,d) such that g(d;) = 0, g(b) < 0 for b < d; and ¢(b) > 0 for
b>dy. If a <dy, then f'(b) <0 for b € [dy,d] and f'(b) > 0 for b € [a,d;] U [d, ¢], hence
f(b) is decreasing on [dy, d] and increasing on [a, d;] U [d,c]. Thus, it suffices to show that
f(a) > 0 and f(d) > 0. If a > dy, then f'(b) <0 for b € [a,d] and f'(b) > 0 for b € [d, ],
f(b) is decreasing on [a,d] and increasing on [d, ], hence it suffices to show that f(d) > 0.
In conclusion, we only need to show that f(a) > 0 and f(d) > 0. Denoting

_2a—|—c
=

p

we may write the inequality f(a) > 0 as follows:

2 1 3
+ > ,
34+a%2 3+ 7 34 p?

2p* —a?) _ = p?
34+a® T 342
(a —c)*[(a+ c)p+ ac— 3] >0,
(a —c)*(2a* + 6ac + ¢ —9) > 0.

This is true because

2a*> 4+ 6ac+c* — 9= (2a+¢)* — 9+ 2a(c—a) >0

Write now the inequality f(d) > 0 as follows:

1 1 2
+ > ,
34+a? 3+ 3+ d?




Symmetric Rational Inequalities 263

d>—a®> _ P —d?

3+ a? = 3+4c?
(a —¢)?*[(a+c)d+ ac) — 3] >
(a — c)*(a* + dac + ¢ — 6) >

This is true because
3(a® + 4ac + ) — 18 > 3(a® + dac + ¢*) — 2(2a + ¢)* = (¢ — a)(c + 5a) > 0.

The equality occurs for a =b=c¢ > 1, and also for a = b =0 and ¢ = 3.

P 1.189. If a,b, c are positive real numbers such that
a<b<eg, 9a + 8b > 17,

then
1 1 1 3

> .
3t BEER 34T gy (athie)’

(Vasile Cirtoaje, 2021)
Solution. From a < b < ¢ and 9a + 8b > 17, it follows that
1<b<e¢ a+b+c>3.
As in the previous P 1.188, denote

_a+b+c

S )
3

1 <s<g,

and, for fixed a and b, write the inequality as f(c) > 0, where

1 1 1 3

M =sre i Tare 322 <20
We show that
f(e) = f(b) = 0.
Since 1 s c (c—s)[es(c® +cs+ 82 +6) — 9]
5/ )= B+ (B+)? B+ 52)2(3 + 2)? =0,

f(c) is increasing, therefore f(c) > f(b). Denote

a+2b
3 )
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Write now the inequality f(b) > 0 as follows:
1 2 3
+ > ,
3+a*  3+b* 7 3+p?
P? — a2 . 2002 — p?)
34a> T 340
(a—b)?[(a+bp+ab—3]>0,
(a —b)*(a® + 6ab+ 26> —9) >0 .

This is true if
16(a® + 6ab + 2b%) > (7a + 5b)?,

which is equivalent to
(b —a)(b+220a) > 0.

The equality occurs for a =b=c¢ > 1.

Remark. Actually, the inequality is valid for the weaker condition

3
ka+b>k+1, k=-"—_1,
a > 7

when the inequality
(k + 1)*(a® + 6ab + 2b%) > 9(ka + b)?,

reduces to the form
a(b—a) > 0.
The equality occurs for a =b=c¢ > 1, and also fora =0 and b = c =

3
7

P 1.190. Let a,b, c,d be positive real numbers such that abecd = 1. Prove that

)
1+ ab+bc+ ca

Solution. From

LR S S NS NS B VCE RV
a b ¢ Vbe Vea Vab Vabe
we get
ab—l—bc—i—caZ\/@(\/a—i—\/g%-\/E)—\/a—i_\/BjL\/E
Vd
Therefore,

D e Dl v It
14+ ab+bc+ ca \/a+\/5_|_\/5+\/c_1

which is just the required inequality. The equality occurs fora =b=c=d = 1.
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P 1.191. Let a,b,c,d be positive real numbers such that abcd = 1. Prove that

1 1 1 1
> 1.
(1?00 U+ (xap~

(Vasile Cirtoaje, Crux Mathematicorum, 6, 2004)
First Solution. The inequality follows by summing the following inequalities (see P 1.1):
1 n 1 S 1
(14+a)? (1402~ 1+ab

(RS S BN
(1+¢)?2 (1+d? = 1+cd 1+ab

The equality occurs fora =b=c=d = 1.

Second Solution. Using the substitution
1
aq = — b= — C = — d=—
Y z
where x,y, z,t are positive real numbers such that zyzt = 1, the inequality becomes

6 6 6 6
t
* i : > 1.

+ + + >
, 1\? 1\2 1\2 1\2
i Y3+ = 284 = B+ =
T Y z t

By the Cauchy-Schwarz inequality, we get
Z x® > > $3)2 _ (> $3)2
N2~ N2 S a6+ 25 22+ 5 224222
(x3+_> Z(x3+—) S0 2y 4+ 5%

T T

Thus, it suffices to prove the homogeneous inequality
2023y + 232° + 23 + 228 P ) > 20yt Z x? + Z T
We can get it by summing the inequalities
A3y + 232 + 23 + P2 P+ ) > 6yt Z z?

and
2003y + 232 + 23 + P2 o+ 25 >3 Z 2y 22,

Write these inequalities as

Zx3(y3 + 2 413 = 3yzt) > 0
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and
Z(a:3y3 + 223+ 232 — 32%y%2%) > 0,
respectively. By the AM-GM inequality, we have
y? 4+ 2° 413 > 3yt 3y 28 2B > 30y
Thus the conclusion follows.
Third Solution. Using the substitution

z zt tx T
a=L b= ==, d="1
T Y z t

where x,y, z,t are positive real numbers, the inequality becomes

24 . y . 4 . 4 -
(2 +y2)?  (PP+2t)?  (2+tx)?  (B+ay)?
Using the Cauchy-Schwarz inequality two times, we deduce
x? 24 xt 24

(22 + yz)? * (22 + tx)? = (22 4+ y?) (2% + 22) * (22 4+ 12)(2% + 2?)

1 x? N 24 - x? + 22
2422 \a2 42 2412) T a4y + Y
hence
x? 2 z? + 22
+ > .
(22 +yz)? (22 4tx)? ~ 22+ 2+ 22+ 12
Adding this to the similar inequality

y4 N t4 yQ —|—t2
(Y2 +2t)2 (B 4ay)? ~ a2 +y?+ 22412

we get the required inequality.

Fourth Solution. Using the substitution

where x,y, z,t are positive real numbers, the inequality can be written as

2 2 2
¢
y i TS,

@+9)?  Wrer iR GtaR-

2

By the Cauchy-Schwarz inequality and the AM-GM inequality, we get

y? D yly+ 2))?
> >
(

z+y)* ~ (v +y)2(y+2)?
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_ [(x+y>2+(y+z)2+(z+t)2_|_<t+x)2]2 -
Az +y)+ G+ +22+ E+2)?] —

Remark. The following generalization holds true (Vasile Cirtoaje, 2005):

o Let aj,as,...,a, be positive real numbers such that ajas---a, = 1. If k > /n — 1,

then
1 1 1 n

k)  (+ka)2 T T U ka2 = G+E2

1
P 1.192. Let a,b,c,d # 3 be positive real numbers such that abcd = 1. Prove that

1 1 1 1

Ba—17 @1 G-I @1

(Vasile Cirtoaje, 20006)

First Solution. It suffices to show that

1 S a3
(Ba—1)2 " a3+b3+c3+d3

This inequality is equivalent to
662 4+b 3+ +d?>9",

which follows by the AM-GM inequality, as follows:

6a 2 +b+c P +d 7 >9Va12b3¢3d3 = 9a .
The equality occurs fora=b=c=d = 1.

Second Solution. Let a <b<c¢<d. If a <2/3, then

1
——>1
(3a—1)2 = 7

and the desired inequality is clearly true. Otherwise, if 2/3 < a < b < ¢ < d, we have
4a® — (3a —1)* = (a — 1)*(4a — 1) > 0.

Using this result and the AM-GM inequality, we get

1 1 1 . 1
—_— = — 2>\ s = L.
Z (3a—1)2 = 4 Z a3 =\ @333
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Third Solution. We have

! 1 ala—1DXa+2)(@+3) _
(3a — 1)2 N (a3 +1)2 - (3a — 1)2(a® + 1)2 > 0;

therefore,
D
(3a—1)2 — (a®+1)%
Thus, it suffices to prove that

1
——>1
S 2

which is an immediate consequence of the inequality in P 1.191.

P 1.193. Let a,b,c,d be positive real numbers such that abed = 1. Prove that

1 1 1 1
>1
1—|—a—|—a2+a3+1—|—b—|—b2—|—b3+1+c—|—02+03+1—|—d+d2+d3 -

(Vasile Cirtoaje, 1999)

First Solution. We get the desired inequality by summing the inequalities

1 1 1
>
1—|—a+a2—|—a3+1—|—b+b2—|—b3 ~ 1+ (ab)3/?’

1 1 1
> .
l+c+c2+c3 * l+d+d>+d® — 1+ (ed)3/?
Thus, it suffices to show that

1 1 1
>
1+:c2—|—.7:4+:v6+1+y2+y4+y6 T 12y’

where z and y are positive real numbers. Putting p = xy and s = 2% +zy+y?, this inequality
becomes
PP’ + %) + (0 = V(@' +y") = (0" —p+ D(@* +y°) —p° —p' + 20" —p* + 120,
P =)+ (0 - 1)@ =) =0’ (0 —p+ 1)@ —y)* +p° —p' —p* +1 20,
p’s* (e =y’ +p*(p = (s +p)* (@ —y)’ = p*(0* —p+ Dz —y)* +p° —p' =p* +1 >0,
P(s+1)(ps — Dz —y)* + (p* = 1)(p* = 1) 2 0.
If ps —1 > 0, then the inequality is clearly true. Consider further that ps < 1. From ps < 1
and s > 3p, we get p? < 1/3. Write the desired inequality in the form

P (L+s)(L—ps)(z—y)* < (1-p*)(1-ph.
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Since
plz—y)* =p(s —3p) <1—-3p° <1—7p

it suffices to show that
p(l1+s)(1—ps) <1—p'

Indeed,
Ap(1+s)(1 —ps) < [p(1+s) + (1 —ps)]* = (1 +p)* <2(1+p?) <4(1 - p?).

The equality occurs fora=b=c=d =1.

Second Solution. Assume that a > b > ¢ > d, and write the inequality as

1
>
Z (1+a)(1+a?) —
Since
1 1 1 1 1 1
< < ; < < ;
l4a = 1407 14c¢ 1+a> = 140~ 14
by Chebyshev’s inequality, it suffices to prove that

1 1 N 1 n 1 1 N 1 N 1 N 1 > 1
3\1l+a 1406 1+4+c¢)\1+a®> 140> 1+4¢2 (1+d)(1+d?) —
On the other hand, from Remark 3 of P 1.186, we have

1 1 1 3 3vd
+ + > 3 = 3
l4a 140 14¢™ 14+ Vabe Vd+1

and

[ SRR 3 3V
L+a? 1+ 1+ 7 14 Va2 V& +1
Thus, it suffices to prove that

3d 1
V) vE) Graird) =

Putting = v/d, this inequality becomes as follows:

R N 1 -1
(1+z)(1+22)  (1+23)(1+26) =7

37%(1—z+2*)(1 —2* +2*) + 1> (1 +2°)(1 + 2%),
2%(2 — 3z + 22° — 32° + 22%) > 0,
(1 —2)?*Q2+ 2+ 2% +22%) > 0.

Remark. The following generalization holds true (Vasile Cirtoaje, 2004):
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e I[fay,as,...,a, are positive real numbers such that ayas - --a, =1, then

1 1 1
— T — t+ -t — > L
14+a;+---+aj 14+as+---+a, 14+a,+---+ar

Gabriel Dospinescu gave a nice proof by induction in 2005. So, using the induction hypothesis
for n — 1, we have for each k € {1,2,....,n}:

S ar (= =2 [ > [[ = (Z:c) (2%)

ik itk itk itk itk

Multiplying by xx, we obtain

xszf?_l +(n—1)(n—2)z122- 2y = T1T2 - Ty (Z:EZ) (Z %) 7

i#k i#k i#k
that is
n
T, Zx?*l —zp+(n—1)(n—2)x129 -7 >
i=1

> T1To Ty [(ZL) (Z%)—xk %—xikai—i-l
i=1 ’ =1 """ i=1

=1 i

Summing over k, we find

<Z xz) (Z x?_1> — Z xl +nn—1)(n—2)xixe -2, >

=1

> gyay - [(n—Q) (ix) (Z%) +n

=1

Using Surany’s inequality,

(Z a:z> (Z x?_1> <(n-1) Z '+ nrire - Xy,

i=1
we get

(n—2)2x?+nx1x2~~xn+n(n— D(n =2z )y >
i=1

> 2Ty Xy [(n—Q) (le> (Z%) +n

i=1

Y

which simplifies to the desired result.
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P 1.194. Let a,b,c,d be positive real numbers such that abcd = 1. Prove that

1 1 1 1
>1
1—|—a—|—2a2+1+b+2b2+1+c+202+1+d+2d2 -

(Vasile Cirtoaje, 2006)

Solution. We will show that

1 1
>
1+a+2a® — 1+d +a% + a3’

where k = 5/6. Then, it suffices to show that

1
>1
Zl+ak—|—a2k+a3k_ ’

which immediately follows from the inequality in P 1.193. Setting a = 2°, > 0, the claimed

inequality can be written as

1 1
>
1+28+ 2212 = 14 2% + 210 4 157

which is equivalent to
20+ 541 > 207 + .

We can prove it by summing the AM-GM inequalities
2’ +4> 5z
and
520 +42° +1 > 102",
This completes the proof. The equality occurs fora =b=c=d = 1.

Remark. The inequalities in P 1.191, P 1.193 and P 1.194 are particular cases of the
following more general inequality ( Vasile Cirtoaje, 2009):

o Letaj,ay,...,a, (n>4) be positive real numbers such that ayas---a, = 1. If p,q,r
are nonnegative real numbers satisfying p+q+r =n — 1, then

=n 1
2 e R
— 1+ pa; + qai + ra;

P 1.195. Let a,b,c,d be positive real numbers such that abcd = 1. Prove that

1+1+1+1+ 9 >25
a b ¢ d a+b+c+d— 4
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Solution (by Vo Quoc Ba Can). Replacing a, b, ¢, d by a*, b, ¢*, d*, respectively, the inequal-
ity becomes as follows:
1 N 1 N 1 N 1 n 9 < 25
a* A dt o oat+ b+t +dt T dabed
1 1 n 1 n 1 4 S 9 9
a* bt A dY abed T dabed  a* + b4+t + dY
1 1 1 1 4 9(a* + b* + ¢* + d* — 4abed)
— ot >
at bt A d* abed dabed(a* 4+ b* + ¢* + d*)

Using the identities

a* 4+ b* + ¢t + d* — dabed = (a® — b)? + (2 — d*)* + 2(ab — cd)?,

1 N 1 N 1 N 14 (a* = 0*)* (A —=d*)?* 2(ab— cd)?
at A db abed  atbt cAd4 a?b2c2d? -’

the inequality can be written as

(a*> = b*)* (2 —d*)?* 2(ab— cd)? S 9(a? — b*)? + (* — d*)* + 2(ab — cd)?]

av T aan T avee © dabed(a® + b1 + A+ dY) ’
ded(a* + b + ¢t + dY) 4ab(a* + b + c* + d)
2 1232 2 2\2
(a® —b%) peTE —91+(c—d) { Y -9
4 4 b4 4 d4
oab— cay? |HEFVHED) gy
abed
By the AM-GM inequality, we have
at + b+ + d* > dabed.
Therefore, it suffices to show that
4ed(at + bt + ¢t + d*) 4ab(a* + bt + ¢t + d*)
2 12\2 2 2\2
(a® —b%) pETE —9]—1—(0 —d) [ ¥ —-9| >0.

Without loss of generality, assume that a > ¢ > d > b. Since

(&2 _ b2)2 > <02 _ d2>2

and
gﬂ@%+w+c%+&>>4m4+w+m++&)>4@4+3M)>9
a3b’ - a3b - a3b ’
it is enough to prove that
4 pd A g 4 4 A g4
ded(a +b3+c +d*) _9] N [4ab(a + '+ +dY) 9l >0,
a?b? Ad3
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which is equivalent to
4 4 4 " cd ab
2(& +b +c +d)(ﬁ+@> 29
Indeed, by the AM-GM inequality,
4 a4 oa [ cd ab 2\
2(@ +b"+c +d ) (M—Fm) > 8abed <abcd) =16 > 9.

The equality occurs fora=b=c=d = 1.

O

P 1.196. If a,b,c,d are real numbers such that a +b+ c+d =0, then

(a—12 (b=17> (c=1* (d—1)
3a2+1 302 +1 3c2+1 3d2+1 —

Solution. Since
~ 3(a— 1?2 (3a+1)?

3a2+1  3a2+1"°

we can write the inequality as
2
3a2 +1
On the other hand, since

4a* =3a* + (b +c+d)? <3a®> + 30>+ +d*) =3(a* + V¥ + 2 + d?),

9Ya>+b*+ A +d*) +4
4 )

9
3a2+1§1(a2+b2+c2+d2)+1:

we have

Z (3a + 1)? S 43 (3a+1)? B
3a2+1 ~ 9(a2+02+c2+d>)+4

The equality holds for a =b=c=d =0, and also fora =1 and b =c=d = —1/3 (or any

cyclic permutation).
Remark. The following generalization is also true.
e I[fay,as,...,a, are real numbers such that a; +as + ---+ a, =0, then

s | P |
(m—1Da?+1 (n—1)a3+1 (n—1a2+1~ "

with equality for a; = ay = --- = a, = 0, and also for a; = 1 and ay = a3 = ---

—1/(n—1) (or any cyclic permutation).

:an:

O
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P 1.197. Ifa,b,c,d > —5 such that a +b+ c+ d =4, then

1—a n 1—-0 n 1—c¢c n 1—-d >0
(I+a)? (1402 (1+¢)? (1+d)?

Solution. Assume that a < b < ¢ < d. We show first that z € R\ {—1} involves

1—=x S -1
(1+x)2 —

8 )

and x € [—5,1/3] \ {—1} involves

Indeed, we have

and
11—z

(1+ x)?

8(1+=x)2 —
Therefore, if a < 1/3, then

l-a  1-b l-c  1-d 3 1 1 1
(1+a)?  (1+02 (1+¢? (1+d2~8 8 8 8

Assume now that 1/3 < a <b < ¢ <d. Since
l—-a>1-b>1—-—c>1-d

and
1 S 1 S 1 S 1
(I+a)? = (1402~ (1+¢)? ~ (1+d)*

by Chebyshev’s inequality, we have

1—a N 1-0 N 1—c n 1—4d
(14+a)? (1402 (A+¢)? (14d)?

23200 S g =

The equality holds for a = b = ¢ =d = 1, and also for a = =5 and b = ¢ = d = 3 (or any
cyclic permutation).

>

]
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P 1.198. Ifa,b,c,d are nonnegative real numbers such that

1 1 1 1

=3
a+1+b+1+c+1+d+1 ’

then
4

3(ab+ac+ad+bc+bd+cd) + ——— <5
a+b+c+d

(Vasile Cirtoaje and Leonard Giugiuc, 2022)

Solution. Let
S=a+b+c+d,

Sy = ab + ac + ad + be + bd + cd = Zab.
By the AM-HM inequality

Y] (i) 2

we get
4
3(S+4) > 16, SZ§‘
4 . :
Case 1: 3 < S < 2. Write the hypothesis as
a b c d

)

a+1+b—|—1+c+1+c—|—1:

a
Za—Fl:l'

By the Cauchy-Schwarz inequality, we have

> ata+1)] (Zai 1) > 57,

or

hence
Za(a +1) > 5%
da+5>8
S? — 28, + 8 > 52,
S
Sy < 3
Thus, it suffices to show that
35 4
—-—+t3 S 5a
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which is equivalent to

(S—2)(35—4) <0.
Clearly, the last inequality is true.
Case 2: S > 2. From

S L~a+1 1+ S+Sy+ > abc+abed — 1+S+ S

Y

we get So < 1. Thus it suffices to show that

34 — <5,

e

which is equivalent to S > 2.

1
The proof is completed. The equality occurs when a = b =c =d = 3 and also when

a=b=1and c=d=0 (or any permutation).
Remark. The following generalization holds:

e Ifay,as,...,a, are nonnegative real numbers such that

then
n 3n — 2
n—1 a;a; + < ,
( )1§Zj:§n atatta 2
with equality when a1 = ay = -+ = a, = T and also when a1 = as =1 and a3 = --- =

a, =0 (or any permutation).
[

P 1.199. If a,b,c,d are nonnegative real numbers such that
ab+ ac + ad + bc+ bd + c¢d =9,

then

1 N 1 N 1 N 1 <1+a+b+c+d
a+1 b+1 c+1 d+1— 4 )

(Vasile Cirtoaje, 2021)
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Solution. Let
S=a+b+c+d,

S = ab+ ac+ ad + be + bd + cd = Zab.
Write the inequality as

S+a+a+a+a>3
4 a+1 b4+1 c+1 d+1— 7

By the Cauchy-Schwarz inequality, we have
a
[} :a(a+1)] (§ :a—l—l) > S2,

Z a S? B S? B S?
a+1 =~ a2+ +E+d2+S5 S2-25+S5 S2+S5-18
So, it suffices to show that

hence

§ + 5—2 > 3
4 S24+S5—-18 77
which is equivalent to
S3 —75% — 305 +216 >0,
(6 —S)(36 + S — S?) > 0.
Clearly, this inequality is true for S < 6. Consider now that S > 6. Since
Z a 3 _ S+25+3% abc+4dabed 3
a+1 2 1+S+ S+ abc+abed 2

B —3—S+Sg+32abc—|—5abcd_6—S+3Zabc+5abcd> 6—S5
1+ S+ S+ > abc+abed 10+ S+ > abe+abed T 10+ S’
it suffices to show that

S 6-85 3
+§Z37

1 10+ s
which is equivalent to the obvious inequality

(S —6)(S +6) > 0.

The equality occurs for a = b =3 and ¢ = d = 0 (or any permutation).

P 1.200. If a,b,c,d are nonnegative real numbers such that
ab+ ac + ad + bc + bd + cd = 6,

then
1 1 1 1
> 2.

a2+1+l)2+1+02—|—1+d2—|—1_
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Solution. Assume that

and denote

Since

1 1 2 a(b—a) b(a —b)
@11 P 1l Prl (@iDP+1)  @PrDPE LD
_ (a —b)*(ab—1)
R GCES 2 R

it is sufficient to show that

2 1 1

> 2.
P+1+02+1+d2—|—1_

From the hypothesis condition
P+2(a+b)s+cd =6,

we get
P+4sVP +cd < 6.

Since the left hand side of the required inequality decreases when each of P, ¢ and d increases,
it suffices to consider the hypothesis

P+4sVP +cd = 6.

Write the required inequality as follows:

1 1 2P
+ > ;
A+1 d*+1~ P+1

252 +1—cd P
42+ (1—cd)? — P+ 1’

25° +4sVP+P -5 _ P
452 + (4sv/P+ P —5)2 ~ P+1
For fixed P, we write this inequality in the form F'(s) > 0, where

F(s) = As* + Bs+ C,
with
A=2(1-P)-16P?<0.

From

6=P+4sVP+cd< P +4sVP + 52
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and

6=P+4sVP +cd > P+ 4sVP,
we get s € [m, M], where

~P
m=—2/P+v3P16, M=""L
4/P

Since F'(s) is a concave function, it suffices to show that F(s) > 0 for s = m and s = M,
that is for ¢d = s? (when ¢ = d) and cd = 0 (when d=0).

Case 1: cd = s*. The required inequality (*) becomes

1 P
> Y
s2+1 - P+1
1> Ps?
It follows by the AM-GM inequality as follows:

6 = P+ 4sVP +s*> > 61/ P(sV/P)4s2 > 63/P(s'P?)s? = 6V Ps2.

Case 2: cd = 0. The required inequality (*) becomes

2¢2+1 S P
4s2+1 P+ 1’
1>2(P—1)s%
From
6 =P+ 4sVP,
we get
6— P
§ = ———,
4P
hence (P—1)(6-P?2 (2—P32(9—P)
1—2(P—1)s2>1— _ . e — 1 >0.
( )5" 2 8P 8P =0

The equality holds for a = b= c=d = 1, and also for a = b = ¢ = v/2 and d = 0 (or any
cyclic permutation).

Remark 1. The following generalization is valid (Vasile Cirtoaje, 2021):

e Ifay,as,...,a, are nonnegative real numbers such that
n(n—1
> ey =,
— 2
1<i<j<n
then
1 1 1

n
_|_ _|_ -,
a?+1 di+1 az+17= 2
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with equality for ay = as = --- +a, = 1, and also fora; =0 and ay = a3 = --- = a, =

5 (or any cyclic permutation).
n —

We can prove this inequality by the induction method (Vo Quoc Ba Can). For n = 2, the
inequality is an identity. Assume now that the statement holds for n > 2 nonnegative real
numbers a; and show that it also holds for n 4+ 1 nonnegative numbers a;, that is, if

1
S iy = @

1<i<j<n+1
then )
— 1 n+1
PR
— a; +1 2
Without loss of generality, assume that a,.; = min{aj,as,...,a,}. We claim that this
assumption implies
n(n — 1)
Z a,aj — 92 ’
1<i<j<n

hence

— 1)t?
Z a;a; = M, t> 1.

— 2
1<i<j<n

To prove this claim, we denote a,1 by y, and write the desired inequality as follows:

(n+1) Z a;a; > (n—1) Z a;a;,

1<i<j<n 1<i<j<n+1
(n+1) Z aa; > (n—1) ( Z alaj—l—yZaZ),
1<i<j<n 1<i<j<n

2 Z aa; > (n — 1)3/2%-

1<i<j<n i=1
Using the substitutions a; = x; +y for i = 1,2,...,n, we have all x; > 0 and
2 Z a;a; — n—lyZa,—2 Z (zi +y)(zj+y) — n—lymeLy
1<i<j<n 1<i<j<n
=2 Z xiwj—i-(n—l)yzgviz().
1<i<j<n i=1

Next, from the known inequality

ai+aj+---+ap > —(ar+az+ - +a,)’,

S|
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we get
1
(a1 +ag+ - +a,)* —n(n—1)t* > E(a1+a2+-~+an)2,
therefore
a, +as + -+ a, > nt.
Since ( D
n(n +
T = Z aiaj = Z CLiCLj -+ (CLl +as + -+ an)anH
1<i<j<n+1 1<i<j<n
n(n — 1)t
> + ntanya,
2
we obtain T
ant1 < —, T=n+1-(n-1).
2t
Let us define the nonnegative real numbers b; = % fort=1,2,...,n. Since
1 n(n —1)
Z blb] = t_2 Z a;a; = T?
1<i<j<n 1<i<j<n

by the induction hypothesis we have

v
|3

—~ 1

hence

[\
NE

"1
2@?—#2&22

By the Cauchy-Schwarz inequality, we have

(t2 + 1)2

@2+ 1)+ 2 - 1] [

which is equivalent to
2 +1)2 4t
SL) 21> 5 )
a; +1 a; +t2

By summing these inequalities for all 7 < n, we obtain

n

1 - 1
2 +1)2 2 —1)>42) ——— > ont?
E+1) Za2+1+n< )2 ;cﬁﬂ?— e

i=1 g

hence

" 1 n
DL
—~ai+1 " 7+1

+ (t* — 1)} > [(2 + 1)+ (- 1)]%,
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Finally, we have

n+1 n

1 n 1 n 1

1 1
= + > + > +
;a3+1 ~ai+1l ap,+1 7241 ap+H1 T2+ T?/(42) + 1

3

+1 (R =D[n—Dt° = Bn—1Dt"+ Bn+ 1)t* —n —1]
2 2(82 + 1)(T? + 4t2)
n+1 M=) =12[(n—-1)t?—n—1]
2 282 4 1)(T2 + 4t2)
n+1 (n2—1)(t2—1)2T>n—|—1
2 22+ 1)(T? + 4t?) — 2

Remark 2. Another way to prove the inequality in Remark 1 is based on the following
lemma ( Vasile Cirtoage):

Lemma. If z > y > 0 such that
xy +alx +y) =0,

where a and b are positive real constants, then the expression

1 n 1
e RV |
has the minimum value for y =0 or x = y.
O
P 1.201. Let aqy,ao,...,a, be positive real numbers such that a1 + as + - -+ + a,, = n. Prove

that

DN | —

1
<
z:(TH—1)(1%—|—0L§+---~|—a721 -
(Vasile Cirtoaje, 2008)

First Solution. By the Cauchy-Schwarz inequality, we have

> . _y (ated ot o)
(n+1)a?+ a3+ +a? 2a} + (af +a3) + - + (af + a2)

- 2 a+a3 at + a2
1

_n_nn=1) _n

2 2 9

from which the conclusion follows. The equality holds for a1 = ay =--- =a, = 1.
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Second Solution. Write the inequality as

> aitai+-ta, _aitait+--+a;
( :

n+1)a?+a3+---+a2 2
Since
ai+as+---+al na?
(n+Dai +a3+ - +aj (n+Lai + a3+ +ay’
we need to prove that
Z P ai +a%+a%+”.+a221-
(n+1)aj+a5+ -+ a2 2n

By the Cauchy-Schwarz inequality, we have

3 ay (a1 + a2+ +a,)?
(n+1)a?+a3+---+a2 = Y[n+1)a+ad+--+ a2
n
2@ +adi+---+a2)

Then, it suffices to prove that

n a%+a§+---+ai>2
ai+a3+---+a? n -

which follows immediately from the AM-GM inequality.

P 1.202. Let ay,as,...,a, be real numbers such that ay + as + - - - + a, = n. Prove that

a? a3 a n
cee ]
a?—2a+n  ai—2ay+n a?—2a,+n " n-—1

(Vasile Cirtoaje, 2010)

Solution. Without loss of generality, assume that
(an —1)* = max{(a; — 1)? (ag — 1)*,--- , (@, — 1)*}.
Since

n a? (n — ay,)? (i Far++an)?

n—1 a%—Qan—l—n: (n—1)(a2 —2a, +n) (n—1)[(a, —1)2+n—1]

we can write the inequality as

nz_l a? - (a1 +az+ - +a,—1)?
a?—2a;+n = (n—1[(a,—1)2+n—-1]

i=1
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From the Cauchy-Schwarz inequality

2 a? - (a1 +as+-+a,1)? (e +a+-+a,1)°
Zaf—Zai—i-n_ n-1 - n-l
= Z(a? —2a; +n) Z(ai — 1)+ (n—1)>
i=1 i=1
it suffices to show that
1 1
>

i
L

“(n—=1D(a,—1)24+n-—1]
(a; = 1)° 4+ (n = 1)°

i=1

which is equivalent to the obvious inequality

—_

" l(an — 1)° — (a5 — 1)7] > 0.

i

The proof is completed. The equality holds for a; = a; = --- = a, = 1, and also for
a; =as =---=ay,_1 =0 and a, =n (or any cyclic permutation).
O
P 1.203. Let ay,as,...,a, be positive real numbers such that ajas---a, = 1. Prove that
1 1 1
S
(@) 1+(n—1)a1+1+(n—1)a2+ +1+(n—1)an_ ’

1 1 1
+ +ooid— <1
ar+n—1 ay+n-—1 a, +n—1

(b)
(Vasile Cirtoaje, 1991)

Solution. (a) First Solution. Let k = (n — 1)/n. We can get the required inequality by
summing the inequalities

—k
1 a;

>
1+ (n—1a; ~ a* +a*+-- +az*

for e =1,2,--- ,n. The inequality is equivalent to

a1_k+"'+ai__k1+ai_f1+'”+a7:kZ (n—l)a}—k7

which follows from the AM-GM inequality. The equality holds for a; = as =--- =a, = 1.
Second Solution. Replacing all a; by 1/a;, the inequality becomes

ai a2 an

+ +ooid—>1
ar+n—1 ay+n-—1 a, +n—1
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By the Cauchy-Schwarz inequality, we have

Z Q; > (Z \/a_l)

a;+n—17"> (a1 +n—-1)

Thus, we still have to prove that

(Z\/aT)Q > Za1+n(n— 1),

which is equivalent to

Z 2 /a;a; > n(n —1).

1<i<j<n
Since ajas - - - a, = 1, this inequality follows from the AM-GM inequality.
Third Solution. Use the contradiction method. Assume that

1 1 1

—————
1+(n—1)a1+1+(n—1)a2+ +1+(n—1)an

and show that ajas - --a, > 1 (which contradicts the hypothesis ajas - --a, = 1). Let

1

i = ) 0< i<]-7 >:1727"'7 .
T T (- Da; ’ ! "
Since )
a; = i ) 7::1,27"‘,71,
(n—1)x;

we need to show that
1+ 2o+ +x, <1

implies
(1—az)(1—z9)- - (1 —xp) > (n—1)"z129 - - - 2.

Using the AM-GM inequality, we have

1/(n—1)
1—xi>2xk2(n—1) (Hmk> :

k#i ki

Multiplying the inequalities

1/(n—1)
l—xi>(n—1)<ka> . i=1,2,---,n,

ki
the conclusion follows.

(b) This inequality follows from the inequality in (a) by replacing all a; with 1/a;. The
equality holds for a; = ay =---=a, = 1.



286 Vasile Cirtoaje

Remark. The inequalities in P 1.203 are particular cases of the following more general
results (Vasile Cirtoage, 2005):

e Letay,as,...,a, be positive real numbers such that aias---a, = 1. If
0<k<n-1, p>nt/t—1,
then
1 1 1 n

(I+pa))r (14 pag)* (1+pay)* = (14 p)*

e Letay,as,...,a, be positive real numbers such that aias---a, = 1. If
1 n O\ Mk
k> 0<p< —1
“n—1 b= (n — 1) ’
then
1 n 1 N 1 < n
(1+par)t (14 pag)* (1+pan)t = (1+p)*
m
P 1.204. Let aq,as,...,a, be positive real numbers such that ajas ---a,, = 1. Prove that
1 1 1

+ 4 ——>1
1—a;+na? 1—ay+na3 1 —a,+na? —

(Vasile Cirtoaje, 2009)

Solution. First, we show that

1 1
>
l—z+nz?2 =~ 1+ (n—1)zk

1
where x > 0 and k =2+ T Write the inequality as

n—
(n— Da® + x> na’.
We can get this inequality using the AM-GM inequality as follows:
(n— 12" +2 > nV/x=Dkg = na?.

Thus, it suffices to show that

1 1 1
e = >
1+(n—1)a’f+1—|—(n—1)a'2€+ +1—|—(n—1)a"3_ ’
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which follows immediately from the inequality (a) in P 1.203. The equality holds for a; =
as =---=a, = 1.

Remark 1. Similarly, we can prove the following more general statement.

e Letay,ag, ..., a, be positive real numbers such that ajas---a, = 1. If p and q are real
numbers such thatp+q=n—1andn —1<q < (y/n+1)?%, then

1 1 1
S+ st —————— > 1
14+ pay +qay 14 pas + qas; 1+ pa, + qaz

Remark 2. We can extend the inequality in Remark 1 as follows ( Vasile Cirtoaje, 2009).

o Letay,as,...,a, be positive real numbers such that ajas---a, = 1. If p and q are real
numbers such thatp+q=n—1 and 0 < ¢ < (v/n+ 1)?, then

1 1 1
+ +o 21
1+ pay +qai 1+ pay+ qa3 1+ pa, +qa2 ~
O
2(n —3)
P 1.205. Letn > 3 and a1, as,...,a, > on_3 such that aiay---a, =1 . Prove that
n_
1 n 1 P 1 N
CL1+2 CL2+2 an+2_3'
(Vasile Cirtoaje, 2005)
Solution. Let
1 1 1 n
E = =
n<a17a27 7an) a1+2+a2+2+ +an+2 3

To show that F,(ay,as,...,a,) > 0, we use the induction method. For n = 3, the inequality
follows from P 1.203, (b). For n > 4, assume that the inequality is true for n — 1 numbers

and prove that F,(ai,as,...,a,) >0 for ayas---a, =1 and a1, ay, . ..,a, > p,, where
2(n—3
2n — 3

Due to symmetry, we may assume that a; > 1 and ay < 1. There are two cases to consider.
Case 1: ajas < 4. From ajas > as, pp_1 < pp, and aq, ag, . .., a, > p,, it follows that
aiQz, ag,...,0p > Pp—1.

Then, by the induction hypothesis, we have E, i(ajas,as, ..., a,) < 0; thus, it suffices to
show that
En(ay,a,. .. a,) < By q(aras,as, ... ay).
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This is equivalent to
1 1 1 1
+ — -5 <0,
a1+2 CL2—|—2 CL16L2—|—2 3

which reduces to the obvious inequality

(ap — 1)(1 — ag)(aras — 4) < 0.

Case 2: ajay > 4. Since

1 X 1 o a1+a2+4 a1+a2+4 _1
a+2 ax+2  aag+2(ar+ag)+4 " 4+2(a+ay)+4 2
and
1 n N 1 <n—2_2n—3
as + 2 an+2 " pa+2 6
we have _ 5
n— n
En ) g0y Un S_ __:0
a0z, ) < 5+ —5— =3
Thus, the proof is completed. The equality holds for ay = ay, =--- =a, = 1.

P 1.206. If ay,as,...,a, >0, then

1 1 1 n
+ 4+t > )
1+na; 14 nas 14+na,  n+aas:--ay

(Vasile Cirtoaje, 2013)

Solution. If oneof ay,as,...,a, is zero, the inequality is obvious. Consider further a, ao, ..., a, >
0, and let

= /0109 Qy.

By the Cauchy-Schwarz inequality, we have

oL (O Vaasa,) (Y a,)

L+na — Y.(1+nay)asas---a, Y. asas---a, +n3rm

Therefore, it suffices to show that

2
o) (V) 2 Y a0

By the AM-GM inequality, we have

2
<Z Va2a3 - - - an) > Z(Zzag Ayt n(n — 1)7"”71_
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Thus, it is enough to prove that
(n+1r") [Z asag - - an +n(n — 1)7“"_1] > nz a3 - - - a, + nr",
which is equivalent to
r’ Z oas -+ p +n(n — Dr2" 4 n?(n — 1)r"t > nrm.
Also, by the AM-GM inequality,
Z Aol -+ Ay > ™,
and it suffices to show the inequality
nr?" 4 n(n — Dr*" ™ £ n?(n — )"t > nlr,

which can be rewritten as
n*r" (" —nr +n—1) >0,

Indeed, by the AM-GM inequality, we get

m4+n—1=r"4+1+---4+1>nvVrn-1---1=nr.

The equality holds for a1 = as =---=a, = 1.
m

P 1.207. If ay,ao,...,a, are positive real numbers such that

1 1 1

ap+ag+ -t ay = — 4 — 4 —,

ar a2 Qn

then
1 1 1

1.

e - >
(n—l)a1+1+(n—1)a2+1Jr Jr(n—l)an—l—l_
(Vasile Cirtoaje, AMM, 5, 1996)
Solution. By the contradiction method, it is enough to show that

1 1 1

e EE———!
(n—l)a1+1+(n—1)a2+1+ +(n—l)an—i—l

implies

1 1 1

U +agf g > —F — 4t —.

aq (05} Qp,

This is true if
1 1 1

(n—l)a1+1+(n—1)a2+1+ +(n—1)an—|—1
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implies
1 1 1
a1+a2+---—|—an2a—+a—+---+a—.
1 2 n

Use the substitution

1 ZT; .
ng, S:CC'1+[E2+"'+In, 221,2,...,TL,
- 1

which leads to

S -,
a; = & ) Z:]-?Q) T
(n—1)z;
So, we need to show that
S—x1 S—x9 S —xz, 9 1 T T,
+ ot > (n—1 + +ot :
1 Ty Ty 2 (n ) S—x1 S—x9 S —x,

which is equivalent to

rotwz3+---+w, x3t+---+r,+7T 1+ To+ -+ Ty
2 T T3 LT Ly ... h 2 1

>
T o) Tn
T T Ty
> (n—1)? . + 2 +oe )
To+ T3 +Tp T3+ +Tp+ I Ty + Tyt A+ Tp
or
1A+ 20As + -2, Ap > 0,
where
1 1 n—1)>2 1 1 n—1)>2
A1:_+...+__¥7“.’An:_+...+ — ( ) .
T2 Tp T2+ o+ Ty 1 Tp—1 X1+ "+ Tp

The last inequality is true because A; > 0 for i = 1,2,...,n (by the AM-HM inequality).

The equality occurs for a1 =as =--- =a, = 1.
m
P 1.208. If ay,as,...,a, are nonnegative real numbers such that
n(n—1)
1<i<j<n
then
1 1

+ +oi et ——>1
ar+n—1 ay+n-—1 an,+n—1

(Vasile Cirtoaje and Vo Quoc Ba Can, Crux Mathematicorum, 3, 2025)
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Solution. By the contradiction method, it is enough to show that

1 1 1

+ +ooid—<1
ar+n—1 ay+n-—1 an,+n—1

implies
n(n —1)
Z aa; > —(———.
— 2
1<i<j<n
Write the hypothesis as
a a ,
1 + 2 _|_ e + e —
ap+n—1 ay+n-—1 a,+n—1

and use the substitution

aA
b= ——— 1), =1,2,...,n.
ai—i-n—le[o ) i n
—1)b;
Since a; = % we need to show that Y, b; > 1 implies

bz'bj n
2 T=b)(1—b;) ~ 2(n—1)

1<i<j<n

By the Cauchy-Schwarz inequality, we have

[ > biby( 1—5)] [ > (l_bi’)'l(’l'_b ] ( > bb)

1<i<j<n 1<i<j<n 1<i<j<n

Thus, it suffices to show that
2
( Z b@) > ST Z bib;( —b;).
1<i<j<n 1<z<]<n

Indeed, using the substitution x; = b;(1 — b;) for i = 1,2,...,n, as well as the well-known

inequality
2
n n
iy ()
i=1 i=1

we have

n 2 n
2 Z bib;( (1 —1b;) =2 Z T = (Zw,) —Zx?
i=1 i=1

1<i<j<n 1<i<j<n

() —%(D) () ()
i=1 i=1 i=1 i=1 i=1
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<";1 (ib) —Zn:bf :%( 3 bibj> .

1<i<j<n
The proof is completed. For n > 3, the equality occurs when a; = ay =---=a, = 1.

Remark. Actually, n — 1 is the largest positive value of the constant k such that the

inequality
1 1 1 n

+ +ot > :
CL1+k' a2+k an—i—k:_1+k:
- : n(n—1)
holds for any nonnegative real numbers aq, as, ..., a, with Zl§i<j§n a;a; = —
For ay = --- =a, := x <1, from the constraint we get
n—(n—2)z?
g =——"" x € (0,1],
! 2x (0.1]

while the inequality becomes F(x) > 0, where

B 2z _l_n—l n
Cn+2kr—(n—2)22 x+k 14k

F(x)

From the necessary condition lim, ,o F'(x) > 0, we obtain k <n — 1.

P 1.209. Let a,b, c be nonnegative real numbers such that
a>b>1>c¢, a+b+c=23.
Prove that

1 n 1 n 1
a?+3 V*+3 2+3

3

< -

4
(Vasile Cirtoaje, 2005)

First Solution. Let
r=abc, q=ab+ bc+ ca.

From

(@a=1)b—-1)(c—-1) <0,

we get
r<q-—2.

The desired inequality is equivalent to
3a*b*c + 5(a*b® + b2 + 2a®) + 3(a* + b2 + %) — 27 > 0,

3r2 — 30r 4+ 5¢* — 6¢q > 0,
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3(5 —1)* +5¢° —6q — 75 > 0.

Since
3¢<(a+b+c)=9

and
5—r>5—(¢q—2)=7—q>0,

it suffices to show that
3(7T—q)* +5¢° — 6q — 75 > 0.

This is equivalent to the obvious inequality
(g—3)*>0.
The proof is completed. The equality holds for a = b= c = 1.

Second Solution (by Nguyen Van Quy). Write the inequality as follows:

1 3—a . 1 3—b n 1 3—c¢ <0
a?+ 3 8 b2+ 3 8 2+ 3 8 -

(a—1° (-1 _(1-¢
a?+3 2+3 — 243

Indeed, we have

(1—c?® (a—1+b—-1)° > (a—13+(b—1)3 > (a—1)* (b—1)3

2 +3 2 +3 2 +3 a?+3 b2 +3

Third Solution. Denoting
d=2—c,
we have

a+b=14d, d>a>b>1.

We claim that
1 1

1
213 @#13°72

Indeed,
_1)2
1 1 1 (cd —1) >0

2 2+3 &+3 2 +3)(@+3)
Thus, it suffices to show that

1 N 1 - 1 +1
a?+3 bV +3 " d*+3 4

Since 1 1 (d—a)(d+a)  (b—1)(d+a)

@2+3 d2+3 (@+3)(d+3) (2+3)(2+3)
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1 1 (b—1)(b+1)

4 +3 42 +3)

we need to prove that
d+a < b+1

(a® +3)(d? +3) — 4(b* +3)°
We can get this inequality by multiplying the inequalities

d+a <a—|—1
+3~- 47
a+1 < b+1
a?+3 = 2 +3
We have
a+1_d+a:(d—l)(ad+a+d—3)>0
4 d?>+3 4(d? + 3) -
b+1 a+1 (a—D)(ab+a+b—23)
2+3 a?2+3  (a2+3)(0®+3)

P 1.210. Let a,b,c be nonnegative real numbers such that
a>1>b>c, a+b+c=3.
Prove that

1 n 1 n 1 > 1
al+2 b2+2 2+2

(Vasile Cirtoaje, 2005)

First Solution. Let
r=abc, q=ab+ bc+ ca.

From

(a—1)(b—1)(c—1) >0,

we get

Also, we have

1
q< g(a+b+c)3 =3.
The desired inequality is equivalent to

3> a?b’® + a®b® + b’ + 2d?,
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4>r*—6r+q¢
(3—r)+¢* <13
Consider further two cases: ¢ < 2 and 2 < ¢ < 3.

Case 1: ¢ < 2. We have
(B—r)?+¢* <3422 =13.

Case 2: 2 < q < 3. From r < g — 2, we get
B=r?+¢<6-9°+¢ =2(q—-3)(g—2) <0.

The proof is completed. The equality holds fora =b=c=1, as well as fora=2,b=1
and ¢ = 0.

Second Solution. First, we can check that the desired inequality becomes an equality for
a=0b=c=1,and also for a = 2, b = 1, ¢ = 0. Consider then the inequality f(xz) > 0,
where

1
= — A — Bux.
f(@) 2+ 2 o
We have the derivative 9
, —2x
=—_— — B.
f(z) (224 2)2

From the conditions f(1) =0 and f'(1) =0, we get A =5/9 and B = —2/9. Also, from the
conditions f(2) = 0 and f’(2) = 0, we get A = 7/18 and B = —1/9. Using these values of
A and B, we obtain the relations

1 _5—2$_(x—1)2(2:1:—1)
x? + 2 9  9(z2+2)

1 7-2r (z—2)%*2z+1)

22+2 18 18(x2+2)

which involve
1 S 5 —2x

2+2- 9 7

1 7T — 2z

> )
z2+2 18

T

vV
ho| =

Y
o

X

Consider further two cases: ¢ > 1/2 and ¢ < 1/2.

1
Case 1: ¢ > 3 By summing the inequalities

1 5—2a 1 5—2b 1 5 —2c
> J 2 9 2 J
a>+2 - 9 b2 + 2 9 2+2 9
we get
1 1 1 >15—2(a+b+c):1‘

a2+2+62+2+02+2_ 9



296 Vasile Cirtoaje

1
Case 2: ¢ < 3 We have

1 7 —2a
> .
a?+2 — 18
Consider now the similar inequalities
1 B —2b
> )
b2+2 — 18
1 C —2c
> )
2+2 - 18
which are satisfied as equalities forb=1and c=0if B=8 and C =9:
1 S 8 — 2b7
2+2 — 18
1 9—2¢
>
c24+2 7~ 18
Since
1 B 8 —2b B (1 —-10)(1+3b—0b?)
b2 +2 18 9(b? + 2)
and

1 9—2c  c(l—-2c)(4—c)
242 18 18(c2+2)
these inequalities holds for 0 < b <1 and 0 < ¢ < 1/2. Therefore, we have

1 1 1 7—2 8-2b 9-2
> + + =

!
212 Pi2 2125 18 18 13

P 1.211. Ifa>1>b > ¢ > —3 such that ab+ bc + ca = 3, then

1 1 1
> 1.
a2—|—ab+b2+62+bc+02+c2—|—ca+a2 -

(Vasile Cirtoage, 2015)
Solution. We will show first that p > 0, where p = a + b+ ¢. We have
p>zl+tct+e=1+2c

hence
p—c>c+ 1.

On the other hand, from
(a—1)(b—1) <0,
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we find
ab—(a+b)+1<0,
3—cla+b)—(a+b)+1<0,
4<(c+1)(a+Db),
4<(c+1)(p—o),
hence

plc+1)>c+c+4>0.

From p(c+ 1) > 0, it follows that ¢ > —1 involves p > 0. To show that ¢ > —1, we use the
contradiction method. The case ¢ = —1 contradicts the inequality (¢ + 1)(p — ¢) > 4, and
the case ¢ < —1 leads to

c+1<

c+1’
(c+1)* >4,

hence ¢ < —3, which is false. Therefore, we have p > 0. According Lemma below, we can
write the inequality as
plabe — 27+ (p* — 9)* > 0.

From (a —1)(b—1)(c —1) > 0, we get
abc > 4 — p.
Thus,
pPabe =27+ (p* = 9)* > p*(4 —p) = 27+ (p* = 9)* = 2(2p + 3)(p — 3)* > 0.

The equality holds for a =b=c=1.

Lemma. Let a,b,c be real numbers, p=a+b-+c and ¢ =ab+ bc+ ca. If ¢ > 0, then the

mequality
1 1 1 3

+ + >
a?+ab+b bV2+bc+c2 2+ca+a? T ab+be+ca

18 equivalent to
3(pPabe — ¢°) + q(p* — 39)* > 0.

Proof. Write the inequality as

qZ(m+ab—c2)(x+ac—bQ) > 3H(x+bc— a?),

where
r=a*+b+c=p* -2
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From
> _(ab—c*)(ac =) = ¢* — xq.
Z(m—l—ab—cQ)(:c—irac—bZ) =2’ +rq+ ¢

and

H(bc —a?®) = ¢ — plabe,
H(a: +be — a*) = 2¢* + ¢* — p’abe,

the conclusion follows.

P 1.212. Ifa>b>12>c¢ >0 such that a4+ b+ c = 3, then

1 1 1 3
< .
a2—|—ab+b2+b2+bc+cz+62+ca+a2 ~ ab+bc+ ca

(Vasile Cirtoaje, 2015)

Solution. By Lemma from the previous P 1.211, we need to show that
3(p’abe — ¢*) + q(p* — 39)* <0,
where p = 3 and ¢ = ab + bc + ca; that is
27abc — ¢* 4+ 3¢(3 — ¢)* < 0.
From p? > 3¢, we get ¢ < 3, and from (a — 1)(b—1)(c — 1) <0, we get
abc < q—2, q>2.

Thus,
27abe — ¢° +3q(3 — q)* < 27(¢ — 2) — ¢* +3q(3 — ¢)* = 2(¢ — 3)° < 0.

Thus, the proof is completed. The equality holds for a = b=c = 1.
Remark. Actually, the inequality holds for

a>b>1>c>1-3
To prove this, it suffices to show that ab + bc + ca > 0. Indeed, we have

ab+bc+ca=(a—1)b—1)—14+a+b+cla+b)>—-1+(1+c)(a+D)
=—1+(1+¢)(3—c¢c)>0.
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P 1.213. If a,b, c are positive real numbers such that
a>1>b>c, abc =1,

then
1—a+1—b+1—c>O
3+a2 34+b2 3427

(Vasile Cirtoaje, 2009)

First Solution. Denote the left side of the inequality by E(a,b,c). We will show that

E(a,b,c) > E(ab,1,¢) > 0.

Let
a+b=s, ab=np.
We have
p>abc=1, s>2\/p>2.
Therefore,
1—a 1-0 ab—1
Ela. b, c)— E(ab, 1
(a,b,c) (ab,1,c) = 3+a2+3+52+3+a2b2
s —(B+p)s+283—p) p-1
- 352+ (p — 3)2 3+p
_B+p)(s—p—1)(ps+p—3)
(34 p?)[3s* + (p = 3)°]
Since

s—p—1=(a—1)(1—-b)>0, ps+p—3>2p+p—32>0,

it follows that
E(a,b,c) — E(ab,1,¢) > 0.

Also, we have

E(ab,1,¢) = E(1/c,1,c) (1—o

ab,1,¢) = c,l,¢c)=

T T (B2 +1)(3+¢?) —

The equality holds for a =b=c=1.

Second Solution. Let p=a+ b+ c and ¢ = ab + bc + ca. From
(a=1)b—1)c—1) >0,

we get
p=q

The desired inequality is true because it is equivalent to

> (1 —a)(9+ 3V + 3¢ + 1°c?) > 0,
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27+62a2+2b202—9p—3pq—|—9—q20,
27+6(p* —29) + (¢" —2p) —9p — 3pg+9 — ¢ > 0,
6p% + ¢*> — 3pg — 11p — 13¢g + 36 > 0,
(p+q—06)*+5p"—5pg+p—q=>0,
(p+q—6)7+Gp+1)(p—q) >0.

P 1.214. If a,b, c are positive real numbers such that
a>1>b>c, abc =1,

then
1 N 1 N 1 >1
a?+4ab+02 b2 +4bc+c2 2 +4ca+a? T 2

(Vasile Cirtoaje, 2015)

Solution. Write the inequality as
2FE > F,

where

E = Z(a2+4&b+62)(a2+4ac+02), F:H(b2+4bc+02).
Using Lemma below for k =4 and r = 1, we get
E = 18pr + p* — 3¢> = 18p + p* — 3¢,

F =27 + 2p°r + p*¢® + 2¢° = 27 + 2p® + p*¢* + 2¢°,

hence
2F — F = 2p* — 2p® + 36p — 27 — (p* 4+ 6)¢* — 2¢°.

From (a —1)(b—1)(c — 1) > 0, we get
pP=q
Thus,

2F — F > 2p* — 2p® + 36p — 27 — (p* + 6)p* — 2p°
=p' —4p® = 6p” +36p — 27 = (p—1)(p—3)*(p+3) > 0.

Thus, the proof is completed. The equality holds for a = b= c = 1.
Lemma. If a,b,c are real numbers,

p=a+b+c, qg=ab+bc+ca, r=abc
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o E = z:(a2 + kab + b*)(a® + kac + ¢*), F = 1_[(172 + kbe + ¢2),
then
E = (k—=1)(k+2)pr +p' + (k = 4)p°q + (5 — 2k)¢%,

F=(k—1)%+[(k—2)p*+ (k — 1)(k — 4)qlpr + p*¢* + (k — 2)¢".

Proof. Let
r=a+ b+ =p* -2
Since
E = Z(w + kab — &) (z + kac — b?)
= 2? + kaq+ (k— 1)(k +2)pr + ¢*

and

F = H(m+kbc— a?)
=2[(k = 1)(k+2)pr +¢* + (k — 1)*r? — k[kp* — 3(k — 1)q|pr + kq®,

the conclusion follows.

P 1.215. If ai,as,...,a, are real number such that at most one of them is less than 1 and
ay+as+---+a, =n, then

(ll—f-]_ CL2—|—1 an—i—l
<n:
(a) a?+1 a§+1+ +a%+1_n’
1 1 1 n
b + +--+ < —
) a?+3 a3+3 a?+37 4

(Vasile Cirtoaje, 2009)
Solution. Assume that a; <1<ay <---<a,.

(a) Write the inequality as

1 1 nt1
) I P L L S )
aj +1 as +1 a? +1

aj(a; — 1)  as(ag —1) an(a, — 1) 0
a? +1 a3 +1 a2+1 — 7
as(ag — 1) P an(a, — 1) S a (1 — a1)7

af +1 a2+1 — a?+1
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az(az —1)  anlan —1) _ aif(az —1) +--- + (@, — 1)]
a+1 az+1 ~ a?+1 ’
as a1 Qn (451
-1 — L —1 - > (),
(a2 )(a§+1 a%—i—l)_l— +(a )(G/%‘i‘l a%—i—l)_
— D(as —ar)(1 — n— D(an —a)(1 = aray,
(a2 — 1)(a2 — a1)(1 — ayay) L (a )(a _ a1)(1 — aya) > 0.
a; +1

a+1
For a; > 0, it suffices to show that 1 — aya,, > 0. Indeed,

2Vaia, <art+a, =2+ 1—ag)+---+(1—ay1) <2.

For a; <0, the inequality is also true because

1—aiao>0, ---, 1—aqa, >0.
The equality holds for a1 =as =---=a, = 1.

(b) As in the case (a), we write the inequality as
as — 1)(as —a1)(3 —ajas —a; —a a, — 1)(a, —a1)(3 —ai1a, —a; — a,
(02 = Doz = e)3—ony =) | (o= Dl )3 o)
a; + 3 az + 3

For a; > 0, it suffices to show that 3 — aya, — a; — a, > 0. From (1 — a;)(a, — 1) > 0, we

get 3 —aja, > 4 — ay — a,, hence

—(az— 1)+ + (ags — 1) > 0.

1
-B3—aa, —ay—a,) >2—a; —a,

2

For a; <0, the inequality is also true because

3—a1a2—a1—a2>2—a1—@2:(ag—l)—l—---—l—(an—l)20,

3—aa,—a;—a,>2—a;—a, =(ag—1)+---+ (a,1 — 1) > 0.

The equality holds for a1 = as =--- =a, = 1.
O

P 1.216. Ifay,as,...,a, are nonnegative real numbers such that at most one of them is less

than 1 and ay +as+ -+ + a, =n, then

a? —1 ai —1 =0

a2 —1
+ _|_..._|_”—
(a1 +3)* (a2 +3)? (an +3)>

(Vasile Cirtoaje, 2009)
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Solution. Assume that a; <1 <ay <---<a,, and write the inequality as follows:

a3 —1 az —1 1—a?

(ag + 3) (an + 3) (a1 + 3)
a=1 o, =l e Dt 4 (@ = DA+ a)
(az +3)? (an +3)* — (a1 +3)? ’

as +1 a; +1
(az +3)2  (ay + 3)2

(ag — 1)(az — a1)(3 — a1 — az — ajas)

ap ‘I’ 1 a + 1
— > 07
(an+3)* (a1 +3)*] ~

(an — 1)(a, —a1)(3 — a1 — a, — aray)

+--+(a, — 1)

+oe > 0.
(a1 + 3)2(ag + 3)? (a1 + 3)2(a, + 3)? -
It suffices to show that 3 — a; — a,, — a1a,, > 0. Since
1 1
3—a; —a, — aa, 23—@1—%—1(@1—1—&”)2 = Z(Z—al—an)(6+a1+an) >0,
we only need to show that 2 — a; — a,, > 0. Indeed, we have
2—ay—a,=(aa—1)+--+ (a1 — 1) >0.
The equality holds for a1 = ay =--- =a, = 1.
[
P 1.217. If ai,as,...,a, are nonnegative real numbers such that at most one of them 1is
larger than 1 and ay + as + -+ + a, = n, then
1 1 1 n

>
3 +4 314 T T3@ia 7

(Vasile Cirtoaje, 2009)

Solution. Assume that a; > 1> as > --- > a, and write the inequality as follows:

SRS AU AS NS AN S
3a3+4 7 3a34+4 T7) 77 3a3+4’

1—02 1-@2 a?_l
3——|—+ 3 > > ’
3a2+4 3an+4 3a1+4
Loap o 1a) [ —m) bt (L a)l( b ta)
a3 + 4 3a3 +4 = 3% + 4 :
l+ay+a3 1+4a;+ai 1 4an+a 1+4ay+a
1-— — oot (1—ay, n o >0
( a2)< 3a3 + 4 3af + 4 oot 3a} + 4 3ai +4 -

It suffices to show that
1+ai+a? 1+a;+a? _

3a3+4  3ad+4 =
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for e = 2,...,n. Write these inequalities as

(al - ai)Ei >0,

where

E; = 3aia; + 3aya;(ay + a;) + 3(af + aya; + a?) — 4(ay + a;) — 4

= (a1 + a;)(3a1 + 3a; — 4 + 3a1a;) + 3aja; — 3aia; — 4.
Since
a1+ai Za1+a’n:2+(1_a2)+"'+(1_an—1) 227

we have

E; >2(6 — 4+ 3a1a;) + 3a%a? —3a1a; — 4 = 3a,a; + 3a%a? > 0.
The equality holds for a; = ay = --- = a, = 1, and also for a; =2, as = -+ = a,_1 = 1,
a, = 0.

m

P 1.218. Ifay,as,...,a, are nonnegative real numbers such that at most one of them is less

than 1 and a3 4+ a3+ -+ a2 =n, then

1 1 P 1
3-@1 3—61,2 3_an

<

SIE

(Vasile Cirtoaje, 2009)

Solution. Assume that a; <1 <as <---<a, and write the inequality as follows:

2 1)+ 2 1)4+---+ 2 1] <0
3-&1 3—(11 3_04 -

(11—1 &2—1 an—l
<0
3—a 3—a2+ +3—an_ ’
as — 1 a, — 1 1—a
<
Z’)—agjL +3—an_3—a1’
a2 —1 a? —1 1—a?
ot < ,
(14 a2)(3 —asg) (I1+a,)B3—ay,) ~— (14+a1)(3—ay)
2 _ 2 _ 2 _ 2 _
aj —1 P a; — 1 S(a2 4+ (a; 1)7
(1+as)(3 — az) (1+a,)(3—ay) (1+a1)(3—a)
(a3 —1)Ey+ -+ (a2 —1)E, <0,
where
1 1 )
E; = — J=2,...,n.

(1+aj)(3—aj) (1+a1)(3—a1)’
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It suffices to show that £; < 0, which is equivalent to
(a; —ar)(ar +a; —2) <0.
This is true because

apt+a;—2<a+a,—2=(1—-ay)+---+(1—a,1)<0.

The equality holds for a; = as =---=a, = 1.
m
P 1.219. If aq,as,...,a, are positive real numbers such that at most one of them is larger
than 1 and aqas---a, =1, then
1 n 1 P 1 N
14a; 1+as l1+a, 2

(Vasile Cirtoaje, 2009)
Solution. For n = 2, the inequality is an identity. Assume now n > 3.

First Solution. Assume a,, > 1 and aq,...,a,_1 <1, and write the inequality as

E(al, as, ... ,CLn_l) Z 0,

where
1 1 1 1 n—2
E(ay,ag,...,ap_1) = — — .
(1’ 2 l) 1—|—a1+1+a2+ +1—|—&n,1 1+a1a2---an,1 2
For fixed as,...,a,_1, we will show that E(a,as,...,a,1) has the minimum value for

a; = 1. Indeed, denoting x = as - - - a,,_1, we have x < 1 and

1 1 1 1
E o an) — E(Lag, ... ay ) = - —
R (1 —ay) (1= a)(1—2)(1 - am)
S 2(14a) (A+2)(1+az) 204+a)(1+2)(1+ax) ~
By extending this result, F(aj,as,...,a,—1) has the minimum value when a; = ag = -+ =

ap—1 = 1. Therefore,
E(CL17CL2,...,CL”_1 Z E(l,l,,l) = 0.
The proof is finished. The equality occurs when n — 2 numbers a; are equal to 1 and the
product of the other two is 1.

Second Solution. We use the induction method. Assume a; > 1> a9 > --- > q, > 0 and

denote
1 1 1

CL1+1 CL2+1 CLn—|—1

n
En(al,az,...,an) —5
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We will show that

The right inequality can be written as

Since

and

the inequality follows by the induction hypothesis.

The left inequality is equivalent to

E.(ay,a9,as,...,a,) > E,(a1a9,1,as,...,a,-1,a,) > 0.
En—l(a1a2a Az, ...,0p-1, an) Z 0
1
a1y = ————— > 1
ag - ap—10n
(a1a2)a3 o Up—10p = 17
1 1 1 1
> + -,
a1+1 a2+1_a1a2—|—1 2
1— a9 CL1(1 — (IQ)

which is true if

2(&2 + 1) - (a1 + 1)(@1@2 -+ 1)7

(a1 + 1)(arae + 1) > 2a4(az + 1).

This inequality can be written in the obvious form

Remark. Replacing aq, ao, . .

o Ifayay,..

(ay — 1)(aras — 1) > 0.

., a, with 1/ay,1/as, ..., 1/a,, we get the following statement:

., ay, are positive real numbers such that at most one of them is less than 1

and ayas---a, =1, then

P 1.220. [fCLl,CLQ,..
than 1 and aiay---a

N S
1+CL1 1—|—a2 1—i—an

<

SIE

., ay are positive real numbers such that at most one of them is larger
n =1, then

Lo
(a1 + 2)2 (CLQ + 2)2

(Vasile Cirtoaje, 2009)
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Solution. Assume that a; > 1> ay > --- > a, and use the induction method. For n = 2,

the desired inequality is equivalent to
(ap —1)* > 0.

Let us denote

1 1 1 n

En(a17a27”-7an): + +t - =.

(a1 +2)2  (az+22 " (an+2)2 9
To end the proof, it suffices to show that
En<a17 agz, @z, ...,0p—1, an) Z En<a17 ]-a ag,...,ap—1, a2an) Z 0

for n > 3.
The right inequality can be written as

En_i1(ar,as,...,an-1,a2a,) > 0.
Since
20y, < Gp < Gp_y

and
a1az . .. an_1(asa,) =1,
the inequality follows by the induction hypothesis.
The left inequality is equivalent to

1 1
+
(aa+2)?  (an,+2)?

S 1 N 1
9 (aga,+2)*
Denoting
S=0a9+ @y, P = a0n, s<2, p<l,
the inequality becomes
s2+4s+8—2p - p? +4p+13
(2s+4+p)? — 9p+2)2
(1+p—s)(As+ B) >0,

where
A=16—20p—5p*, B =80-32p—29%°—p°>0.

Since
l+p—s=(1—-ay)(l —a,) >0,

we only need to show that As + B > 0. For the nontrivial case A < 0, we get

As+B>2A+ B =112 —72p — 39p° — p* = (1 — p)(112 4 40p + p*) > 0.

This completes the proof. The equality holds for a1 = as =--- =a, = 1.
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Remark. Similarly, we can prove the following generalization:

e Letay,as,...,a, be positive real numbers such that
ap > 1>ay>- > ay, ajag - - ap, = 1.
If k> 1, then

1 1 1 n
+ +ot > :
(a1 + k)% (az+k)* (an +k)F — (L+ k)

For n = 2, the desired inequality is true if g(x) > 0 for x > 1, where

B 1 " 2
IO = G T G AR

gl(l‘) B xk—l(x + k)k+1 _ (k‘x + 1>k+1
ko (v + k)Ft1(kx + 1)k

It suffices to show that h(x) > 0 for x > 1, where
h(z)=(k—1)Inz+ (k+1)In(x + k) — (k+ 1) In(kz + 1),

oo k=1 k41 k(1) k(k—1)(x— 1)
Wie) = x +z+k_ kr+1  (z+k)(kx+1)

Since h/(z) > 0, h(x) is increasing for > 1, hence

h(z) > h(1) = 0.

Let
1 1 1 n

S T S Py 5 A G 5

E.(ay,aq,...,a,) = (
It suffices to show that
En(afla Q2,a3,...,0p—1, an) Z En(ala ]-7 as,...,ap—1, af2an) Z 0.

The right inequality follows by the induction hypothesis, while the left inequality is equivalent
to

filaz) + fi(an) > f1(1) + fa(azay),

where .
€Tr) =
fi@) (z + k)
Using the substitution
as =€, a, = e,

the inequality becomes

fla) + f(b) = f(0) + fa+b),
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where )
flz) = CETE
From
_ k*et(e" —1)

"
f (x) - <€m+k)k+2 )
it follows that f is concave on (—oo,0]. Since
0>a>b>a+b,

the inequality f(a)+ f(b) > f(0) + f(a + b) follows from Karamata’s inequality.

P 1.221. If ai,as,...,a, are positive real numbers such that at most one of them is larger
than 1 and aqias---a, =1, then

1—a; 1—a2+ +1—an
3+a? 3+ al 3+a2 ~

(Vasile Cirtoaje, 2013)

Solution. Assume that a; > 1> ay > --- > a, and use the induction method. For n = 2,
the desired inequality is equivalent to

(ar = 1)* > 0.
Let us denote l—a,  1—ay 1—a,
En(al,ag,...,an)zg_i_a% 3—|—a§+”.+3+ai'
We will show that
E.(a1,...,0n—2,0n-1,0,) > Ep(a1,...,0,-2,1,an_1a,) > 0.

The right inequality can be written as
E?’L—l(a/l) ag,...,0Ap—2, an—lan) Z 0
Since
ai Z 1 ZCLQ Z Zan—Q Zan—lana

and
ajag - - an—Q(an—lan) - 1a

the inequality follows by the induction hypothesis.
The left inequality reduces to
l—a,1 1—a, 1—a,_1a,
3+ a2 34+a2 = 3+4a’_ja2’

n—1
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which is equivalent to the obvious inequality
1—a, 1)1 —a)3+an_1a,)(3 — ap_1a, — a®> _a, — a,_1a?) > 0.
n—1 n

Thus, the proof is completed. The equality holds for a; = as =--- =a, = 1.

P 1.222. Let a,b,c be nonnegative real numbers (no two of which are zero) such that a +
b+c=3.

(a) If k > 3, then

(k:—2)a2+3a+(k—2)b2+3b+(k‘—2)02+3c>
be + ka ca + kb ab + kc -

(b) If 0 < k < 3, then

I

(k—2)a2+3a+(k—2)b2+3b+(k’—2)02+36<
bc + ka ca + kb ab + ke -

(Vasile Cirtoaje, 2021)

Solution. Denote
q = ab+ bc + ca, r = abc.

We have
a®+ b+ =3abc+ (a+b+c)* —2(a+b+c)(ab+bc+ca) =3(9+7r — 3q)

and
3g<(a+b+e)?=9 ¢<3.

In addition, by Schur’s inequality
(a+b+¢)* + 9abe > 4(a + b+ c)(ab + be + ca),

we have
9+ 3r —4q > 0.

(a) Write the inequality as
(k—2) Z a®(ca + kb)(ab + ke) + 3 Z a(ca + kb)(ab + kc)

—3(bc + ka)(ca + kb)(ab + kc) > 0,

(k—2) [acha?’ + k:szc2(b +c)+ l{:%ch@} +
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43 <abc Soat 2k B+ 3k2abc}

-3 (a2bzc2 + kabcz a? + k2 Z b2 + k’gabc> >0,

AK*+ Bk +C >0,
where
A= Z b’c2(b+c) — 2acha - 326262 + 9abc
= Z b’c*(3 —a) — Qabcz a— 326202 + 9abe

= —achbc — 2acha + 9abc = r(3 — q),

B = acha3 —22()202(()—1—6) — 3acha2 +6Zb2C2
= acha3 —22b202(3 —a) — 3acha2 +6Zb202
= acha3 + 2achbc— SachaQ

=3r(94+1r —3q) + 2rq — 3r(9 — 2q) = r(3r — q),

C= —Qabcz a® — 3a%b*? + 3abcz a’
= —6r(9+7r—3q) —3r* +3r(9 — 2¢) = —3r(9 + 3r — 4q).

Therefore,

Ak? + Bk 4+ C =7[(3 — Q)k* + (3r — @)k — 3(9 + 3r — 4q)]
=(k=3)r[(3—q)k+ (9+3r—4q)] >0.

(b) From the proof of (a), it follows that the inequality is equivalent to

Ak*+ Bk+C <0,

where

AR* + Bk +C = (k—=3)r[(3— @k + (9+3r —4q)] < 0.

For both inequality, the equality holds when @ = b = ¢ = 1, and also when one of a, b,

c is zero. Moreover, for k£ = 3, both inequalities are identities.

[]
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P 1.223. Let a,b,c be nonnegative real numbers (no two of which are zero) such that a +
b+c=3.

(a) If 0 < k < 3, then

(k—1)a*+ (k+3)a N (k=1 + (k+30b (k—1)c+ (k+3)c

> 6;
be + ka ca + kb ab + ke -
(b) If k > 3, then
_ 2 _ 2 . 2
(k—1)a +(k3+3)a+ (k—1)b +(k+3)b+ (k—=1)c" + (k+3)c <6

be + ka ca + kb ab + kc -

(Vasile Cirtoaje, 2021)

Solution. Denote
q = ab+ bc + ca, r = abc.

We have
a®+ b+ =3abc+ (a+b+c)* —2(a+b+c)(ab+bc+ca) = 3(9+r — 3q)

and
3¢g<(a+b+c)=9  ¢<3,

(a+b+c)(ab+ bc+ ca) > 9abe, g < 3r.
(a) Write the inequality as
(k—1)> " a*(ca+ kb)(ab + ke) + (k +3) > a(ca + kb)(ab + kc)

—6(bc+ a)(ca + b)(ab+c) > 0,

(k—1) [achag’ + kZbQCQ<b +¢) + kQach a} +
+(k +3) (abc S 2y B+ 3k2abc>

—6 <a21)202 + kabcz a?+ Z kE*b?c? + kgabc> >0,

Ak?+ Bk+C >0,
where
A= Zb202(6+ c) — acha, - 426202 + 9abc
= 26202(3 —a) — 42 b*c® + 6abe
= —achbc — 26262 + 6abc = —qr — (¢* — 6r) + 6r = 12r — qr — ¢,
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B = acha3 — ZbZCQ(b—irc) — 5acha2 +62b202
= acha3 — 26202(3 —a)— 5acha2 +62b2c2
=abcy a® +achbc— 5acha2 +32b202

=3r(9+7 —3q) +qr — 57(9 — 2q) + 3(¢* — 67) = 3r* + 2qr — 367 + 3¢,

C = —abc a® + 3abcz a? — 6a%b*c?
= —3r(9+7r —3q) +3r(9 —2q) — 6r* = 3r(q — 3r).
Therefore,

AK? + Bk + C = (12r — qr — ¢*)k* + (3r® + 2qr — 367 + 3¢*)k + 3r(q — 3r)
= (B —=K)[(¢*+qr —12r)k +r(q— 3r)].

Since ¢ — 3r > 0, it suffices to show that ¢® + qr — 12r > 0, that is
¢ > (12— q)r.

According to P 3.57 in Volume 1, for fixed ¢, the product r is maximum when two of a, b, ¢
are equal. Thus, we only need to consider b = ¢, when

a=3-2b, q=2ab+b*=3b(2—0b), r=0*3-2b),
and

¢ — (12— q)r = 9*(2 — b)* — 3b%(4 — 2b + b*)(3 — 2b)
=6b°(b—1)* > 0.

(b) From the proof of (a), it follows that the inequality is equivalent to
Ak* + Bk +C <0,

where

Ak*+ Bk +C = (3—k)[(¢* +qr — 12r)k +r(q — 3r)] < 0.

For both inequality, the equality holds when a = b = ¢ = 1. Moreover, for k = 3, both
inequalities are identities.

O

P 1.224. If a,b, c are positive real numbers such that abc = 1, then

1 1 1 1
< —.
(4a+b—|—c)2+ (4b+c+a)2+(4c+a+b)2 — 12
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(Choy Fai Lam and Vasile Cirtoaje, Recreatii Matematice, no. 2, 2022)

Solution. Assume that a > b > c. Since
(4a+b+c)* =Ba+a+b+c)*>12a(a+b+c), (4b+c+a)® > 12b(a + b+ ¢),

it is enough to show that

1 1 12
<1
ala+b+c) N bla+b+c) i (dc+a+0b)2 ~ 7
or
cla+10) 12
at+b+c (a+b+4c)?
Denote
a+b
xr = .
2
From
4 = 4abc < (a + b)*c = 42°c,
we get
1
>—2>1
x> N
Write the required inequality as follows:
2cx 3

<1
2x+c+ (x+2¢)2 =
2(1 — ¢)z* + (9¢ — 8¢*)x* — 2(4c® — 6¢* + 3)x + c(4c* — 3) > 0.

Since
2(1 — ¢)z® > 2(1 — ¢)2?,

it suffices to show that f(z) > 0, where
fla) = (2+T7c = 8%)2* — 2(4¢® — 6¢° + 3)a + c(4c* - 3).

Since
2+ Tc — 8c2

%f’(x) = (2+7c—8%)x — (4’ — 62 +3) > NG

— (4c®* — 62+ 3)

1
:2<7—|—\/E)+5\/E—8c\/5—(4c3—6c2+3)24—|—5c—80—(4c3—602+3)
C

=1-3c+6¢—4c® = (1 —c)(1 —2c+4c*) >0,

f is an increasing function, hence

f() > f (%) |
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1
So, we need to show that f (7> > 0, that is
c

4c* — 11¢% +Te + 2 — 2/c(4c® — 62 + 3) > 0.

Setting
t=+vec, 0<t<1,

the inequality becomes
A8 — 8" +12t° — 11t + Tt — 6t +2 > 0,

(1 —)2[4° + 2 +2(1 — ) (1 + 2t%)] > 0.
The equality holds when a =b=c=1.

P 1.225. Let a, b, c be nonnegative real numbers satisfying

a4+ b+ =3.

IN

k <11, then

Wl =

15 —7a®> 1570 15— T7¢ 24
+ + > .
1+kbc  1+4+keca 1+kab — 1+k
(Vasile Cirtoaje, 2021)

Solution. We use the highest coefficient method. Write the inequality in the form fg(a, b, c) >
0, where

fe(a,b,c) = (14 k) 2(15 —7a*)(1 + kab)(1 + kac) — 24(1 + kbe)(1 + kca)(1 + kab).
Clearly, fs(a,b,c) has the same highest coefficient A as
—7(1+ k)k2abcz a® — 24k a*b*c?,

ie.
A= =21(1 + k)k* — 24K>.
Since A < 0, according to P 3.76-(a) in Volume 1, it suffices to prove the homogeneous
inequality
5(b* + %) — 2a® 5(c* + a?) — 2b? 5(a* +b?) — 2¢2 5 _8
a2+ b2+ c2+3kbc  a?+0?+c2+3kca  a?+b>+c2+3kab T 14k

for b=c=1 and for a = 0.
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In the first case (b = ¢ = 1), the inequality is equivalent to
5—a? 5a? + 3 4

+ > ,

a?+3k+2 a?>+3ka+2 " 14k

k(a —1)%*[4a* — (3k + T)a + 9k + 1] > 0.

It is true since
3(3k — 1)(11 — k)a
40> — Bk +7a +9k +1 > 4vV9%k + la — (3k + Ta =
@~ B3k +T)a = @ R T E ) —

In the second case (a = 0), the inequality is equivalent to

5¢2 — 202 5b? — 2¢2 8

5(6* + ¢?) -
b2 + 2 + 3kbe b2 + c2 b2+c2 — 1+Ek’
5(b* + ¢2)
b2 + 2 + 3kbe 14K

8(b* + ¢*) + 3(3k — 5)bc > 0.

Indeed, we have
8(b* 4 ¢®) + 3(3k — 5)bc > 16bc + 3(3k — 5)bc = (9% + 1)be > 0.

The equality occurs for a = b= c = 1. If £ = 11, then the equality occurs also for a = =

1
and b = ¢ = = (or any cyclic permutation).
O

P 1.226. If a,b, ¢ are nonnegative real numbers such that ab + bc + ca = 3, then
1 3

1 1
<
AT ko? = (ht 22

(ka+b+c)? * (a+ kb+ c)?

for 1 < k < ko, where ko ~ 2.82374 is the positive root of the equation

k3 + 6k — 15k — 28 = 0.

(Vasile Cirtoaje and Leonard Giugiuc, MATINF, 7, 2021)

Solution. Write the inequality in the homogeneous form
1 N 1 n 1 < 9
(ka+b+¢)?> (a+kb+c)? (a+b+ke)? ~ (k+2)%(ab+ bc+ ca)
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Since this inequality is well known for & = 1, consider next k € (1,kq]. Without loss of
generality, assume that a+b+c=1and a < b < c. Denotingm =k—1 >0, ¢ = ab+bc+ca
and r = abc, we may write the inequality as follows:

1 1 1 9
<
(ma +1)2 * (mb+1)2 * (mc+1)2 = (m+3)%q’

9(ma + 1)*(mb + 1)*(mec + 1)* > (m + 3)%q Z(mb +1)%(me + 1)%,
9(m’r + m*q+m+1)* > (m + 3)%q Z(mec —ma+m+1)%

flg,m)+9(q) =0,

where
f(g,7) = 9mO? + 18m*(m?*q + m + 1)r + 2m*(m + 3)%q(m + 3)r.

It is known that for a + b+ ¢ = 1 and fixed ¢, the product r has the minimum value when
a = 0orb=c. Since f(q,r) is increasing with respect to r, it suffices to consider these cases.

Case 1: a = 0. The homogeneous inequality becomes

| | 1 9
< .
G2 "+ btk = (ht2)he

Using the inequality
1 1

R
(b+¢)? — 4bc

and Lemma below, it suffices to show that

1 2 9

<
The © (k+1)%bc — (k+ 2)2bc’

which is equivalent to k(k* + 6k? — 15k — 28) < 0.

Case 2: b= c. For b = ¢ = 1, the homogeneous inequality becomes

9 1 2

(k+2)2(2a+1) (ka+2)? (a+k+1)2 >0,

which is equivalent to
(a — 1)*(9%%*a® + 2va + kB) > 0,

where
B =—k*—6k?+ 15k + 28,

v = —2k* + kP + 9K* + 14k — 4.

Since 8 > 0, it suffices to show that v > 0. Since

2y =B+ (k—-1Da, o=—4k>—k>+ 23k + 36,
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it suffices to show that o« > 0. We have

20 = 38 — 5k* + 16k* + k — 12 =38+ (k — 1)(3 — k)(5k + 4) > 0.

For k € [1, ko], the equality occurs when a = b = ¢ = 1. For k = ko, the equality occurs
also when a = 0 and b = ¢ = v/3 (or any cyclic permutation).

Lemma. If b, ¢ are positive real numbers and 1 < k < 3, then

1 1 2
< .
b+ T ke? = (k+ 1)%e

Proof. The inequality is equivalent to
(b—¢)?[2k*(b* + ¢*) + Bbc] > 0,

where
B=—k"+ 2k 4+ 2k* + 2k — 1 > K*(—k* + 2k — 1).

It is true because

2k%(b% + *) + Bbe > 4k*be + Bbe > k*(—k* + 3k + 3)bc = k*(3 — k)(1 + k) > 0.

Remark. We have

— 1
ko = Geos (7? arccos( /3)) Y

3

O
P 1.227. Let ay,as,...,a, be nonnegative real numbers such that a; +as+ -+ a, = 1.
Prove that

2 2 2 2
ay a; a, ay as ay, Vn
> _
(1—a1)2+(1—a2)2+ +(1—an)2_(1—a1+1—a2+ +1—an \/ﬁ+1>

(Vasile Cirtoage and Leonard Giugiuc, Cruz Mathematicorum, 12, 2022)

Solution. Using the substitution

a;
Xy = ) Z:1727 N,
1—(1,1'
we need to prove that
Iy o) T
+ 4+ .. 4 =1
I1+1 .I2+1 ZL’n—|—1

involves )
Vn
vn+1)

o as 44l > <x1+x2+---+xn
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Let
S=z14+x2+ -+ 2.

By the Cauchy-Schwarz inequality, we have

Setnen| (£55) = ()

zn:xf—i-SZSQ.

i=1

therefore

Thus, it is sufficient to show that

S-S > (S—\/ﬁ\/il)Q,

n
which is equivalent to S > T To prove this, we rewrite the hypothesis in the form
n —_

1 1 1
ot

. =n—1.

By the AM-HM inequality, we have

=1

1
(Zmi—l—l) 27127

=1

(S+n)(n—1)=n*

hence

“n—1

1
The proof is completed. The equality occurs for a; = ay =+ =a, = —.
n

P 1.228. Ifa,b,c,d are nonnegative real numbers such that at most one of them is less than
1 and ab+ ac+ ad + bc + bd + c¢d = 6, then

1+1+1+1
a+5 b+5 c+5 d+5

2
> —.
-3

(Vasile Cirtoaje, AMM, 2, 2025)
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Solution. Without loss of generality, assume that
a>b>c>12>d.

For fixed a and b, we may consider that d is a function of c¢. By differentiating the equality
constraint, we get d'(a +b+c¢)+a+ b+ d = 0. Denoting by F(c) the left side of the
inequality, we get

—d B 1 B a+b+d B 1
(d+5)2 (c+5)? (a+b+c)(d+5)? (c+5)?2

F'(c) =

We will show that F’(c) > 0, that is

(c+5)? _a+b+c (c+5)? atbtc (c—d)(c—l—d+10)> c—d

> 1> — :
(d+5)? " a+b+d (d+5)?  “a+b+d (d+5)? “a+b+d

We need to show that (a+ b+ d)(c+d+ 10) > (d + 5)?, i.e.
(a+b)(c+d+10) + cd > 25, 10(a+b) > ab + 19.
Indeed,
10(a + b) — ab — 19 > 20vab — ab — 19 = (Vab — 1)(19 — Vab) > 0.

Since F'(c) > 0, F(c) is increasing and is minimum when ¢ is minimum, hence when ¢ = 1.
So, it suffices to consider the case ¢ = 1, when we need to show that

1 N 1 n 1 >1
a+5 b+5 d+57 2

for
ab+bd+ da+ a+ b+ d =6, a>b>1>d>0.

For fixed d, we consider that a is a function of b. By differentiating the equality constraint,
we get a'(b+d+1)+a+d+1=0. Denoting by E(b) the left side of the inequality, we get

—a 1 a+d+1 1

FO = v mr " v~ prdr D@+ GroF

We will show that E’'(b) > 0, that is

a+d+1>(a+5)2 a+d—|—1_1>(a—|—5)2 a—1b >(a—b)(a—|—b+10)
b+d+1~ (b+5)2  b+d+1 ~— (b+5)2 7 b4+d+1~ (b+5)2

We need to show that (b+5)? > (b+d+1)(a+ b+ 10), ie.

15>ab+bd+da+a+b+10d, 15>6+9d,  9(1—d) > 0.
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Since E'(b) > 0, E(b) is increasing and is minimum when b is minimum, hence when b = 1.
Therefore, it suffices to consider b = 1, when we need to show that

1 n 1 >1
a+b d+5 3
for
ad+2(a+d) =5, a>1>d>0.

It is easy to show that the desired inequality is an identity.

For a > b > ¢ > 1 > d, the equality occurs when b = ¢ = 1 and ad + 2(a + d) = 5 with
a>1>d.
]

P 1.229. Forn > 3, let a1, as,...,a, be nonnegative real number such that at most one of
them 1s less than 1 and
n(n —1)
Y ="
2

1<i<j<n

Then,
1 1 1 n

e > .
a1+2n—3+a2+2n—3+ +an+2n—3_2(n—1)
(Vasile Cirtoaje, AMM, 2, 2025)

Solution. We need to show that £ > 7 Z ’

for k = 2n — 3, where

S B S
ar+k  ax+k an +k
Assume that a; = min{ay,as,...,a,} and a, = max{ay,as,...,a,}. If a3 =1 or a, =1,
then a; = ay = --- = a, = 1, and the inequality becomes an equality. Consider now a; < 1,
a, > 1 and ayg,...,a, 1 € [1,a,]. For fixed as,...,a,, we may suppose that a; and E are

functions of ay. We claim that E’(ag) > 0. If this claim is true, then E(az) is increasing
and it is minimum when ay is minimum, hence when a; = 1. Differentiating the equality
constraint yields

(S—Gl)&11+5—a2 :0,

where S = a; + as + - - - + a,. Therefore,

—a) 1 S —as 1

Bl = v ™ (et P~ B—a)a WP (a + B

To prove that E'(ay) > 0, we write it as follows:

Clz—f—k' 2>S—CL17 CLQ—I—]{? 2_1>a2—a1'
CL1+I€ _S—a2 a1+k? _S—(Ig
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Since

as +k 2_122(a2+k) 2_2(a2—a1)
a + k ay +k

CL1—|—]€ B

it suffices to show that

2 1
> b
Cl1+k' o S—CLQ
i.e.
a1+2(a3+---+an)—k‘20.
From

(a1 +as+-+a,)’=al +ay+-+a+n*—n>(ag+ay+ - +a,)*/n+n*—n,
we obtain a; + as + - - - + a, > n. Therefore,
a1 +2(az+--+a,)—k > (n—ag—- - —an)+2(az+- - +a,)—k = n—ag+(az+- - -+ap_1)+a,—k

>n—ay+(n—3)+a,—k>2n—-3—-k=0.

Similarly, we can prove that for fixed ao, ..., a;_1,ait1,...,a,, where i € {3,...,n — 1}, the
expression F is minimum when a; = 1. So, we only need to prove the original inequality for
as =as =--+- = a,_1 = 1, i.e. to show that

1 1 1
+ >
a+2n—3 a,+2n—3  n-—1

for aja, + (n — 2)(a; + a,) = 2n — 3. It is easy to verify that this inequality is an identity.
For a; = min{ay,as,...,a,} and a, = max{ay,as,...,a,}, the equality occurs when ay =
oo =ap_1 =1and a1a, + (n —2)(a; + a,) =2n —3 with 0 < a1 <1 < a,.

Remark. For given n > 3, 2n — 3 is the largest positive value of k,, so that

1 N 1 P 1 S _n
a1+ k, as+k, an +k, — 1+k,
for any nonnegative real numbers aq,as, ..., a, such that at most one of them is less than
-1 2n — 3
1 and Z a;a; = % Indeed, assuming a; = n_ 5 g = -+ = a,—1 = 1 and

1<i<j<n
a, = 0, the constraints are satisfied and the inequality becomes

2
1+ k,

n—2
2n -3+ (n—2)k

Y

s
n kn_

which is equivalent to k, < 2n — 3.
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P 1.230. If a,b,c,d are nonnegative real numbers such that at most one of them is larger
than 1 and ab+ ac + ad + bc + bd + cd = 6, then

1 N 1 N 1 N 1 <2
a+5 b+5 c¢c+5 d+5" 3

(Vasile Cirtoaje, GMA, no. 1-2, 2024)
Solution. Without loss of generality, assume that
a>1>b>c>d.

For fixed ¢ and d, we may consider that a is a decreasing function of b. By differentiating
the equality constraint, we get a'(b+c+d)+a+ c+d = 0. Denoting by F(b) the left side
of the inequality, we get

—a 1 a+c+d 1

PO = G o Gr5r ~ Grcr s BroE

We will show that F’(b) > 0, that is

2 2 _ _
a+c+d>(a—i—5) at+c+d 1>(a+5) . a—1b >(a b)(a+ b+ 10)

b+c+d = (b+52  btc+d ~— (b+5?2 7 btc+d” (b+5)2

We need to show that (b+5)? > (b4 c+d)(a+ b+ 10), ie.
25> ab+ (c+d)(a+b+10), cd+19 > 10(c+ d), (c=1)(d—=1)+9(2—c—d)>0.
The last inequality is clearly true. Since F’(b) > 0, F'(b) is increasing and is maximum when

b is maximum (a is minimum), i.e. when b = 1 (because ¢ = 1 involves b = ¢ = d = 1).
Therefore, it suffices to consider b = 1, when we need to show that

1 N 1 N 1 <1
a+b c¢c+5 d+57 2

for
ac+cd+da+a+c+d=6, a>1>c>d>0.

For fixed d, we consider that a is a decreasing function of c¢. Differentiating the equality
constraint yields a'(c+d+1)+a+d+1 = 0. Denoting by E(c) the left side of the inequality,

we get
—a 1 a+d+1 1

(@452 (c+5?2 (ctd+1)(a+5? (c+5)?
We will show that E’(c) > 0, that is

E'(c) =

a+d—|—l>(a+5)2 a+d+1_1>(a+5)2_1 a—c _ (a=c)(a+tc+]10)
c+d+1 7 (¢c+5)?2  c+d+1 ~ = (¢c+5)?2 7 c+d+1~ (c+5)?
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We need to show that (c+5)? > (c+d+1)(a+ c+ 10), i.e.
15 > ac+ cd + da + a + ¢+ 10d, 15> 6+ 9d, 9(1 —d) > 0.

Since E’(¢) > 0, E(c) is increasing and is maximum when ¢ is maximum (a is minimum),
i.e. when ¢ =1 (because a = 1 involves b = ¢ = d = 1). Therefore, it suffices to consider
¢ =1, when we need to show that

for
ad + 2(a+d) =5, a>1>d>0.

Actually, the desired inequality is an identity.
The equality occurs for b=c=1 and ad + 2(a+d) =5 witha > 1 > d.

P 1.231. If ay,a9,...,a, (n > 3) are nonnegative real number such that at most one of
them is larger than 1 and
n(n —1)
2

1<i<j<n

then
1 1 1 n

< )
a1—|—2n—3+a2+2n—3+ +an+2n—3_2(n—1)
(Vasile Cirtoaje, GMA, no. 1-2, 2024)

Solution. We need to show that £ < 1 Z ? for k = 2n — 3, where

_ + L + -4 !

_CL1+I€ CLQ‘Fk an—l—k;'
Assume that a; = max{a,as,...,a,} and a, = min{ay,as,...,a,}. If a3 =1 or a, = 1,
then ay = ay = --- = a, = 1, and the inequality becomes an equality. Consider now a; > 1,
a, <1 and ay,...,a,_1 € [a,,1]. For fixed as,...,a,, we may suppose that a; and E are

functions of ay. We claim that E’(az) > 0. If this claim is true, then E(a2) is increasing
and it is maximum when a, is maximum, hence when as = 1. Differentiating the equality
constraint yields

(S +ag)ay+S+a =0,

where S = a3 + - - - + a,. Therefore,

—CL’l 1 S + aq 1

E'(az) = (a1 + k)2 N (ay + k)? N (S +az)(ar + k)? N (az +k)*
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To prove that E'(ay) > 0, we write it as follows:

(a2+k)2> S+CL2 <CL2+I€)2_1> S+6L2_1 (ag—al)(a1+a2+2k) > aos — Aq
ai+k) — S+a’ a1 +k ~SHa (a1 + k)? ~ S+a

It is true if
ay + ag + 2k < 1

(a1 + k)2 — S+a

ie.
]{72 Z a1a9 + (CLl + CLQ)S + 2kS.

Write now the equality constraint as

n(n —1
aray + (a1 +az)S +Q = %7
where @ = Z a;aj. So, we need to show that
3<i<ji<n
-1
k2> % —Q + 2kS.
Denoting
xizl—aiZO, i:3,...,n,
we have
- -3
S:n—Q—in, Q= Z (1—z;)(1—2x;) Z x;x;—(n— 323:—1— (n ),
1=3 3<i<j<n 3<i<j<n

and the inequality becomes

Z xxj+3n—1)z z; > 0.

3<i<j<n

Similarly, we can prove that for fixed ao, ..., a;_1,ai11,...,a,, where i € {3,...,n — 1}, the
expression F is maximum when a; = 1. So, we only need to prove the original inequality for
as =as =--+- = a,_1 = 1, i.e. to show that
1 1 1
+ <
a1 +2n—3 a,+2n—3  n-—1

for aja, + (n — 2)(a; + a,) = 2n — 3. It is easy to verify that this inequality is an identity.
For k, = 2n — 3, a1 = max{ay,as,...,a,} and a, = min{ay, as, ..., a,}, the equality occurs
when ay = -+ =a,_1 =1 and aya, + (n — 2)(a1 + a,) = 2n — 3 with a1 > 1 > a,,.

Remark. For given n > 3, 2n — 3 is the least positive value of k, so that

1 n 1 n n 1 < n
a+k, as+k, an +k, — 1+ k,
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for any nonnegative real numbers aq, as, ..., a, such that at most one of them is larger than
n(n —1) _ 2n — 3
1 and Z a;a; = — Indeed, assuming a; = m— ay = +++ = a,—1 = 1 and
1<i<j<n

a, = 0, the constraints are satisfied and the inequality becomes

2
1+ k,

n—2
2n -3+ (n—2)k

Y

+1<
n kn_

which is equivalent to k, > 2n — 3.

P 1.232. Let a,b,c be the lengths of the sides of a triangle such that a + b+ ¢ = 2. Prove
that
a b c

+ + >
a?+bc b 4+ca c2+ab

2.

Solution. By the Cauchy-Schwartz inequality, we have

a2 +bc = Y. a(a? +bc a3+ b+ 3+ 3abe’

Z a >(a+b+c)2 4

So, it suffices to show that
2> a® + b3 + 3 + 3abc,

which is equivalent to the homogeneous inequality
(a+b+c)* > 4(a® + b + ) + 12abe.
Substituting a =y + z, b = z + x and ¢ = x 4+ y, where z,y, 2 > 0, the inequality becomes
2Aety+2) = W+2)"+(+2) +(@+y)" +3y+2)(z + )z +y),

vy(x+y) +yz(y + 2) + za(z + ) + zyz > 0.

For a > b > ¢, the equality occurs for a degenerate triangle with a = b =1 and ¢ = 0.

P 1.233. Let a,b, ¢ be the lengths of the sides of a triangle such that a + b+ c = /2. Prove
that
a b ¢ o,

a+bc+b—|—ca+c+ab_ '
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Solution. Let
p=a+b+c, q = ab+ bc + ca.

Write the inequality in the homogeneous form

a b c 2
+ - > =
ap—i—bC\/? bp+ca\/§ cp+ab\/§ p

To prove it, use the highest coefficient method. We need to prove that fs(a,b,c) > 0, where
folabie) =p>" albp + cav/2) (cp + abv/2) — (ap + bev/2) (bp + cav/'2)(cp + ab/2).

Clearly, fs(a,b,c) has the highest coefficient A = —24/2. Since A < 0, by P 3.76-(b) in
Volume 1, it suffices to prove the homogeneous inequality for b=c =1 and 0 < a < 2, and
fora=0+c.

Case 1: b=c=1and 0 < a < 2. The homogeneous inequality reduces to

a 2 2
+ > ,
ala+2)+vV2 (1+vV2)a+2  a+2
a 2\/5@

a2+2a+\/§2 (a+2)[(1++v2)a+2]
al(1 = v2)a+4—2v2] > 0.

It is true because

(1-v2)a+4-2v2>2(1-V2)+4-2V2=2(3-2V2) > 0.

Case 2: a = b+ c. The homogeneous inequality reduces to

b+ c b c 1
+ + > :
2b+c)2+bev2  2b(b+c)+elb+ V2 2e(b+c)+bb+c)V2 T b+c

(b+ c)? b c
+ + > 1,
2b+¢)2+bev/2  2b+cvV2 2+ bV2
2(b+c)? 4be + V2(* + ¢2) S

)

2(b+c)2 +bev/2  3be+2(02 +¢2)

2(b+ c)? 2bc + /2(b* + )

> .

2(b+¢)2 +beyv/2 — 3be + v2(b2 + c?)

Due to homogeneity, we may consider b+ ¢ = 1. Denoting x = bc, the inequality becomes
2 V2 -2(v2 -1z
24+ 2v2 T V24 (3-2V2)2
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(4 —2v2)2? > 0.
The proof is completed. For a > b > ¢, the equality occurs for a degenerate triangle with

a=b=—and ¢c=0.

V2
O

P 1.234. Let
2a 2b 2¢

xr = ; ) = —,
b+c v=o +a a+b
where a,b,c are positive real numbers such that at most one of them is less than 1 and

abc = 1. Prove that
1 1 1
—+ -+ -+3>2x+y+2).
x Yy oz

(Vasile Cirtoaje, Math. Reflections, 1, 2025)

Solution. Assume that a > b > 1> ¢ and denote p =a + b+ c and ¢ = ab + bc + ca. By
the AM-GM inequality, we have
p > 3(abe)'? = 3.

In addition, from (a—1)(b—1)(c —1) <0, we get

q=0p.

Write the inequality as follows:

Zb+c+62 8a’
a b+ c

cyc cyc

8

%bc(b—i—c)—i—GZ (b—i—c)(c+a)(a+b);a(a+b>(a+c)’
pg L3> 8(p* —2pg +3)
pg—1

So, for fixed p, we need to show that f(q) > 0, where
fla) = p*q* + 18pq — 8p* — 27.
Since f(q) is increasing, we have
f@) = f(p) = p* = 8p° +18p* = 27 = (p+ 1)(p” — 9p” +27p — 27) = (p + 1)(p — 3)* 2 0.

The equality occurs for a =b=c = 1.
m
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P 1.235. Ifay >ay > --- > a, > 0, then

(V- V)

2 ar+as+ -+ ay, n
< T 1
n Lyl
al as

1 S(\/a_l_\/a>2

(Leonard Giugiuc and Vasile Cirtoaje, GMA, no. 3-4, 2022)

Solution. (a) Since

n
< Yajas---a
1 1 = 142 n
Lyl
1 a2

gl

the left inequality is true if

(Va1 = Vi) < a1+ ay+ -+ + 4y — n3farag |

which is just the inequality in P 3.217 in Volume 1 for £ = 1 and j = n. The equality holds
fora, =as =--- = a,.

(b) For fixed a,, = 1 and a1 = o > 1 (if a; = 1, then the right inequality is an equality),

we need to show that f(ag,...,a,-1) >0 fora>ay>--+>a,_1 > 1, where
n? 2
flag,...,an—1) = i—i_é—i_.'.—i_a,}_l 1 +n(\/a—1) —a—ag— - — Qp_1 — 1.
Since f is convex with respect to each variable, it has the maximum value when as, ..., a, 1 €

{1, a}, that is
@ =das =...=day, CLj_HZ...:CLn_l:]_,

where j € {1,2,...,n — 1} (see also Remark from P 2.104 in Volume 1). So, it suffices to
show that

—+n(Va-1)’—ja-n+j>0,

which is equivalent to

(n—Jjla+j
2 . 12
(Va=1)"[(n—j)va—-j]">0.
For a,, = 1, the equality occurs when a; = a3 = --- = a, = 1, and also when a; = --- =
. 2
%:< ]) and aj = =a, = 1, with = < j <n—1.
n—3j 2

Remark. Similarly, we can prove the following generalization:

o Ifay>ay>--->a, >0, then

ait+ag+-ta, n <(n—1)(a1—an)2
n i_i_i_i__i_L_ n(a1+an) ’
al as an
with equality for ay = as = -+ - = a,.
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P 1.236. Prove that 25/17 is the largest positive value of k such that

1 n 1 n 1 n 1 S 4
a?+k P+k E+k &E+E T 14k

for any nonnegative real numbers a,b, c,d with ab+ ac + ad + bc 4+ bd + ¢d = 6 and at most
one of them larger than 1.

(Vasile Cirtoaje, RMM, 39, 2025)

Solution. Without loss of generality, assume that a,b,c € [0,1] and d > 1. For b = ¢ =1,

the inequality becomes
1 1 2

>
PN
under the constraint ad + 45 = 5, where S = (a + d)/2. From 5 = ad + 45 < S? + 45 and
5=ad+4S > 485, we get 1 < S < 5/4. Write the inequality as follows:

487 —2ad + 2k 2
(ad — k)2 +4kS2 = 14k’

45?2 —2(5 —45) + 2k S 2
(5—k—45)22 +4kS? — 1+ k’
(S—1D[15—-3k—(k+T7)S] >0.
Choosing S = 5/4, we get the necessary condition k < 25/17. So, we only need to prove the

original inequality for k = 25/17.
If ¢, d are fixed, then the expression

1 n 1 . 1 n 1
a?+k V+k EA+Ek d+Ek

has the minimum value when

1 1

Blab) = o T o n

has the minimum value. Denoting
T =a, y=2>, A=c+d, B=6-—cd,

we have A >0, B> 0, z,y € [0,1] and 2y + A(x +y) = B. By Lemma below, it follows that
E(a,b) has the minimum value for min{a, b} = 0 or a = b. By extending this result to any

two of a, b, ¢, it suffices to prove the original inequality for a = b = ¢, for a = 0 and b = ¢,
and for a = b = 0.

Case 1: a = b = c. We need to show that

3 1 4
+ >
AA+k d+k 14k
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for 0 < ¢ <1 < d such that ¢® + cd = 2. The inequality is equivalent to
(1—-c)?*3—k—c*)>0.
It is true because 3 — k —c2 > 2 —k > 0.

Case 2: a =0 and b = c¢. We need to show that
1 2 1 4

>
FT ek TR T Ik
for 0 < ¢ <1 < d such that ¢® + 2cd = 6. Write the inequality as follows:
2 2 S 2 1 1
+k 14k~ 1+k k &E+FE

2(1 — c?) - (k—1)(1—c*)(36 — ¢?)
(1+Ek)(2+k) — k(1+Ek)[c* —4(3 — k) + 36]

It is true if
2 S (k:—l)(36—62)

2+ k ~ k[c*—4(3 — k)2 4 36])’

1.e.

25 AB6—¢)
A+k— A—43—-k)*+36

It is true if

24 - 4-36
1+k =~ 0—4(3—k)+36
i.e. 5 5
> 9> k.
1+k ~ 64Kk’ -

Case 3: a = b=0. We need to show that
2 1 1 4

z >
rterrterE T 1tk
for 0 < ¢ <1 <d such that ed = 6. It is true if

2 1

4
S >
TR P

le k<2.
The proof is completed. For k = 25/17, the equality occurs when a =b=c¢=d =1, and
also for a =0, b=c=1and d =5/2 (or any cyclic permutation).

Lemma. Let A > 0, B> 0 and k > 1 be real constants, and let z,y € [0,1] such that
xy + A(x +y) = B. Then, the expression

1 n 1
?+k 4k
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has the minimum value for min{z,y} =0 or z = y.

Proof. For B = 0, we have x = y = 0. Assume further B > 0, and denote s = = 4+ y and
p = xy. We need to show that if 0 < 4p < s* and p + As = B, then the expression

S =2p+2k
© ks2+ (p—k)?

has the minimum value for p = 0 (when min{z,y} = 0) or 4p = s* (when z = y). From
B=p+As>p+2A,/p, we get

p<p=(VA2+ B — Ay
with equality for 4p = s2. Since

AQ(kQ o p2)
(A% + k)p? — 2k(A%? + B)p + k*A? + kB?’

]{72 _ p2
ks?+ (p — k)?

EE =1+ =1+F(p), F(p) =

we need to show that for p € [0, p1], F(p) has the minimum value for p = 0 or p = p;. Let m
be this minimum value. Since k > 1 > p, hence k? — p? > 0, we have m > 0. The inequality
F(p) —m > 0 is equivalent to Fi(p) > 0, where

Fi(p) = —[(m + 1) A% + km]p* + 2km(A? + B)p — (m — 1)k*A* — kmB>.

Since Fi(p) is concave, the inequality Fj(p) > 0 is an equality for p = 0 or p = p;. Therefore,
F(p) has the minimum value for p = 0 or p = p;.
]

P 1.237. Let a,b, c be nonnegative real numbers such that a + b+ c = 3. Prove that
1 1 1 1

+ + <3
32a% — 48a + 25 3262 —48b+ 25 32¢? —48¢c+25 ~ 3
(Vasile Cirtoaje, Math. Reflections, 5, 2024)

Solution. We see that 3222 — 48z + 25 = 2(4x — 3)2 + 7 > 0 for any real z. Assume that
1
a > b > ¢ and write the inequality as F' < 3"

Case 1: ¢ > Z§L For fixed a, assume that b is a function of ¢, i.e. b=3-a-c. We have

F'(c) —(4b— 3) dc— 3 4b—3 dc—3

16 (3202 — 480+ 25) (322 — 48¢ + 25)2 (320 — 48b + 25)2  (32c2 — 48¢ + 25)2°
We will show that F’(c) > 0, i.e.

(3202 — 48¢ + 25)2 L de—3

32b% — 48b + 25 4b—3
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Since

32¢2 — 48¢ + 25\’ . 2(32¢* — 48¢ + 25)
3202 —48b+25) 3202 —48b+ 25 ’

it suffices to show that

2(32¢* — 48¢ + 25) L dc=3

3202 — 48b + 25 —4b -3’
i.e.
] 40—3>2 32¢% — 48¢ + 25 4(b — ¢) >32(b—c)(2b+20—3)
4b—3 — 3202 —48b+25 ) 4b—3 — 3202 —48b+25

This is true if
1 S 8(2b + 2¢ — 3)

4b — 3 — 32b% — 48h + 25’
Since 2b+ 2¢ — 3 = 3 — 2a < 3 — 2b, it suffices to prove that

1 8(3-2h)
Ah—3 = 3202 — 48b + 25’

Indeed,
32b% — 48b + 25 — 8(3 — 2b)(4b — 3) = 96b* — 192b + 97 > 96b* — 192b + 96 = 96(b — 1)* > 0.

Since F'(c¢) > 0, F(c) is increasing and has the maximum value when ¢ is maximum, hence
when ¢ = b. So, we only need to prove the original inequality for ¢ = b, i.e. to show that
a + 2b = 3 involves

1 2 1
< —.
32a% — 48a + 25 * 3202 — 480+ 25 — 3
Write the inequality as follows
1 320% — 480+ 19

12862 — 288h + 119 ~ 3(320% — 48D + 25)’
640" — 2400° + 337b* — 2106 +49 >0,  (b—1)*(8b—T7)* > 0.

3
Case 2: 0 <c < T For fixed b, assume that a is a decreasing function of ¢, i.e. a=3-b-c.
We have

Fiie) ~ —(a—3)d 4dc — 3 B da — 3 B e — 3
16 (3202 —48a +25)2 (32 —48¢c +25)2  (32a2 — 48a +25)2  (32c2 — 48¢ + 25)?
4a — 3

> > 0.
~ (32a% — 48a + 25)?

Since F'(c) > 0, F(c) is increasing and has the maximum value when ¢ is maximum (a
is minimum), hence when ¢ = b or a = b. Therefore, we only need to prove the original
inequality for these cases. In both cases, the original inequality becomes

(b—1)%(8 —7)* > 0.
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5
So, the proof is completed. The equality occurs when a = b = ¢ = 1, and also for a = 1 and

b=c= 3 (or any cyclic permutation).

P 1.238. If a,b, c are nonnegative real numbers such that at most one of them is less than
1 and ab + bc + ca = 3, then

1 n 1 n 1 <3
3a24+5 302 +5 3245 8

(Vasile Cirtoaje, Math. Reflections, 6, 2024)

b 2
Solution. Assume that a > b > 1 > d, and denote x = M

a— — > 0, we obtain a + b < ab 4+ 1, hence (a + < (ab + . erefore,
Hb—-1)>0 btai b<ab-+1,h b)? b+ 1)2. Theref

and p = ab. From

2
l<p<ae<@TD
4
Since
1 N I 3(a* 4+ b*) + 10  2(6z—3p+5)
3a24+5  302+5 94202 + 15(a2 +b2) +25 60z + 9p2 — 30p + 25
and
o (B—ab)®* _ (3-p)°
 (a+b)?2 4w
the desired inequality can be written as F' < 0, where
6x —3p+5 2x 3

F = - —.
60z +9p? —30p + 25 20z +3p> —18p +27 16
Moreover, for fixed p, the inequality F' < 0 is equivalent to f(z) > 0, where
f(z) = —2402* + B(p)z + C(p).

Since f(z) is concave and = € [p, (p + 1)?/4], it suffices to prove that F' > 0 for x = p and
= (p+1)*/4. For x = p, we have

1 2p 3 27(1 — p)?

_ _ <0
3p+5 * 3p2+2p+27 16 16(3p+5)(3p* +2p+27) —
and for z = (p + 1)?/4, we have

2413 P42+l —3(p—1)*
Y I AR GO et s 3(p—1)

— < 0.
3p?+5 p?—p+4 (Bp2+5)(p>—p+4) —

The proof is completed. The equality occurs for a =b=c = 1.
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P 1.239. Let a,b,c,d be nonnegative real numbers such that ab+ ac+ ad + bc+ bd +cd = 1.

Prove that
1 1 1 1

>
a—l—b—l—c+ b+c+d+ c+d~|—a+d+a+b -
(Vasile Cirtoaje, Math. Reflections, 3, 2025)

3.

Solution. Assume that a = max{a,b,c,d}, and write the inequality as E > 3. For fixed
a and d, we may assume that b > ¢, and b and F are functions of c¢. By differentiating the
equality constraint, we get

(p—0b +p—c=0, —b’ziiz.
Let U S SR S 1
(p—a)? (p—d? (p—a)? =~ (p=b)(p—c)
We have
/ . ; gy _;: gl . v . 1
E(C)‘(A+<p—c>2)<b) VR S A e R Py
:(b—c)A_ b—c - b—c B b—c _ 0

p=b  (p=0(p—c)  (p=0Pp—c) (p—b>*p—c)
Therefore, E(c) is increasing and has the minimum value when ¢ is minimum possible (to
respect the constraint @ > b > ¢ > 0), hence when ¢ = 0 or b = a (because b(c) is a
decreasing function). So, abandoning the condition b > ¢, it suffices to prove the required
inequality for the case when one of b and c is equal to 0 or a. By extending this result to
any two numbers from b, ¢, d, it suffices to consider the case when at most one of b, ¢, d is
different from 0 or a. So, we may assume the cases (b, ¢, d) = (a,z,0,0), (b,c,d) = (a,a,x,0)
and (b, ¢,d) = (a,a,a,x), where x < a.
Case 1: (b,¢,d) = (a,2,0,0). We need to show that az = 1 implies
2 1 1

+ -4+ —-2>3.
a+x a X

The inequality is equivalent to
2 1

a +—-+a>3,
a

a?+1
(a—1)*a*—a+1)>0.

Case 2: (b,c,d) = (a,a,x,0). We need to show that a? + 2ax = 1 implies

1 2 1
+ +_237
20+ a+zx 2a

which is equivalent to
2a . 4a . 1 >3
3a2+1 a?2+1 2a 7
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1+ 2a + 8a® + 7a" — 18a° > 0,
(1 —a®) +2a(1 — a*) 4+ 8a*(1 — a®) + 7a*(1 — a) > 0.
Since 1 = a® + 2ax > a?, hence a < 1, the last inequality is true.

Case 3: (b,c,d) = (a,a,a,z). We need to show that 3a? + 3ax = 1 implies

1 3

— > 3.

3a 2a+x

1

From 1 = 3a? + 3azx < 3a® and 1 = 3a? + 3ax > 3a? + 3a?, we get 7 a < 7 The
inequality is equivalent to

1 N 9a > 3

3a 3a2+1 7

1 —9a+ 30a® — 274 > 0.
We have

1 —9a + 30a® — 27a® > 1 — 9a + 30a® — 28a® = (2a — 1)*(5 — 7a) + 2(2 — 3a)(3a — 1) > 0,

since 5 —7a > 0,2 —3a >0 and 3a — 1 > 0.
The proof is completed. The equality occurs when two of a, b, ¢, d are equal to 1 and all
the others to 0.
m

P 1.240. Let a,b,c be nonnegative real numbers such that a® + b* + ¢ + ab + be + ca = 6.

Prove that
1 1 1 1

< —.
a2+5+b2+5+62+5 -2
(Vasile Cirtoaje, Math. Reflections, 2, 2025)

Solution. Assume that a > b > ¢ and write the inequality as £ < 0. For fixed a, we may
assume that b and E are functions of ¢. By differentiating the constraint, we have

(2b+a+c)b +2c+a+b=0,

hence
E(c) = =200 2¢  2(a+b+2¢) 2
(24522 (2452 (a+20+e)(B2+5) (2452

We will show that E’(c) > 0. For the non-trivial case ¢ > 0, it is equivalent to

b(02+5)2>a+2b—|—c b(c* +5)? 1>a+2b+c
(> +5)2 T a+b+2¢ c(b? +5)? Ta+b+2c

(b—c)[25 — 10bc — be(b? + be + ¢2)] - b—c
c(b? + 5)? T a+b+2c
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It is true if
25 — 10bc — be(b? + be + 2) - 1

c(b? +5)2 Ta+b+2c
Since bc < 1 and a + b + 2¢ > 4c, it suffices to show that

25 — 10bc — (b* + be + ¢*) 21
(b2 +5)2 s
that is
75 > 14b% + 44be + 4% + b,
From

6=a>+b 4+ +ab+bc+ca>b+b+c+ b+ be+ be = 3b% + 2be + 2 >3b2,
we get 3b? + 2bc + ¢ < 6 and b? < 2. So, we have
75 — (146% + 44bc + 4¢* + bY) > 72 — (140 + 44bc + 4¢® + 2b) = 4[18 — (4% + 11bc + )]

> 4A[3(3b% + 2bc + ¢*) — (4b* + 11be + ¢*)] = 4(5b* — bbc + 2¢%) > 0.
Since E'(c) > 0, F(c) is increasing and has the maximum value when ¢ is maximum, hence
when ¢ = b. So, we only need to prove the original inequality for ¢ = b, that is to show
that a® 4 3b? + 2ab = 6 implies
1 n 2
a?+5 b +5

1
< —.
-2
The inequality can be written as

a’b’ + a® + 3b° > 5.
Indeed, we have

a** + (a® +3%) = 5= b’ + (6 — 2ab) — 5 = (ab — 1)* > 0.

The equality occurs when @ = b = ¢ = 1, and also when @ = V3 and b = ¢ = (or any

Sl

cyclic permutation).
O]

P 1.241. If ay,ao,...,a13 are real numbers such that
ay +ag+ -+ a3 =13,

then
4CL1+7 4a2—i—7 T 4&13-'-7 <§
a? —2a;+4 a3 —2ay+4 als —2a13+4 ~ 3

(Vasile Cirtoaje, 2018)
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Solution. Substituting
a; =x; + 1, 1=1,2,...,13,
we need to show that

dry + 11 4dxs + 11 dr13+ 11 143
2 T2 e 3 S 3
r7+3 x5+ 3 i3 +3 3

for
Ty + 29+ -+ 213 =0.

The inequality is equivalent to

2z, — 1) (225 —1)? (2215 — 1) _ 13
253 1 ays T a3 2y
Let
S=al+a3+ -+ i,
Since

13(2343) = 12274+274+39 = 1222 +(zo+- - -+213)°+39 < 1222 +12(25+ - -+275)+39 = 125439,

it is enough to show that

(21‘1 — 1)2 (QIQ — 1)2 1 4 (2%2 — 1)2 S 1
125 + 39 125 + 39 125+39 — 3’
which is an identity.
3
The equality occurs for a; =as =--- =a13 =1, and for a; = =5, as = --- = a13 = 3 (or

any cyclic permutation).



Chapter 2

Symmetric Nonrational Inequalities

2.1 Applications
. s 2
2.1. If a, b are nonnegative real numbers such that a* + b* < 14+ —, then

V3

o b < 2(a® +0?)
202 4+1 20241~ a?24+02+1°

2.2. If a, b, ¢ are real numbers, then

Z\/a2 —ab+b% < \/6(a2 + b + ) — 3(ab + be + ca).

2.3. If a, b, c are positive real numbers, then

2bc 2ca 2ab
Vb+c+b/et+a+ca+b> + + :
¢ ¢ Vetateva “Vb+c Veta Va+b

2.4. If a, b, ¢ are nonnegative real numbers, then
242 4 2
Va2 —ab+ b2+ Vb2 —be+ 2+ Ve — ca+ a? §3\/G+TC.

2.5. If a, b, c are nonnegative real numbers, then

2 2 2
\/a2+b2—§ab—|—\/b2+02—§bc+\/c2+a2—§ca22 a? 4+ b? + 2.

339
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2.6. If a, b, c are nonnegative real numbers, then

Z\/a2 +ab+ 02 > \/4(a® + b2 + ) + 5(ab + be + ca).

2.7. If a, b, c are positive real numbers, then

Z\/a2+ab+b2 < \/5(a2 + b2 + c2) + 4(ab + be + ca).

2.8. If a, b, ¢ are nonnegative real numbers, then

Z\/&Z—{—ab—i—b? < 2Va2 + b2 + 2 + Vab + be + ca.

2.9. If a, b, c are nonnegative real numbers, then

Va2 4 2bc + Vb2 + 2ca + V2 + 2ab < Va? + b2 + 2 + 2V ab + be + ca.

2.10. If a, b, ¢ are nonnegative real numbers, then

1 1 1 1 2
+ + > + .
Va2 +2bc V2 +2ca V2 +2ab T Val+ b2+ 2 Vab+be+ca

2.11. If a, b, ¢ are positive real numbers, then

V2a2 + be + V202 + ca + V2¢2 + ab < 2V a2 + b2 + 2 + Vab + be + ca.

2.12. Let a, b, ¢ be nonnegative real numbers such that a +b+ ¢ = 3. If k = /3 — 1, then

Z Va(a + kb)(a + ke) < 3V3.

2.13. If a, b, ¢ are nonnegative real numbers such that a + b + ¢ = 3, then

> Vaa+b)(2a+c) > 9.

2.14. Let a, b, ¢ be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

V2 +E4alb+c)+/E+a2+b(c+a) + /a2 + b2+ c(a+b) > 6.
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2.15. Let a, b, ¢ be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

(a) Va(3a? + abe) + /b(3b% + abe) + /(3¢ + abc) > 6;
(b) V3a2 + abc + /302 + abc + /3c2 + abc > 3v/3 + abe.

2.16. Let a, b, ¢ be positive real numbers such that ab + bc 4+ ca = 3. Prove that

av/(a+ 2b)(a + 2¢) + by/(b + 2¢) (b + 2a) + cv/(c + 2a)(c + 2b) > 9.

2.17. Let a, b, ¢ be nonnegative real numbers such that a + b+ ¢ = 1. Prove that

Va+b—c2+ b+ (c—a)?+ e+ (a—b)2> V3

2.18. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that
a(b+ b(c+ +b

N DB eI
a? + be b2 + ca 2+ ab

2.19. Let a, b, ¢ be positive real numbers such that abc = 1. Prove that

v

1 1 1
3 + + 5 >1
Va2 +25a+1 Vb2 +25b+1 /2 +25¢c+1

2.20. If a,b, ¢ are nonnegative real numbers, then

Va2 +be+ V2 +ca+vVeR+ab< g(cﬂ—b—i—c).

2.21. If a,b, ¢ are nonnegative real numbers, then

Va2 + 9bc + Vb2 + 9ca + Ve + 9ab > 5V ab + be + ca.

2.22. If a, b, ¢ are nonnegative real numbers, then

Z V(a2 4 4be) (b2 + 4ca) > 5(ab + ac + be).
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2.23. If a, b, ¢ are nonnegative real numbers, then
Z V(a2 4 9be) (b2 + 9ca) > T(ab + ac + be).
2.24. If a,b, ¢ are nonnegative real numbers, then
S V(@ + )0+ ) < (a+b+c)
2.25. If a, b, ¢ are nonnegative real numbers, then
> V(@ +ab+ 1) (0 +be+ ) > (a+b+c).
2.26. If a, b, c are nonnegative real numbers, then
Z V(a2 4 Tab + b2)(b2 + Tbe + ¢2) > T(ab + ac + be).
2.27. If a,b, ¢ are nonnegative real numbers, then
7 7 13
Z \/<a2 + §ab+ b2) (b2 + §bc+ 02> < E(a+ b+ c)?.
2.28. If a, b, ¢ are nonnegative real numbers, then
1 1 61
> \/<a2 +gab+ b2> (b2 + gbe+ c2> <gglatbt ).
2.29. If a, b, ¢ are nonnegative real numbers, then
a b c
+ + >1
VA2 +be+ 42 VAR 4 ca+ 4a?  V4a? + ab + 4b?
2.30. If a, b, c are nonnegative real numbers, then

a n b . c S at+b+c
V2 +be+2 VR +cat+a2 Vaz+ab+02  Vab+be+ ca
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2.31. If a, b, ¢ are nonnegative real numbers, then

a n b n c < a+b+c
Vaz+2bc V2 +2ca R +2ab ~ Vab+be+ca

2.32. If a,b, ¢ are nonnegative real numbers, then

a® + b3 + & + 3abe > a*Va? + 3bc + b*Vb2 + 3ca + 2V 2 + 3ab.

2.33. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

b
¢ 4 5 <1
V4a? +5bc  /4b2 +5ca /A + Bab

2.34. Let a, b, ¢ be nonnegative real numbers. Prove that

av/'4a? + 5bc + bvV/4b2 + 5ca + eV4c + 5ab > (a + b+ ¢)?.

2.35. Let a, b, ¢ be nonnegative real numbers. Prove that

ava? + 3bc + bV'b? + 3ca + eV + 3ab > 2(ab + be + ca).

2.36. Let a, b, ¢ be nonnegative real numbers. Prove that

ava? + 8bc + bvV/b2 + 8ca + cvV'c? + 8ab < (a + b+ ¢)?.

2.37. Let a, b, c be nonnegative real numbers, no two of which are zero. Prove that

a® + 2bc N b? + 2ca n c® + 2ab S 3Vab T he t
a ¢ + ca.
V2 +be+c2 A +ca+a® Va2 +ab+ b2 T

2.38. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. If k > 1, then

2a2+bc+262+ca+202+ab ~ a+b+c
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2.39. If a, b, c are positive real numbers, then

a? — be b2 — ca 2 —ab
(a) + + > 0;
V3a2 +2bc  /3b2+2ca /3¢ + 2ab
a? — be b? — ca 2 —ab

b
(b) \/8a2 + (b+¢)? \/862 (c+a)? \/802 + (a + b)?
2.40. Let a, b, ¢ be positive real numbers. If 0 < k <1+ 2\/5, then

a? — be b? — ca 2 —ab

+ + >0
VEa2+02+32  VEPE+E+a2 VEE+a?+ 2

2.41. If a, b, ¢ are nonnegative real numbers, then

(a®> = bc)Vb+c+ (b —ca)Ve+a+ (¢ —ab)Va+b > 0.

2.42. If a, b, ¢ are nonnegative real numbers, then

(a® — be)Va2 + 4be + (b* — ca)Vb? + 4dca + (¢ — ab)Ve? + dab > 0.
2.43. If a,b, ¢ are nonnegative real numbers, then

a3 b3 c3
_* S >
a3+(b+c)3+ b3+(c+a)3+ A+ (a+b)?3—

2.44. If a, b, c are positive real numbers, then
1 1 1 1 1 1
b —+-+-) >1 1 2+ +A) | =+=+= ).
\/(a+ +C)<a—|—b+c> > 1+ +\/(a+ +C)( +b2+ )

2.45. If a, b, ¢ are positive real numbers, then

1 1 1 1 1 1
5+\/2(a2+62+02)( tate )—2 Z(a+b+0)<g+g+‘)-

C
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2.46. If a, b, ¢ are real numbers, then

2(1 + abe) + /2(1 +a2) (1 +2)(1 +¢2) > (1 +a)(1+b)(1 +c).
2.47. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that
a2~|—bc bZ+ca 2+ ab 1
R > 24+ —.
62+02 c2+a2 a? +b? V2

2.48. If a,b, c are nonnegative real numbers, then

Va2a+b+c)+/b2b+c+a)+ e(2c+ a+b) > /12(ab + be + ca).

2.49. Let a, b, ¢ be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

av/(4a + 5b)(4a + 5¢) 4+ by/ (4 + 5¢)(4b + 5a) + v/ (4c + 5a)(4c + Bb) > 27.

2.50. Let a, b, ¢ be nonnegative real numbers such that ab + bc + ca = 3. Prove that

av/(a+3b)(a + 3c) + by/(b+ 3¢)(b+ 3a) + cv/(c + 3a)(c + 3b) > 12.

2.51. Let a, b, c be nonnegative real numbers such that a® + b? + ¢ = 3. Prove that

V2 +Tab + V2 + The + /2 + Tea > 3+/3(ab + be + ca).

2.52. Let a, b, c be nonnegative real numbers such that a® + b? + ¢ = 3. Prove that

a n b n c <1
202 +1 20241  2c2+1—

2.53. Let a, b, ¢ be nonnegative real numbers such that ab + bc + ca = 3. Prove that

(a) > valb+c)(a® + be) > 6;
(b) S alb + ¢)Va? + 2be > 6/3;

(c) S a(b+c¢)y/(a+ 2b)(a+2c) > 18.



346 Vasile Cirtoaje

2.54. Let a, b, ¢ be nonnegative real numbers such that ab + bc + ca = 3. Prove that

avbc + 3+ bvea + 3+ cvVab+ 3 > 6.

2.55. Let a, b, ¢ be nonnegative real numbers such that a + b + ¢ = 3. Prove that
(a) Yo+ )V + 2+ The > 18;

(b) ST(b4 )V + ¢ + 10be < 12¢/3.

2.56. Let a, b, ¢ be nonnegative real numbers such then a + b + ¢ = 2. Prove that

Va + 4bc + Vb + dca + Ve + dab > 4V ab + be + ca.

2.57. If a,b, c are nonnegative real numbers, then

Va2 + b2+ Tab+ Vb2 + 2+ Tbe + V2 + a2 + Tea > 5V ab + be + ca.

2.58. If a,b, ¢ are nonnegative real numbers, then

Va2 + b2+ 5ab + Vb2 + 2 + 5bc + V2 + a? + 5ca > /21(ab + be + ca).

2.59. Let a, b, ¢ be nonnegative real numbers such that ab + bc + ca = 3. Prove that

2
a\/a2+5+b\/b2+5+6\/c2+52\/;(a+b—i—c)2.

2.60. Let a, b, c be nonnegative real numbers such that a? + b? + ¢ = 1. Prove that

av/'2 + 3bc + bv/2 + 3ca + cvV/2 + 3ab > (a + b+ ¢)*.

2.61. Let a, b, ¢ be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

2 b 2b /2 b
(a) a a;— c+b —gca_'_c c—ska > 3,

(b) a\/a(1+3b+c)+b\/b(1+;+a)+c\/0(1+3a+b) >3
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2.62. If a, b, ¢ are nonnegative real numbers such that a + b + ¢ = 3, then

V/8(a2 +be) + 9+ /802 4 ca) + 9+ \/8(c2 +ab) +9 > 15.

9
2.63. Let a, b, ¢ be nonnegative real numbers such that a +b+c=3. If k£ > 3’ then

Va2 +be+k+vVh2+ca+k+vVE+ab+k>3V2+k.

2.64. If a,b, c are nonnegative real numbers such that a + b+ ¢ = 3, then

Va3 + 2bc + Vb3 + 2ca + VA3 + 2ab > 3V/3.

2.65. If a,b, c are positive real numbers, then

VaZ+be V2+ca VE+ab 32
+ + > .
b+c c+a a-+b 2

2.66. If a,b, c are nonnegative real numbers, no two of which are zero,then

Vbe +4a(b+ c) N Vea+4b(c + a) N ab + 4c(a +b)
b+c c+a a+b

9
> —.
-2

2.67. If a,b, c are nonnegative real numbers, no two of which are zero,then

av/a? + 3be N bv/b2 + 3ca N eV + 3ab

>a+b+c.
b+c c+a a+b

2.68. If a,b, c are nonnegative real numbers, no two of which are zero,then
2a(b+ c¢) 2b(c + a) 2c(a +b)
+ + > 2.
(2b+¢)(b+ 2¢) (2¢+ a)(c+ 2a) (2a+b)(a + 2b)

2.69. If a, b, ¢ are nonnegative real numbers such that ab + bc 4+ ca = 3, then

/bc+ca+/ab<1</bc+ca+/ab
3a2+6 302 +6 3¢24+6 —  — V6a2+3 602 + 3 6c2 + 3
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2.70. Let a, b, ¢ be nonnegative real numbers such that ab + bc + ca = 3. If £ > 1, than

a"(b+c) + b (c+a) + F(a+b) > 6.

2.71. Let a, b, ¢ be nonnegative real numbers such that a + b+ ¢ = 2. If
2<k<3,

than
a"(b+c)+ b (c+a) + Fla+b) <2

2.72. Let a, b, c be nonnegative real numbers, no two of which are zero. If m > n > 0, than

bm m m m m bm
e (b+c—2a)~l—u(c—i—a—%)ﬂLL
bn_|_cn Cn+an an_|_bn

(a+b—2c)>0.

2.73. Let a, b, ¢ be positive real numbers such that abc = 1. Prove that

Va2 —a+1+vVa2—a+1+vVa2—a+1>a+b+ec.

2.74. Let a, b, c be positive real numbers such that abc = 1. Prove that

V16a2 +9 + V16b2 + 9 + V1662 +9 > 4(a + b+ c) + 3.

2.75. Let a, b, c be positive real numbers such that abc = 1. Prove that

V2502 + 144 4+ V250% + 144 + V/25¢2 + 144 < 5(a + b+ ¢) + 24.

2.76. If a,b are positive real numbers such that ab + bc + ca = 3, then

(a) Va2 +3+ V2 +3+V2+3>a+b+c+3;

(b) Va+b+Vb+c+e+ra>/4la+b+c)+6.

2.77. If a,b, c are nonnegative real numbers such that a + b + ¢ = 3, then

vV (5a2 4 3) (562 + 3) + /(502 + 3)(5¢2 + 3) + /(5¢2 + 3)(5a2 + 3) > 24.
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2.78. If a,b, c are nonnegative real numbers such that a + b + ¢ = 3, then

4(a? 4+ b + ¢?) + 42

\/a2+1+x/b2+1+\/c2+12\/ 3

2.79. If a,b, c are nonnegative real numbers such that a + b + ¢ = 3, then

(a) Va2 + 3+ Vb2 +34+ Ve +3> 1/2(a? + b2+ 2) + 30;

(b) V3a2 + 14302 + 1+ V32 + 1> /2(a? + b2 + ) + 30.

2.80. If a, b, ¢ are nonnegative real numbers such that a + b + ¢ = 3, then

V(3242 + 3) (3262 + 3) 4+ /(3202 + 3)(32¢2 4 3) + 1/(32¢ + 3)(32a2 + 3) < 105.

2.81. If a, b, c are positive real numbers, then

a+b
c

‘b—l—c

-3+
a

-3+

— 3| > 2.
o

2.82. If a, b, c are real numbers such that abc # 0, then

c+a

> 2.
b

b+c
a

a+b
c

2.83. Let a, b, ¢ be nonnegative real numbers, no two of which are zero, and let

. 2a 2 L 2c
“bre YT cra Catb
Prove that
(a) VIY + Yz + 2 > xyz + 2
(b) r+y+z+ /1y + Yz + 2z > 6;
(c) VT Y+ V2> 8+ xyz;
(@) VIR | VELL VT

r+2 y+2 z4+2
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2.84.

Let a, b, c be nonnegative real numbers, no two of which are zero, and let

2a 2b 2c
= , Z= )
y c+a a+b

Prove that

2.85.

2.86.

2.87.

2.88.

2.89.

2.90.

V1 24z 4+ /14 24y + V1 + 242 > 15.

If a, b, c are positive real numbers, then

\/m +\/ 7b +\/ Tc <3
a+3b+ 3¢ b+ 3c+ 3a c+3a+3b~

If a, b, c are positive real numbers such that a + b+ ¢ = 3, then

va2(b? + c?) + {3/172(02 +a?) + f/c?(a2 +b?) < 3v/2.

If a, b, c are nonnegative real numbers, no two of which are zero, then

1 N 1 N 1 - 1 N 2
a+b b+c c+a a+b+c Jab+bc+ca

If a,b > 1, then
1

V3ab +1

1 1
>

1
- + .
27 V3a+1 VBbh+1

1
Let a, b, ¢ be positive real numbers such that a + b+ c¢=3. If k > —, then

V2

(abc)*(a® 4+ b* + %) < 3.

If a,b,c € [0,4] and ab + be + ca = 4, then

Va+b+vVb+c++vVeta<3++5.
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2.91. Let a, b, c be positive real numbers such that @ < b < ¢ and a*bc > 1, and let

22 1 2 b
F(a,b,c) = a—|—3—|—c_a—|—3+c.

Then,
111
Fla,b,c)>F (=~ ).
@002 F (5.5.:)

2.92. Let a, b, ¢ be positive real numbers such that a < b < ¢ and a?(b+¢) > 2, and let

2 b2 2 b
Fla,b,c) = a +3 +c _a—|—3—|—c.

Then,

2.93. Let a, b, ¢ be positive real numbers such that a < b < ¢ and a*(b*> + %) > 2, and let

224 2 b
F(a,b,c) = a—|—3—|—c_a+3—|—c.

Then,
111
F(a,b,c) > F <—,—,—> .

2.94. Let a, b, ¢ be positive real numbers such that ¢ > b > c and a*b’c” > 1, and let

3 3
F(a,b,c) = vabc—ﬁ.

-4+ -+ -
a Cc

Then,
111
Fla,b,c) > F|—,—-,—|.
(a'7 70)— (a,b’c)

S

2.95. Let a, b, ¢ be positive real numbers such that a = min{a, b, c} and a*bc > 1, and let

3
_3 _— —_———————
F(a,b,c) = Vabe 1 T
b ¢

Prove that -
Fla,bc)>F |-, - —].
(a7 7C) — < b b? C)



352 Vasile Cirtoaje

2.96. Let a, b, c be positive real numbers such that @ < b < ¢ and a*bc > 1, and let

Fla,b,c) = a—|—§+c_ /ab+b;+ca'

Then,

2.97. Let a, b, ¢ be positive real numbers such that a > b > ¢ and a?b°c® > 1, and let

b+
F(a,b,c) = # — Vabe.

111
F(a,b,c) 2F<—,—,—).

a' b’ c

Prove that

2.98. Let a, b, ¢ be positive real numbers such that min{ab, bc,ca} > 1, and let

3 3
F(a,b = — .
(a,b,¢) Vab+bc+ca a+b+ec

Flabo < F(G.500)-

Prove that

a'b’c

2.99. Let a, b, c,d be positive real numbers such that ab > 1 and c¢d > 1, and let

4
4
1‘7(a,b,c,d):\/abcd—1 T 1 1
a b ¢ d
Then,
1111
Fla,b,c,d) > F—,—,—, = |.
(a7 7C7 )— <a7b7c7d>

2.100. Let a, b, ¢, d be nonnegative real numbers such that a® + b +c? +d? = 1. Prove that

Vi—a+V1i—b+V1i—c+V1—d>Va+Vb+ e+ Vi
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2.101. Let a, b, ¢, d be positive real numbers, and let

1 1 1 1 1 1 1 1

A= b dl-—+-+-+- B = b’ d? - .

(a+ +c+)(a+b+c+d>, (a® + 0>+ + )( tnt s +d2)
Prove that

(a) vB—-12< A-—14;

(b) 2vVB > A-38.
2.102. Let aq,as, ..., a, be nonnegative real numbers such that a; +as+---+a, = 1. Prove
that

V3a, +1+V3as+1+- 4+V3a,+1>n+1.

2.103. Let aq,as,...,a, be positive real numbers such that a,as---a, = 1. Prove that
1 1 1

\/1+(n?—1)a1+\/1—1—(712—1)&2+'”+\/l—l—(n?—l)oznZ

2.104. Let aq,as,...,a, be positive real numbers such that a;as---a,, = 1. Prove that
z 1 1
> 21
—~1+./1+4n(n—1)a; 2
2.105. If aq, as, . .., a, are positive real numbers such that a;as---a, = 1, then
2 2 ... 2
n
2.106. If aq, as, ..., a, are positive real numbers such that a;as---a, = 1, then

\/(n—l)(a%+a§+---+ai)+n— nn—1)>a +ay+ -+ ay,.

2.107. Let aq,ao,...,a, be positive real numbers such that ajas---a, > 1. If £ > 1, then

P > 1

n
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2.108. Let aq,as, ..

then

2.109. Let ai, ag, . .
1 <k<n+1, then

2.110. Let aq,aq, ..

2.111. Let ai, ag, . .

then

2.112. Let ai, ag, . .

2.113. Let ay,as,..
0 <k <1, then

1

., a, be positive real numbers such that aias---a, > 1. If

<k<l1
n—2 = ’

P <1
a’f+a2—|—---+an_

., a, be nonnegative real numbers such that ay +as +--- +a, > n. If

3]
e <1
ay +az + -+ ay

., a, be positive real numbers such that aias---a,, > 1. If kK > 1, then

(3]
> <1
ay +az+---+ay

., a, be positive real numbers such that ajas---a, > 1. If

1 -

2
<k<l1
n—2 ’

3]
E A > 1.
ai t+ax+---+ay,

., a, be positive real numbers such that aias---a,, = 1. If £ > 0, then

1
E - <1
ay +az+---+ay

., G, be nonnegative real numbers such that a1 +as +--- +a, < n. If

! ! > 1.

a’f+a2+

2.114. Let aq, aq, ..

+ 3 +eee =
et a,  aptagt+-o-+ay ay +az + - +ay

., a, be positive real numbers. If £ > 1, then

Za’§+a’§+---+a’; <n(a’f+a’§+---+a’;)
aztaz+---+a, = artar+--ta,
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2.115. Let f be a convex function on the closed interval [a, b], and let ay, as, . .

such that
ay +ag + - -+ ap, = pa + qb,

where p,q > 0 such that p 4+ ¢ = n. Prove that

flar) + flaz) + -+ flan) < pf(a) +qf(b).

2.116. If a, b, c are positive real numbers such that

a>1>b>c¢, abc =1,
then
1 N 1 N 1 S 3
V3a+1 V3b+1 3c+1 2
2.117. If aq, as, . .., a, are nonnegative real numbers such that
a<l<a<---<a,, @tat--+a,=n
then

[ 3ay n [ 3as n n [ 3an, <
CEEEEY n'
4 — aq 4 — Q9 4 — Qp, -

2.118. If a, b, ¢ are positive real numbers and

2a 2b 2c
s = ) = 5
b+c y c+a a-+b

then
1 1 1
> 1.

+ +
Vir+4  Vhy+4  /bz+4

2.119. If a, b, ¢ are nonnegative real numbers such that ab + bc + ca = 3, then

V(a4 3b)(a +3¢) + /(b + 3¢)(b+ 3a) + \/(c + 3a)(c + 3b) > 12.

2.120. If a, b, ¢ are nonnegative real numbers such that ab + bc 4+ ca = 3, then

\/2a+1+\/2b+1+\/20+1>3
3 3 3 =

S ap € la, b
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2.121. If a, b, c are the lengths of the sides of a triangle such that a + b+ ¢ = 2, then

a n b n c > 9
a?+bc  \ b2+ca 2+ab

2n — 1
2.122. For given n > 3, prove that n is the least positive value of the constant k£ such
/rl/ —
that
as +as+---+ay, n—1
> SYAEE
kay +as +as3+---+ay k4+n—1

cyclic

holds for any nonnegative real numbers ay, as, ..., a, with a; +as + --- + a, > 0.
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2.2 Solutions

2
P 2.1. If a,b are nonnegative real numbers such that a* +b*> <1+ —, then

V3

o b < 2(a® +0?)
202 4+1 20241~ a?24+02+1°

(Vasile Cirtoaje, 2012)

Solution. With

a? + b? 1 1
= = ab 0<p<s< -4+ —
S 2 7 p a 7 e — p e — S e — 2 _|_ \/g?
the inequality becomes as follows:
(2p+1)y/2(s +p) < 2y/s
4p2 +4s+1  — 2s5+1’
2s 1> (2p+1)(2s+1) 3
S+p A4p? +4s + 1
s—p S 2s=p)2p—1)
25 — 4p?+4s+1
s+ +1
(s +p) ( P )
Thus, we need to show that
1 o 22p—1)
25 T 4p? 445+ 1
s+ +1
(s +p) ( P )
: 2s :
Since > 1, it suffices to show that
s+p
1 o 202p-1)

25 25 T A4p? +4s+ 17
(s +p) +
s+p s+p

which is equivalent to
4p* +4s +1 > 4(2p — 1)1/2s(s + p).

For the nontrivial case 2p—1 > 0, which involves 2s—1 > 0, since 21/2s(s + p) < 2s+(s+p),
it suffices to show that
4p* +4s+1>2(2p —1)(3s + p),

that is
10s +1 > 2p(6s — 1).
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We have
10s +1—2p(6s —1) > 10s + 1 —2s(6s — 1) = 1 + 125 — 125* > 0.

The equality holds for a = b.

P 2.2. Ifa,b, c are real numbers, then

z:\/a2 —ab+ b2 < \/6(a%+ b+ ) — 3(ab + bc + ca).

Solution. By squaring, the inequality becomes as follows:

2(ab + bc + ca) +2Z\/ 2 —ab+b2)(a2 — ac + %) < 4(a* + b* + ),

z:(\/a2—ab—i—bQ—\/a2—a0+02>2 > 0.

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).

[]

P 2.3. Ifa,b,c are positive real numbers, then

2bc 2ca n 2ab
Vb+c \/c +a Va+b
(Lorian Saceanu, 2015)

avb+c+bJ/e+a+cva+b>

Solution. Use the SOS method. Write the inequality as follows:

Savire-Y

vk

Za(b+c)—2bc>0
Vb+c -

0,

| \/

ba—c)  cla—b)
e Y
c(b—a) c(a —b)
Z\/C—l——a Z b—i—c_
1 1
Zc(a_b)(\/b—i-c_\/c—l—a) 20,
c(a — b)”

Z\/b—irc )(c+a) (Vb+c+ et a) =0

The equality holds for a = b = c.
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P 2.4. If a,b, c are nonnegative real numbers, then

212 1 2
\/a2—ab+b2+\/b2—bc+c2+\/c2—ca+a2SS\/Q.

Solution (by Nguyen Van Quy). Assume that ¢ = min{a, b, c}. Since

b2 —be + 2 < b?

and
A —ca+a®< a2,

2 b2 2
\/@2—ab+b2+b+a§3\/%.

Using the Cauchy-Schwarz inequality, we have

it suffices to show that

vVat—ab+ b0 +a+b< \/{(aQ—aanb?)—k mZb)Q} (1+k)

k> 0.

B \/(1 + k)[(1+ k)(a® + b2) + (2 — k)ab]
= 7 ,
Choosing k = 2, we get

2 2 2 21 2
\/az—ab+b2+a+b§3\/a_2l_ <3 %:3'

The equality holds for a = b and ¢ = 0 (or any cyclic permutation).

P 2.5. If a,b, c are nonnegative real numbers, then

2 2 2
\/a2+b2—§ab+\/b2+02—§bc~l—\/cz+a2—§ca22 a? + b2 + 2.

(Vasile Cirtoaje, 2012)

First Solution. By squaring, the inequality becomes

2 Z V(302 + 302 — 2ab)(3a2 + 3¢2 — 2ac) > 6(a® + b? + ¢*) + 2(ab + be + ca),

2
6m2+¥44¥—ab—mqu)2§:(¢&ﬂ+3w—2mp-¢&ﬂ+3§—2m§,
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b —¢)%(3b+ 3c — 2a)?
3Z(b_c>222 ( )( ) 5,
(\/3@2 + 302 — 2ab + v/3a? + 3¢2 — 2ac)

1—

> (b—c)

(3b+ 3¢ — 2a)?
(\/9&2 + 9b2 — 6ab + v/9a2 + 9¢2 — 6@0)2 .

Since

V9a2 + 9b2 — 6ab = /(3b — a)? + 8a2 > |3b — a,
V9a2 4 9¢% — 6ac = /(3¢ — a)? + 8a% > |3¢c — al,

it suffices to show that
3b+3c—2a| \?
b—c)?|1— | > ().
2. C)[ (\3b—a|+y3c—a\)]—

This is true since
|34 3¢ — 2a| = |(3b—a) + (3¢ — a)| < |30 — a| + |3¢ — a.

The equality holds for a = b = ¢, and also for b = ¢ = 0 (or any cyclic permutation).

Second Solution. Assume that a > b > c¢. Write the inequality as

V(a+0)2+2(a =02 +/(b+c)2 +2(00— )+ /(a+¢)* +2(a— ) >

> 24/3(a2 + b2 + c2).
By Minkowski’s inequality, it suffices to show that

ViIla+b) + 0 +c)+ (a+o)2+2[(a=b)+ (0 —c)+ (a—c)]? > 2¢/3(a? + b + ¢2),

which is equivalent to

Via+b+c)242(a—c)2 > /3(a? + b2+ c2).
By squaring, the inequality turns into

(a—b)(b—c)>0.

P 2.6. If a,b, c are nonnegative real numbers, then

> Vatab+ 17 > \/A(a? + 17+ 2) + 5(ab + be + ca).

(Vasile Cirtoaje, 2009)
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First Solution. By squaring, the inequality becomes

> V(@ +ab+0?)(a® +ac+ ) > (a+b+c).

Using the Cauchy-Schwarz inequality, we get

Z V(a2 + ab+ b2)(a? + ac + 2) = Z

+b 2+3b2
Ty A

> [<a+g) (a+§)+37bc] = (a+b+c)

The equality holds for a = b = ¢, and also for b = ¢ = 0 (or any cyclic permutation).

Second Solution. Assume that a > b > ¢. By Minkowski’s inequality, we get

2> Valtab+b2 = \/3(a+b)?2+ (a—Db)>

>3lla+b)+(b+c)+(c+a))2+[(a—b)+ (b—c)+ (a—c)]?
=2/3(a+b+ )2+ (a—c)

Therefore, it suffices to show that

3(a+b+e)+(a—c)>4(a®+b* + )+ 5(ab + be + ca),
which is equivalent to the obvious inequality
(a—"b)(b—c)>0.

Remark. Similarly, we can prove the following generalization:

e Let a,b,c be nonnegative real numbers. If |k| < 2, then

> VPt kab+ b7 > \/4(a? + b + ) + (3k + 2)(ab + be + ca),

with equality for a = b = ¢, and also for b= c =0 (or any cyclic permutation).

For k = —2/3 and k = 1, we get the inequalities in P 2.5 and P 2.6, respectively. For k = —1
and k = 0, we get the inequalities

Z\/aQ—ab—l—bQZ\/4(a2+b2—|—62)—ab—bc—ca,

Z\/a2 + 02 > \/4(a® + b2 + 2) + 2(ab + be + ca).
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P 2.7. If a,b, c are positive real numbers, then

> Va?+ab+ 17 < \/5(a? + 12+ 2) + 4(ab + be + ca).
(Michael Rozenberg, 2008)

First Solution (by Vo Quoc Ba Can). Using the Cauchy-Schwarz inequality, we have

(V) = [Soeo] (S 25527

b+c

b2 +b 2
= 2(a+b+c) (Z%) :22(1+$) (b% + be + )

2a(b* + be + ¢?)
b+c

:4(a2+62+c2)+2(ab+bc+ca)+Z

b
:4(a2+b2+c2)+2(ab+bc+ca)—1—22@ (b+c— b—fc)

1
b+c

= 4(a® + b* + %) + 6(ab + be + ca) — 2abcz
Thus, it suffices to prove that

1
b+c

4(a® +b° + ) + 6(ab + be + ca) — 2abe Y < 5(a® + b* + ) + 4(ab + be + ca),

which is equivalent to Schur’s inequality

1
b+c

2(ab+ be+ ca) < a® +b* + ¢ —i—2abcz

We can prove this inequality by writing it as follows:

be
2
(a+b+c) §2Za(a+b+0),
a
b+c’

(a+b+0? < [Yab+0) Zbic.

Clearly, the last inequality follows from the Cauchy-Schwarz inequality. The equality holds
fora=0b=c.

Second Solution. Use the SOS method. Let us denote
A=V +bc+c2, B=vVE+ca+a? C=+va®+ab-+ b2

Without loss of generality, assume that a > b > c¢. By squaring, the inequality becomes

23 BC<3) a®+3) ab,

(a+b+c)2§2(ab+bc+ca)z
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Zaz—ZabSZ(B—C)Q,
2 2 (b—c)?
Y b—c) <2a+b+0) Z(B+—o)2‘

Since
(B+C)? <2(B*+ C% = 2(2a* + b* + % + ca + ab),

it suffices to show that

Z(b—c)QS(a+b+c)2Z (b=¢)

202 + b2 4+ 2+ ca + ab’

which is equivalent to

Z(b - C)QSa > 07

where
B —a® + ab + 2bc + ca
2024+ b2+ 2+ ca+ ab’
=V 4bc+2ca+ ab
PR 2t a2 tabtbe =
B —c? + ca + 2ab + be
24+ a2+ b2 +be+ca T
Since
2
a
> (0—¢)?Sa > (b—0)*Sa+ (a—c)*Sy > (b—c)*Sa + (b= )2,
S. S
> (b— )%y + S(b— )2y = alb—c)? [ 22 + 22,
b a b
we only need to prove that
a b
21 22>0
a + b —
which is equivalent to
—b% + bc + 2ca + ab a?> — ab — 2bc — ca

b(2b% + 2 + a? + ab+ bc) ~ a(2a® + b2 + ¢ + ca + ab)’
Consider the nontrivial case where a? — ab — 2bc — ca > 0. Since
(26> +b* + A +ca+ab) — (20 +c* +a* +ab+bc) = (a—b)(a+b+c) >0,

it suffices to show that

—b* + be + 2ca + ab - a* —ab — 2bc — ca
b - a '
Indeed,
a(—b* + be + 2ca + ab) — b(a® — ab — 2bc — ca) = 2¢(a® + ab + b*) > 0.
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P 2.8. If a,b, c are nonnegative real numbers, then

Z\/a2+ab+62 < 2vVa? + b2 + 2 + Vab + be + ca.

(Vasile Cirtoaje, 2010)

First Solution (by Nguyen Van Quy). Assume that a = max{a,b,c}. Since

Va2 4 ab + 02+ V2 + ca + a2 < \/2[(a% + ab + b2) + (¢ + ca + a?)],

it suffices to show that

WA+ VP +be+ 2 <2VX +VY,
where |
A:a2—|—§(b2+02+ab—l—a0), X=a>+bV4+c% Y =ab+bc+ca.
Write the desired inequality as follows:

2(VA - VX) <VY - VB +be + 2,

2(A - X) - Y — (b + be + )
VA+VX T VY V02 +be+ 2
b(a—b)+c(a—c)< b(a —b) + c(a—c)

VA+VX TAVY + VR +be+ 2

Since b(a — b) + c¢(a — ¢) > 0, we only need to show that

VA+VX > VY V02 +be+ 2

This inequality is true because X > Y and
VA > VI +be+ .
Indeed,
204 b —bc—c*) =2a*+(b+c)a—(b+c)>=(2a—-b—c)(a+b+c)>0.
The equality holds for a = b = ¢, and also for b = ¢ = 0 (or any cyclic permutation).
Second Solution. In the first solution of P 2.7, we have shown that

2 1
(Z \/bz+bc—|—c2) < 4(a® +b* + *) + 6(ab + be + ca) —Qabcz

b+c

Thus, it suffices to prove that

1 2
4(a® +b* + c*) + 6(ab + be + ca) —Qabcz 2 < (2\/a2+b2+02+\/ab+bc+ca> :

+c
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which is equivalent to

1
2abcz brc + 4+/(a2 + b2 + ) (ab + be + ca) > 5(ab + be + ca).

Since

1 9 9
Zb+c2 Stb+c) 2a+bte)

it is enough to prove that

9abce
a+b+c

+ 44/ (a2 + b2 + 2)(ab + bc + ca) > 5(ab + be + ca),

which can be written as 9ab
abe
. +4v/q(p* — 2q) > 5q,

where
p=a+b+c, q=ab+bc+ ca.

For p? > 4q, this inequality is true because 41/q(p? — 2q) > 5q. Consider further
3g <p* <dq.
By Schur’s inequality of third degree, we have

9abc
p

> 4q — p°.
Therefore, it suffices to show that

(4g — p*) + 4v/q(p* — 2q) > 5q,

which is
4/q(p* = 29) > p* +q.
Indeed,
16q(p* — 2q) — (P> + 9)* = (p* — 3¢)(11g — p*) > 0.
Third Solution. Let us denote
A=V +bc+c?, B=Vc+ca+a? C=+va*>+ab+10?
X=Va2+b+c, Y =+ab+ bc+ ca.
By squaring, the inequality becomes

23 BC <2) d®+4XY,

SB-CPz2AX -V,
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o~ (b= _ [0—o
2(a+b+c) Z(B+C)22 XivE

Since
B+C<(c+a)+(a+Db)=2a+b+c,

it suffices to show that

2 (b—c)? -
2004 Gurir P 2 XAV

According to the Cauchy-Schwarz inequality, we have

(b—o)* (b))
Z (2a +b+c)? = S(b—¢)?(2a+b+c)?

Therefore, it is enough to prove that

2(a+b+c)? S 1
Sb—c¢)2(2a+b+c)2 — (X +Y)?

which is )

(a+b+c)X(X+Y)?> 5Z(b— )?(2a + b+ ¢).
We see that

(a+b+c)*(X+Y)? > (Za2+22ab> (Za2+zab)
= (@) 3 (X w) (Ta) +2 (T )
> Za4+32ab(a2+b2)+42a2b2

and

d(b—c)QRa+b+0)? =) (b—c)[4a’ +4a(b + ) + (b+ )]
=4) a’(b—c)’+4) alb—c)(b* =)+ _(b* —)?
<8Y a®W+4) a(b’+ ) +2) .
Thus, it suffices to show that
D at+3) ab(a’ +6)+4> a®? >4 a??+2) alb*+ )+ al,

which is equivalent to the obvious inequality

Z ab(a® + %) > 0.
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P 2.9. If a,b, c are nonnegative real numbers, then

Va2 + 2bc + V2 + 2ca + Ve + 2ab < Va2 + b2 + 2 + 2v/ab + be + ca.
(Vasile Cirtoaje and Nguyen Van Quy, 1989)
Solution (by Nguyen Van Quy). Let

X=vVa2+b+c2 Y =+vab+bc+ca.

Consider the nontrivial case when no two of a, b, ¢ are zero and write the inequality as

> (X = VaZ20e) = 2(X - V),

(b—c)? >o(b—¢)?
L Xrvermel Xy

By the Cauchy-Schwarz inequality, we have

It N > (o,
X ++Va2+2bc — S (b—c)? (X + Va2 +2bc)

Therefore, it suffices to show that

S (b—c)? S 1
Sh—c)2 (X +Va+2bc) ~ X+Y'

which is equivalent to

> (b= (Y = VaZ+2be) > 0.

From )
(Y —Va?+ 2bc> > 0.
we get
Y2 — (a®*+2bc)  (a—0b)(c—a)
Y — Va2 + 2bc > = )
a? + 2bc > VG 5y
Thus,

- (v - varraw) 2 3 e e

(a—"0b)(b—c)(c—a)
- 2Y 2 (b=0)=

The equality holds for a = b, or b = ¢, or ¢ = a.
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P 2.10. If a,b,c are nonnegative real numbers, then

1 1 1 1 2
+ + > + .
Va2 +2bc V2 +2ca V2 +2ab T Val+ b2+ 2 Vab+bec+ ca

(Vasile Cirtoaje, 1989)

Solution . Let

X=vVa2+b+c2 Y =+vab+bc+ca.

Consider the nontrivial case when Y > 0 and write the inequality as

1 1 1 1
> (v x) 226 x):
3 (b—¢)? o 2(b—c)
V@ T2 (X -V £ 2b0) V(X V)

By the Cauchy-Schwarz inequality, we have

5 (b —cp N (6 - )
Va2 +2be (X + Va2 +2bc) — 3 (b—c)2Va? + 2bc (X + Va2 +2bc )

Therefore, it suffices to show that

> (b—0)? 1
So(b—¢)?Va? + 2be (X + Va2 + 2bc ) = Y(X+Y)

which is equivalent to

> (b= )XY = XVa? + 2bc + (a — b)(c — a)] > 0.

Since
Y (b=c)Pla=b)c—a)=(a—=b)b—c)(c—a)> (b—c)=0,

we can write the inequality as
S (-0 (Y VT 2bc) > 0.
We have proved this inequality at the preceding problem P 2.9. The equality holds for a = b,

orb=c, or c=a.

]

P 2.11. If a, b, c are positive real numbers, then

V2a2 + be + V202 + ca + V2¢2 + ab < 2V a2 + b2 + 2 + Vab + be + ca.
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Solution. We will apply Lemma below for
X =2a24be, Y =2024ca, Z=23>+ab

and
A=B=ad>+b"+c* C =ab+ bc+ ca.

We have
X+Y+Z=A+B+C, A=B>C.

Without loss of generality, assume that
a>b>c,

which involves
X>Y >7

By Lemma below, it suffices to show that
max{X,Y,Z} > A, min{X,Y,Z} <C.
Indeed, we have
max{X,Y,Z} —A=X - A= (a®>—b*) +c(b—c) >0,
min{X,Y, Z} —-C=72—-C=c¢(2c—a—-10) <0.
Equality holds for a = b = c.
Lemma. If X|Y,Z and A, B, C are positive real numbers such that

X+Y+Z=A+B+C,

max{X,Y, Z} > max{A, B,C}, min{X,Y,Z} <min{A, B,C},
then

VX +VY +VZ <VA+VB+VC.

Proof. On the assumption that X >Y > Z and A > B > C, we have
X > A, Z <C,

hence

VX AVY 4VZ -VA-VB -G = (VX ~VA)+ (VT - VB )+ (VZ VT )

X—A+Y—B+Z—C<X—A+Y—B+Z—C
2V A 2/ B 2v/C — 2B 2B 2/ C

C' Z Z —C 1 1
=B | ave “‘”(W‘%)SO'

Remark. This Lemma is a particular case of Karamata’s inequality.
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P 2.12. Let a,b, ¢ be nonnegative real numbers such that a+b+c=3. If k =+/3—1, then

Z Va(a + kb)(a + ke) < 3v/3.

Solution. By the Cauchy-Schwarz inequality, we have

> Vala+kb)(a+ ke) < \/(Za) [Z(a+kb)(a+kc) .

Thus, it suffices to show that

\/Z(a+k‘b)(a—|—kc) <a+bte

which is an identity. The equality holds for a =b=c =1, and also fora =3 and b=c =10
(or any cyclic permutation).
O

P 2.13. If a,b,c are nonnegative real numbers such that a + b+ c =3, then

> Vaa+b)(2a+c) > 9.

Solution. Write the inequality as follows:

Z [\/a(Qa—f— b)(2a+¢c) —ar/3(a+ b+ c)] >0,
D (a—b)(a—c)E, >0,

where
va
V(2a+b)(2a +c¢) ++/3ala+b+c)

Assume that @ > b > ¢. Since (¢ — a)(c — b)E, > 0, it suffices to show that

(a—c)E, > (b—c)Ey,

which is equivalent to

(a—b)y/3abla+b+c)+ (a —c)v/a(2b+c)(2b+a) > (b — ¢)/b(2a + b)(2a + c).

This is true if

(a —c)v/a(2b+¢)(2b +a) > (b — c)\/b(2a + b)(2a + ¢).
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For the nontrivial case b > ¢, we have

a—=c¢

b—

> -2

SIS

o
> e

Therefore, it is enough to show that

a?(2b + ¢)(2b + a) > b*(2a + b)(2a + c).
Write this inequality as

a?(2ab + 2bc 4 ca) > b*(2ab + be + 2ca).

It is true if
a(2ab + 2bc + ca) > b(2ab + be + 2ca).

Indeed,
a(2ab + 2bc + ca) — b(2ab + be + 2ca) = (a — b)(2ab + be + ca) > 0.
(

The equality holds for « = b = ¢ = 1, and also for a = b = 3/2 and ¢ = 0 (or any cyclic
permutation).

O

P 2.14. Let a,b, c be nonnegative real numbers such that a + b+ c = 3. Prove that

V2 +E4alb+c)+/E+a2+b(c+a)+ /a2 + b2+ c(a+b) > 6.

Solution. Denote
A=b+c+alb+c), B=c+a*+blct+a), C=a*+b*+cla+b),
and write the inequality in the homogeneous form
VA+VB+VC >2(a+b+ec).

Further, we use the SOS method.

First Solution. By squaring, the inequality becomes

2> VBC>2> a®+6) b

Sb-cp =Y (VE-VE).
> (b—c)*Se >0,

where
(b+c—a)?

Su=1——n

(VB ++C)?
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Since 0 )2 ( 3 1 30
+c—a ala + 50 + oc
S, >1— - >0, S>>0, S >0,
= B+C B+rC ~ b

the conclusion follows. The equality holds fora = b=c =1, and alsofora =3 andb=c =10
(or any cyclic permutation).

Second Solution. Write the desired inequality as follows:

Y (VA-b-c)>0,

c(a —b) + b(a — c)
Z VA+b+ec 20,

c(a —b) a)
Z\/_—i—b—l—c Z\/_—i—c—kazo’
Z cla—blla—b—(VA-VB)] _

(VA+b+c)(VB+c+a)

It suffices to show that

(a—b)a—b+(VB—VA)]>0
Indeed,

(a—b)a—b+ (VB —VA)]=(a— )<1+5§i?/%>20’

because, for the nontrivial case a + b — ¢ < 0, we have

a+b—c a+b—c

l1+—>1+——->0.
VB + /A cto

16
Generalization. Let a,b, c be nonnegative real numbers. If 0 < k < 9 then

> V(b+ )+ k(ab — 2bc + ca) > 2(a + b+ o).

1
Notice that if k = 56, then the equality holds for a =b=c =1, for a = 0 and b = ¢ (or any

cyclic permutation), and for b = ¢ = 0 (or any cyclic permutation).
O

P 2.15. Let a,b, c be nonnegative real numbers such that a +b+ ¢ = 3. Prove that

(a) Va(3a? + abe) + \/b(3b + abc) + \/c(3¢2 + abc) > 6;
(b) V3a2 + abc 4+ /302 4 abc + /3c2 + abe > 3v/3 + abe.

(Lorian Saceanu, 2015)
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Solution. (a) Write the inequality in the homogeneous form

SZa\/(a+b)(a+c) > 2(a+b+c)

First Solution. Use the SOS method. Write the inequality as

ZaQ—Zabnga<\/fz+b—\/a+c>2,
Zb—c >3Z b—c)

(Vat+b++vateo)

> (b—0)*S, >0,

where 3
S, =1— a4 .
(Va+b++va+c)

Since

3a

Sg2l————=5>0, S5>0, S.>0,
(Va++/a)

the inequality is true. The equality holds for a =b=c = 1.

Second Solution. By Holder’s inequality, we have

S oV s B =
(a+0b)(a+c) (a+b)(a+c)

Therefore, it suffices to show that

)P
(a+b)(a+c) — 4
This inequality has the homogeneous form

a 9
Z(CH—IJ)(Cth) = 4la+b+c)

which is equivalent to the obvious inequality

Za(b —c)? > 0.

(b) By squaring, the inequality becomes

3 Z a® +2 Z V(32 + abc) (3¢ + abc) > 27 + Gabe.

According to the Cauchy-Schwarz inequality, we have

V(362 + abe) (3¢ + abe) > 3be + abe.
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Therefore, it suffices to show that

32a2+62bc+6ab0227+6abc,

which is an identity. The equality holds for a = b = ¢ = 1, and also for a = 0, or b = 0, or
c=0.
O

P 2.16. Let a,b, c be positive real numbers such that ab+ bc + ca = 3. Prove that
av/(a+2b)(a + 2¢) + by/(b + 2¢) (b + 2a) + cv/(c + 2a)(c + 2b) > 9.

First Solution. Use the SOS method. Write the inequality as follows:
Z av/(a + 2b)(a + 2¢) > 3(ab+ be + ca),

Za2_2ab2%Za(x/a+2b—\/a+20)2,
Zb—c >4Z alb — o)

\/a—l—Zb—l—\/a—i—Zc)

> (b—c)*Sa >0,
where 4
S, =1— a4 .
(Va+2b+ va+2c)
Since
4qa
Sg>1l————5=0, S5 >0, S.>0,
(Va+a)

the inequality is true. The equality holds for a =b=c = 1.
Second Solution. We use the AM-GM inequality to get

B 2a(a + 2b)(a + 2¢) 2a(a + 2b)(a + 2¢)
2 olatabe+2) =3 NCES DI 2 s+ (i)

1
= 2 2c).
a+b+c§ a(a + 2b)(a + 2¢)

Thus, it suffices to show that
Z a(a+2b)(a+2¢) > 9(a+b+c).
Write this inequality in the homogeneous form
> a(a+2b)(a+2¢) > 3(a+ b+ c)(ab+ be + ca),
which is equivalent to Schur’s inequality of degree three

a® +b* + ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c+ a).



Symmetric Nonrational Inequalities 375

P 2.17. Let a,b, c be nonnegative real numbers such that a +b+ c = 1. Prove that

Va+(b—=c?2+Vb+(c—a)+c+ (a—b)2> V3.

(Phan Thanh Nam, 2007)

Solution. By squaring, the inequality becomes

Z Via+b—c)?][b+ (c—a)?] > 3(ab+ be + ca).
Applying the Cauchy-Schwarz inequality, it suffices to show that
Z\/%—F Z(b —¢)(a—c) > 3(ab+ be + ca).

This is equivalent to the homogeneous inequality

<Za> (Z \/%> —l—Zaz > 4(ab + bc + ca).

Making the substitution = = v/a, y = Vb, z = 1/c, the inequality turns into

<Zx2> <Z xy) + 2334 > 42332@/27

which is equivalent to

Zm4+2xy(a:2+y2) —I—xysz > 4Zm2y2.

4 "2y <2 ay(a® +47),

Since

it suffices to show that
Zm4 +xyzZ:U > ny(x2 + %),
1
which is just Schur’s inequality of degree four. The equality holds for a = b = ¢ = 3 and

fora=0and b=c= 5 (or any cyclic permutation).

P 2.18. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a(b+c) \/b(c—i— a) \/c(a +b)
2.
\/a2—|—bc+ b2—|—cajL 2+ ab

v

(Vasile Cirtoaje, 20006)
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Solution. Using the AM-GM inequality gives

a(b+c) _ a(b+c) -
a?+bc /(a2 + bec)(ab+ ac)

2a(b+ ) _ 2a(b+c)
(a2 +be) + (ab+ac)  (a+b)(a+c)

Therefore, it suffices to show that

a(b+ c) b(c+a) c(a+ D) -1
(a+b)(a+c) (b+c)b+a) (c+a)(c+b) ~

which is equivalent to
a(b+c)* +b(c+a)* + cla+b)* > (a+b)(b+c)(c+a),

4abc > 0.
The equality holds for a = 0 and b = ¢ (or any cyclic permutation).

P 2.19. Let a,b, c be positive real numbers such that abc = 1. Prove that

1 1 1
3 + 3 _|— 3 21
Va2 +2ba+1 Vb2 +25b+1 /c2+25¢c+1

3

Solution. Replacing a, b, ¢ by a3, b?, ¢, respectively, we need to show that abc = 1 yields

1 1 1
3 + 3 + 3 2 1
Vad+25a3+1 V5 +2503+1 /S +25¢3 +1
We first show that

1 1
> .
Vab +25a3 +1  a*+a+1

This is equivalent to
(a®> +a+1)* > a® + 250 + 1,

which is true since
(a®>+a+1)° = (a® + 250> + 1) = 3a(a — 1)*(a® + 4a + 1) > 0.

Therefore, it suffices to prove that

1 1 1
>1
a2+a+1+b2+b+1+b2+b+1 -
Putting s . .
a:y b=—, c= J x,y,z2 >0

1’27 y2’ 22’
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we need to show that .

E & > 1.
x4 22yz + Y222
Indeed, the Cauchy-Schwarz inequality gives

3 DR 1 >'' S VAES i

The equality holds for a =b=c=1.

P 2.20. If a,b, c are nonnegative real numbers, then

Va2 +bc+ Vb2 +ca+ Ve +ab < ;(a—l—b+c).

— > 1.
ot + xyz +y?22 T ) (at + 2yz +y22?) Do attayzd w4+ >y T

(Pham Kim Hung, 2005)

Solution. Without loss of generality, assume that a > b > ¢. Since the equality occurs for

a = b and ¢ = 0, we use the inequalities
c
va2+be<a-+ 5

and

VB2 + ca+ Ve 4 ab < \/2(b2 + ca) + 2(c® + ab).
Thus, it suffices to prove that

a+3b+ 2¢

V2(02 + ca) +2(c® + ab) < 5

By squaring, this inequality becomes
a® +b* — 4c® — 2ab + 12bc — 4ca > 0,

(a—b—2c)* +8c(b—c) > 0.
The equality holds for @ = b and ¢ = 0 (or any cyclic permutation).

P 2.21. If a, b, c are nonnegative real numbers, then

Va2 4 9be + Vb2 + 9ca + Ve + 9ab > 5V ab + be + ca.

(Vasile Cirtoaje, 2012)
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Solution (by Nguyen Van Quy). Assume that
¢ = min{a, b, c}.
Since the equality occurs for a = b and ¢ = 0, we use the inequality

V2 + 9ab > 3V ab.

On the other hand, by Minkowski’s inequality, we have

2

Va2 + 9bc + Vb2 + 9ca > \/(a+b)2+90<\/5+\/5)

Therefore, it suffices to show that

\/(a+b)2+9c(\/5+x/5>225\/M—3\/@

By squaring, this inequality becomes

(a+ b)? 4 18cVab + 30+/ab(ab + be + ca) > 34ab + 16¢(a + b).

Since

c(a+b)]2 _ cla+b)(3ab — ac — be)
3 9

it suffices to show that f(¢) > 0 for 0 < ¢ < v/ab, where

ab(ab + be + ca) — lab + >0,

fle) = (a+b)? 4 18¢Vab + [30ab + 10¢(a + b)] — 34ab — 16¢(a + b)
= (a+b)? — 4ab + 6¢(3Vab — a — b).

Since f(c) is a linear function, we only need to prove that f(0) > 0 and f(v/ab) > 0. We
have
f(0) =(a—b)* >0,

F(Vab) = (a + b)? + 14ab — 6(a + b)Vab > (a + b)* + 9ab — 6(a + b)Vab
= <a+b—3@>2 > 0.

The equality holds for @ = b and ¢ = 0 (or any cyclic permutation).

P 2.22. If a,b, c are nonnegative real numbers, then

Z V(a2 + 4bc) (b2 + 4ca) > 5(ab + ac + be).

(Vasile Cirtoaje, 2012)
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Solution. Assume that
a>b>ec

First Solution (by Michael Rozenberg). Use the SOS method. For b = ¢ = 0, the inequality
is trivial. Consider further that b > 0 and write the inequality as follows:

Z [\/(62 + 4ca)(c® + 4ab) — (be + 2ab + 2ac)] >0,

Z (b + 4ca)(c? + 4ab) — (be + 2ab + 2ac)? S
V(0% + 4ca)(c + 4ab) + be+ 2a(b+¢)

Z(b - C)QSG >0,

Y

where

S, = W7 A= /(b? +4ca)(c? + 4ab) + be + 2a(b + ¢),
S, — W, B = /(c? + 4ab)(a® + 4bc) + ca + 2b(c + a),
g — w C = \/(a? + 4bc) (2 + 4ac) + ab + 2c(a + b).

Since S, > 0 and S, > 0, we have

2

S (b= )?Sa = (b— ¢)Sa + (a— )2y = (b— ¢)*Sa + (b — )5,

b2
o g N2 bSa CLSb
= b(b c) ( + ) .

a

Thus, it suffices to prove that
bS, aSy
+ e >0,

which is equivalent to
bb+c—a) a(c+a—>b)

> (.
4 =0

Since
b(b+c—a) +a(c+a—b) - b(b—a)+a(a—b) _ (a—b)(aA—bB)
A B - A B AB ’

it is enough to show that

aA—bB > 0.
Indeed,

aA —bB = /2 + 4ab |aVb® + 4ca — b\/a2+4bc] + 2(a — b)(ab + bc + ca)

de(a® — b3V 2 + 4ab

= + 2(a — b)(ab + bc + ca) > 0.
av/b? + 4ca + bv/a? + 4bc ( ) )z
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The equality holds for a = b = ¢, and also for a = b and ¢ = 0 (or any cyclic permutation).

Second Solution (by Nguyen Van Quy). Write the inequality as

2
(\/a2 + 4bc + Vb2 + dca + Ve —|—4ab) > a® +b* + ¢ + 14(ab + be + ca),

Va2 + 4be + V02 + dea + V2 + dab > \Ja? + b2 + 2 + 14(ab + be + ca).

For t = 2¢, the inequality (b) in Lemma below becomes

Va2 + 4be + Vb2 + 4ca > /(a + b)? + 8(a + b)c.

Thus, it suffices to show that

V(a4 )24 8(a+b)c+ Ve +dab > /a2 + b2 + 2 + 14(ab + be + ca).

By squaring, this inequality becomes

V(@ +b)2 +8(a+b)c| (2 + 4ab) > 4ab + 3(a + b)c,
2(a +b)c® — 2(a + b)*c* + 2ab(a + b)c + ab(a + b)* — 4a*b* > 0,
2(a+b)(a —c)(b—c)c+ ab(a — b)* > 0.

Lemma. Let a,b and t be nonnegative numbers such that

t <2(a+0b).
Then,
(a) V(a2 +2bt) (b2 + 2at) > ab + (a + b)t;
(b) Va2 +2bt + V12 + 2at > \/(a + )% + 4(a + b)t.

Proof. (a) By squaring, the inequality becomes
(a—b)*t[2(a+b) —t] >0,

which is clearly true.

(b) By squaring, this inequality turns into the inequality in (a).

P 2.23. If a, b, c are nonnegative real numbers, then

Z V(a2 4 9be) (b2 + 9ca) > T(ab + ac + be).

(Vasile Cirtoaje, 2012)
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Solution (by Nguyen Van Quy). We see that the equality holds for a = b and ¢ = 0. With-
out loss of generality, assume that

¢ = min{a, b, c}.
For t = 4¢, the inequality (a) in Lemma from the preceding P 2.22 becomes
V(a2 + 8bc) (b2 + 8ca) > ab + 4(a + b)c.

Thus, we have

V(a2 4 9be) (b2 + 9ca) > ab + 4(a + b)c

and
Ve 4 9ab (\/@2 + 9bc + Vb2 + 96@) > 3vab - 2/ (a% + 9bc) (b2 + 9ca)
> 6Vab - \/ab + 4(a + b)c = 31/4a2b? + 16abc(a + b)
> 31/4a2b? + 4abc(a + b) + c2(a + b)? = 3(2ab + be + ca).
Therefore,

Z V(a2 4 9be) (b2 + 9ca) > (ab + 4be + 4ca) + 3(2ab + be + ca)
= T7(ab + bc + ca).
The equality holds for a = b and ¢ = 0 (or any cyclic permutation).

P 2.24. If a,b,c are nonnegative real numbers, then
V(a2 +02) (0% + ) + /(12 + ) (A2 +a2) + /(2 + a®)(a> + 1?) < (a+ b+ ).
(Vasile Cirtoaje, 2007)

Solution. Without loss of generality, assume that
a = min{a, b, c}.

Let us denote a
=—-+c
2 2
Since
@+ <y’ Pl <yi 4t dHa? <2
it suffices to prove that

yz+ (y+2)Vy2 + 22 < (y + 2)%

This is true since

2,2
2 2 2 2 _ y =
Yy tyz+2 = (y+2)Vy*+ 27 = > 0.
Y2 +yz+ 22+ (y + 2)/yr + 22
)

The equality holds for a = b = 0 (or any cyclic permutation).
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P 2.25. If a,b, c are nonnegative real numbers, then

Z\/(a2+ab+b2)(62+bc+02) > (a+0b+c)

Solution. By the Cauchy-Schwarz inequality, we have

0+ 8) 2 (e E) 2
2 4 2 4

(a® 4 ab + b*)(a* + ac + ) =

Then,

> V(@ +ab+0?)(a® +act+ ) =) {a2 + a(b; ) +bc] = (a+b+c)?

The equality holds for a = b = ¢, and also for b = ¢ = 0 (or any cyclic permutation).

P 2.26. If a,b,c are nonnegative real numbers, then

> V(@? +7ab + 1)1 + The + ¢?) > T(ab + ac + be).
(Vasile Cirtoaje, 2012)
First Solution. Without loss of generality, assume that
¢ = min{a, b, c}.

We see that the equality holds for a = b and ¢ = 0. Since

V(a2 4 Tac + ) (b2 + Tbe + ¢2) > (a + 2¢)(b + 2¢) > ab + 2c(a +b),

it suffices to show that

Va2 + Tab + b <\/a2 + Tac + Vb2 +7bc) > 6ab + 5c(a + b).

By Minkowski’s inequality, we have

Va2 + Tac + Vb2 + The > \/(a+b)2+7c<\/5+\/5>2

>
> \/(a B 4 Te(a + b) + 2200

a+b
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Therefore, it suffices to show that

28abc

(a® + Tab +b*) |(a + b)* + Tc(a + b) + s

> (6ab + 5bc + 5ca)?.

1
Due to homogeneity, we may assume that a +b = 1. Let us denote d = ab, d < 1 Since

2ab

<
C_a+b

— 2d,

1
we need to show that f(c) >0 for 0 <c¢<2d < Y where

f(e) = (14 5d)(1 + 7c + 28cd) — (6d + 5¢)>.
Since f(c) is concave, it suffices to show that f(0) > 0 and f(2d) > 0. Indeed,
f(0) =1+ 5d —36d* = (1 —4d)(1+9d) >0
and
f(2d) = (1 + 5d)(1 + 14d + 56d?) — 256d> > (1 + 4d)(1 + 14d + 56d?) — 256d>
= (1 —4d)(1 + 22d — 56d*) > d(1 — 4d)(22 — 56d) > 0.
The equality holds for @ = b and ¢ = 0 (or any cyclic permutation).

Second Solution. We will use the inequality

2
Vri+Try+y2 > +y+ 4 ., x,y >0,

r+y

which, by squaring, reduces to
zy(z —y)* > 0.

We have

2a2b 2a? b
>Za +32ab+zaib Zaicc+zai—cl)'
2a”b 2a’c 2ab 2024
Za—l—b Za—i—c Za—}-b b+a=22ab

Z 2abc S 18abce B 9abe
a+b = > (a+b) a+b+c

S =2y

which is just Schur’s inequality of degree three.

N—

Since

and

it suffices to show that
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P 2.27. If a, b, c are nonnegative real numbers, then

7 7 13
2 2 2 4 2| < 2
E \/<a +9ab+b> (b +9bc+c> < 12(a+b+c)

(Vasile Cirtoaje, 2012)
Solution (by Nguyen Van Quy). Without loss of generality, assume that

¢ = min{a, b, c}.

It is easy to see that the equality holds for a = b = 1 and ¢ = 0. By the AM-GM inequality,
the following inequality holds for any k£ > 0:

12\/a2+gab+b2 <\/a2+gac+02+\/b2+gbc+02> <
36 7 7 7 ’
< - <a2+§ab+b2) + k <\/a2+§ac+62+\/b2+§bc+c2>

We can use this inequality to prove the original inequality only if

2
% <a2+gab+b2> =k (\/Cﬂ—l—gac—i—cQ—l—\/bQ—l—gbc%—c?)

for a = b =1 and ¢ = 0. This condition if satisfied for kK = 5. Therefore, it suffices to show

that
12\/<a2 + gac + c2> <b2 + gbc + c2> + ? <a2 + gab + b2> +

2
+5 <\/a2+gac+62+\/b2+gbc+02> <13(a+b+c)

which is equivalent to

4 b)? + 9dab 1 b
22\/(a2+gac+62> <b2+gbc+62> S <a+ ) +9 a +362+ 996(a+ )

> 9

1 1
2 a2—|—zac—|—02 b2+zbc+02 <2 a2—|——6ac b2—|——6bc
9 9 9 9
1 1
:2\/a <b+ 560) ~b<a+§6c>
1 1
Sa(b—i—;c) —|—b(a+§60)

1
= 2ab + —6C<(;+ ) ,

Since
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we only need to prove that

2 12
29 | ab + 8c(a + b) < 4(a* + b*) + 102ab P 199¢(a + b).
9 9
This reduces to the obvious inequality
4(a —b)? 2 b
(a=?) 3cla +b) +3c* > 0.

5 * 9
Thus, the proof is completed. The equality holds for @ = b and ¢ = 0 (or any cyclic

permutation).
[

P 2.28. If a,b,c are nonnegative real numbers, then

1 1 1
Z\/<a2—|—§ab—|—bz> (b2+ gbc+c2> < 2—0(a+b+0)2.

(Vasile Cirtoaje, 2012)

Solution (by Nguyen Van Quy). Without loss of generality, assume that
¢ = min{a, b, c}.

It is easy to see that the equality holds for ¢ = 0 and 11(a? + b*) = 38ab. By the AM-GM
inequality, the following inequality holds for any £ > 0:

1 1 1
60\/a2+§ab+62 <\/a2+§ac+62+\/b2+§bc+02> <

2
1 1 1
< % (a2+§ab+b2) + 25k (\/a2+§ac+c2+\/b2+§bc+02> .

We can use this inequality to prove the original inequality only if the equality

2
36 1 1 1
- (a2+§ab+62> = 25k (\/a2+§ac+02—|—\/b2+§bc+02>

holds for ¢ = 0 and 11(a® + b?) = 38ab. This necessary condition if satisfied for k& = 1.
Therefore, it suffices to show that

1 1 1
60\/(a2 + gab + 62) (62 + gbc + c2) + 36 (a2 + gab + 62> +
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2
1 1
425 (y/az—ir§ac+62+\/b2+§bc+c2> <61(a+b+c),

which is equivalent to

1 1 31 b
10\/<a2 T gact 02) (62 + gbc + 02) < 10ab + ¢ + —C<C;+ )

Since

1 1 4 4
2\/(a2 + gac + 02> (b2 + gbc + 02> < 2\/(a2 + gac) (b2 + gbc)

4 4
2\/a (b+§c) -b(a—l—gc)

4 4
ga(b+§c> +b<a—|—§c)

_oab 4 de(a + b)’
3
we only need to prove that
2 b 1 b
10 [ab—l— %} < 10ab + ¢ + %

This reduces to the obvious inequality
3¢ + 11c(a+b) > 0.

Thus, the proof is completed. The equality holds for 11(a? + b?) = 38ab and ¢ = 0 (or any
cyclic permutation).
]

P 2.29. If a,b, c are nonnegative real numbers, then

b
- + + ‘ > 1
VA2 +be+ 42 VAR 4+ ca+ 4a?  V4a? + ab + 4b2

(Pham Kim Hung, 2006)

Solution. By Holder’s inequality, we have

Z a 2> > a)’ > a®+3)> abla+b) + 6abe
VAZ +be+4c2) — D a(db? +bc+4c2) 4> ab(a+b) +3abe




Symmetric Nonrational Inequalities 387

Thus, it suffices to show that

Za3 + 3abc > Zab(a +b),

which is Schur’s inequality of degree three. The equality holds for a = b = ¢, and also for
a =0 and b= c (or any cyclic permutation).
O

P 2.30. If a,b,c are nonnegative real numbers, then

a n b . c S a+b+c
VR2+be+2 VE+ca+a® Va2 +ab+b0  Vab+be+ca

Solution. By Holder’s inequality, we have
(S o) s B
B2+be+c2) D a(b?+be+ ?) Sab’

from which the desired inequality follows. The equality holds for a = b = ¢, and also for
a =0 and b= c (or any cyclic permutation).

]

P 2.31. If a, b, c are nonnegative real numbers, then

a n b n c < a+b+c
Va2 +2bc V2 +2ca V2 +2ab ~ Vab+be+ ca

(Ho Phu Thai, 2007)

Solution. Without loss of generality, assume that
a>b>c.

First Solution. Since c c

<
V2 +2ab ~ ab+ bc+ ca’

it suffices to show that

a . b a+b
Va2 +2bc b2+ 2ca = Vab+be+ ca’

which is equivalent to

a(va? + 2bc — v/ab + be + ca)
va? + 2be

b(v/ab + be + ca — /b2 + 2ca)
V% + 2ca '

>
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Since

Va2 + 2bc — vVab+be+ca >0

and
a b

> )
Va2 +2bc — Vb2 + 2ca

it suffices to show that

Va2 + 2bc — vab + be + ca > Vab+ be + ca — Vb + 2ca,

which is equivalent to

Va2 + 2bc + Vb2 + 2ca > 2v/ab + be + ca.
Using the AM-GM inequality, it suffices to show that
(a® 4 2bc)(b* 4 2ca) > (ab + bc + ca)?,
which is equivalent to the obvious inequality
c(a —b)*(2a+2b—c) > 0.

The equality holds for a = b = ¢, and also for a = b and ¢ = 0 (or any cyclic permutation).

Second Solution. By the Cauchy-Schwarz inequality, we have

(Z \/ﬁy < (X) <Z az—f%c) |

Thus, it suffices to prove that

Z a CL‘|‘b+C
a2+ 2bc — ab+bc+ ca

1 1
— >
ZG(ab+bc+ca a2+2bc)_0’
Za(a—b)(a—c) >0.

a? + 2bc

This is equivalent to

We have

ala—b)(a—c) _ala—0b)(a—c) blb—c)(b—a)
Z a? + 2bc = a? + 2bc b% + 2ca
_cla— b)?[2a(a — ¢) + 2b(b — ¢) + 3ab]

> 0.
(a® + 2bc) (b% 4 2ca) -
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P 2.32. If a,b,c are nonnegative real numbers, then

a® + b2 + & + 3abe > a®>Va? + 3be + b2V + 3ca + 2V e + 3ab.
(Vo Quoc Ba Can, 2008)

Solution. For a = 0, the inequality is an identity. Consider further that a,b,c > 0, and
write the inequality as follows:

Z a*(Va? + 3bc — a) < 3abe,

Z 3a”be < 3abc
Va2 +3bc+a ’

1
<1
Z V143bc/a?+1

Using the notation

1

1 1
) = Y z = )
/14 3bc/a?+ 1 Y V1+3ca/b? + 1 /14 3ab/c? 4+ 1

be 1—-2x ca 1-2y ab 1-22
a2 322 7 b2 32 2 322

(1 —22)(1 —2y)(1 — 22) = 272%y?2>.

implies

1
0< < =
x?y?'z 27

We need to prove that
r+y+2<1

1
for 0 < z,y,2 < 3 such that (1 — 2z)(1 — 2y)(1 — 2z) = 272%*y*2%. To do it, we will use the

contradiction method. Thus, assume that

1
r+y+z>1, O<:U,y,z<§,

and show that
(1 —22)(1 —2y)(1 — 22) < 272?22

We have
(1-22)1-2y)(1—-22)<(z+y+z—2z)(x+y+z—2y)(r+y+2z—22)
<(y+z-a)(z+z—y)(r+y—2)(z+y+2)°
<By+z-a)ztr—ylrty—2)(rty+)@ +y +27)
= 3202 + 2722 + 22727 — 2t —yt — 2 (2 + P + D).

Therefore, it suffices to show that

(22%y? + 2227 4 22207 — ot — y* — 2N (2 + 97 + 2?) < 92yPL,
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which is equivalent to
2%+ 9% + 2° + 32%y%2% > Z y? 22 (Y2 + 2°).

Clearly, this is just Schur’s inequality of degree three applied to 22,42, 22. So, the proof is
completed. The equality holds for a = b = ¢, and also for a =0 or b =0 or ¢ = 0.
m

P 2.33. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

b
SE— + <1
V4a? +5bc  /4b%2 4+ 5ca  \/Ac? + Hab

(Vasile Cirtoaje, 2004)

First Solution (by Vo Quoc Ba Can). If one of a,b,c is zero, then the desired inequality
is an equality. Consider next that a,b, ¢ > 0 and denote

a b c 1
r= ——— = = ——— z,y,2€(0,=].
Vi 1o0e 1T VAR t5ea Vi t5an Y ( 2)

We have
be  1—4x*> ca  1—4y* ab 1—42

a2 Ba2 | B»? 52 0 2 522
and
(1 —42?)(1 — 49°)(1 — 42°) = 12527y 2>

We use the contradiction method. For the sake of contradiction, assume that x +y+ 2z > 1.
Using the AM-GM inequality and the Cauchy-Schwarz inequality, we have

1
2y = (1—42%) < H[(:E +y+ 2)? — 427

125 125
21—;5 (3$+y+z)-H(y+z—x)
< (%)3H(y+z—w)
<@+t Ay [J+e-a)
:%(m2+y2+22)[2(9€2y2+y222+22$2)—x4—y4—24],

hence

9222 2% < (x2+y2+22)[2(x2y2+y222+z2x2) —:1;4—y4—z4],

l’6+y6+26—|—3l’2y222 <ZI2y2($2+y2)-
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The last inequality contradicts Schur’s inequality
28 4B 4 28 4 302222 > ZI2y2($2 ).
Thus, the proof is completed. The equality holds for a = b = ¢, and also for a =0 or b =0
or c=0.
Second Solution. Use the mixing variables method. In the nontrivial case when a, b, ¢ > 0,

b b

setting = = —2, y= — and z = a_2 (that implies zyz = 1), the desired inequality becomes
a c

E(z,y,z) <1, where

1 1 1
E y Y = + + .
(@92 = ===t s T i

Without loss of generality, we may assume that
rzyzz, x=l, yz<L

We will prove that
E(x,y,2) < E(z,\/yz,\/yz) < L.

The left inequality has the form
1 n 1 < 1
VAFSY  VA+5z T \Ji+5/yz

For the nontrivial case y # z, consider y > z and denote

Y+ z
S =

5 P =Yz,

q=/(4+5y)(4+52).

We have s > p, p < 1 and

q = /16 + 405 + 25p% > /16 + 40p + 25p% = 4 + 5p.

By squaring, the desired inequality becomes in succession as follows:

1 n 1 +2< 4
445y 4+5z q 4+5p
1 1 2 2

+ = < =
445y 4+5z 44+5p 44+5p q
8+10s 2 <2(q—4—5p)
7 44+5p = q(4+5p)

(s —p)(5p—4) _ 8(s —p)
¢*(4+5p) ~ q(4+5p)(g+4+5p)

Y
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5p—4< 8
g ~ q+4+5p
25p? — 16 < (12 — 5p)q.

The last inequality is true since

(12 — 5p)q — 25p* + 16 > (12 — 5p)(4 + 5p) — 25p* + 16
= 2(8 — 5p)(4 + 5p) > 0.
In order to prove the right inequality, namely

1
+ <1
Va+5r  \J4+5/yz ~

JA+5yz =3t te(2/3,1].

1 25
XrT = — =

yz (92 —4)%

let us denote

Since

the inequality becomes
92 — 4 2
+ = S ]-7
3V36tt — 32t2+21 3t

(2 — 3t) (\/36254 3202 4 21 - 312 — 2t) <0.

Since 2 — 3t < 0, we still have to show that

V3614 — 3212 + 21 > 3t2 + 2.
Indeed, we have

36t* — 32t% 4+ 21 — (3t +2t)* = 3(t — 1)*(9t* + 14t +7) > 0.

P 2.34. Let a,b, c be nonnegative real numbers. Prove that

av/4a? + 5bc + bV/4b2 + 5ca + V4 4 5ab > (a + b+ c)?.
(Vasile Cirtoaje, 2004)

First Solution. Write the inequality as

Za (\/4@2 + 5bc — 2a> > 2(ab + be + ca) — a® — b* — ¢,
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1
Habe ab + be + ca) — a® — b> — 2.
Z V4a? +5bc +2a =2 )

Writing Schur’s inequality

a® + b+ ¢+ 3abe > Y ab(a® + )

in the form

9ab
% 2(ab + be + ca) — a® — b* — 2,
a c
it suffices to prove that
5 9
> .
Z\/4a2+5bc+2a “a+b+c

Let p=a+ b+ cand g =ab+ bc+ ca. By the AM-GM inequality, we have

2./ (16a% + 20bc)(3b + 3¢)? _ (16a® + 2 2
Vi e — 2V/(1667 + 206)(8b+3¢)* _ (16a? + 20bc) + (3b + 3¢)

12(b+ ¢) 12(b+ ¢)
- 16a® + 16bc + 10(b+¢)*  8a® + 5b* 4 5¢* + 18bc
- 12(b+¢) 6(b+c) ’
hence
e
v4a? + 5be + 2a 8a” + 5b* + Hc” + 18bc + 9
6(b+ c)

N 8aZ + 5b2 + 5c2 + 12ab + 18bc + 12ac 5p? + 2q + 3a? + 6bc
Thus, it suffices to show that

5p2 +2q + 3a2 +6bc — p’

By the Cauchy-Schwarz inequality, we get

3 30(b+c) . 303(b+¢))”

5p? 4+ 2q + 3a% + 6bc — (b + ¢)(5p? + 2q + 3a® + 6bc)

_ 120p° 3 120p2
C10p3 +4pg + 9> be(b+c)  10p3 + 13pg — 27abc’

Therefore, it is enough to show that

120p? 9
10p? + 13pg — 27abe — p’

which is equivalent to
10p? + 8labe > 39pq.
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From Schur’s inequality p* 4+ 9abc > 4pq and the known inequality pg > 9abe, we have
10p® + 8labe — 39pq = 10(p® 4 9abc — 4pq) + pq — Yabe > 0.

This completes the proof. The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or
any cyclic permutation).

Second Solution. By the Cauchy-Schwarz inequality, we have

(Zam)( )2(a+b+c)2.

a
Z vV4a? + 5be

From this inequality and the inequality in P 2.33, namely

a
<1,
Z v4a? + 5bc

the desired inequality follows.

Remark. Using the same way as in the second solution, we can prove the following inequal-
ities for a, b, ¢ > 0 satisfying abc = 1:

avda? +5+bVAb? + 5+ V42 +5 > (a+ b+ o)%;

Vida* + 5+ VAW + 5+ Vact +5 > (a+ b+ c)?

The first inequality is a consequence of the the Cauchy-Schwarz inequality

(S aviaT3) (

ZL> > (a4 b+ c)?
V4a? +5
and the inequality
a
——— <1, abc=1,
Z Vida? +5
which follows from the inequality in P 2.33 by replacing bc/a?, ca/b?, ab/c* with 1/a?, 1/b%,
1/c%, respectively.
The second inequality is a consequence of the the Cauchy-Schwarz inequality

(ZM)( )Z(a+b+c)2

a2
YDy rrien
and the inequality

1, abc=1,

2
a
4 <
Z Vdat+5
which follows from the inequality in P 2.33 by replacing bc/a?, ca/b?, ab/c® with 1/a*, 1/b%,
1/c*, respectively.

]



Symmetric Nonrational Inequalities 395

P 2.35. Let a,b, c be nonnegative real numbers. Prove that

av'a? + 3bc + bVb? + 3ca + ¢V c? + 3ab > 2(ab + be + ca).
(Vasile Cirtoaje, 2005)
First Solution (by Vo Quoc Ba Can). Using the AM-GM inequality yields

Zam_z b+C(a +3bc>
V(b4 )% a2+3bc)

2a(b + c)(a® + 3bc)
(b4 ¢)? + (a® + 3bc)

Thus, it suffices to prove that

2a(b + c)(a® + 3bc)

> b .
2 a4 0%+ ¢ + 5bc 2 alb+e)

We will use the SOS method. Write the inequality as follows:

Za(b+c)(a2—b2—02+bc) -
a? + b2 + c2 + 5bc -

Za3(b+c) —a(b®+ %) -
a?+b2+c2+5bc
2

Zozb(a2 —b?) — ac(c? — a?) _
a?+0?+c+5bc T

Z ab(a® — 1?) Z ba(a® — b?) >0
a? + b? + 2 + 5bc b2+ c24+a2+5ca —

Z 5abc(a + b)(a — b)?
(

a? 4+ b? + ¢ + 5bc)(a® + b + 2 + bac) —

The equality holds a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).

Second Solution. Write the inequality as
Z (a\/a2 + 3bc — a2) > 2(ab + be + ca) — a® — b* — 2.

Due to homogeneity, we may assume that a +b+ c = 3. By the AM-GM inequality, we have

3abc 12abc
ava? 4 3bc — a® = =
va?+3bc+a  2y/4(a® + 3bc) + 4a
12abc

T 4+a?+3bc+4a
Thus, it suffices to show that

1
12abcz4+a2+3bc+4a 2(ab + be + ca) — a® — b* — ¢
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On the other hand, by Schur’s inequality of degree three, we have
> 2(ab + bc + ca) — a* — b* — 2.

Therefore, it is enough to prove that

1 3
> .
ZéH—a?—ierc—i—éLa “4la+b+c)

By the AM-HM inequality, we have

1 9 9
> pum
Z4—|—a2—|—3bc+4a_Z(4+a2+3bc+4a) 244> a?>+3> ab
27
C8(Na)’+3%a2+9> ab
B 9> a - 3
11 a)+3Yab — 4> a

P 2.36. Let a,b, c be nonnegative real numbers. Prove that

ava? + 8bc + bvVb2 + 8ca + cvV'c? + 8ab < (a+ b+ ¢)*.

Solution. Multiplying by a + b + ¢, the inequality becomes

Za\/(a+b+c)2(a2+8bc) <(a+b+c)

Since

2v/(a+ b+ ¢)2(a? + 8bc) < (a+ b+ ¢)* + (a* + 8be),
it suffices to show that

Z al(a+ b+ c)* + (a® +8bc)] < 2(a+ b+ c)?,
which can be written as
a® 4+ b® 4+ ¢ + 24abe < (a+ b+ c).
This inequality is equivalent to
a(b—c)*+b(c—a)*+c(a—b)*> 0.

The equality holds for a = b = ¢, and also for b = ¢ = 0 (or any cyclic permutation).
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P 2.37. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

a’® + 2bc n b? + 2ca n ® + 2ab > 3vab T he T
a c + ca.
V2 +be+c2 VR +ca+a?  Va2+ab+b2 T

(Michael Rozenberg and Marius Stanean, 2011)

Solution. By the AM-GM inequality, we have

Z a® + 2bc Z a + 2bc)vab + be + ca
VU2 +be+ 2 24/ (b2 + be + ¢2)(ab + be + ca)

2(a* + 2bc)
> vab+b
= Vab c+caz bQ~|—bc+02) (ab + be + ca)

2b
=+Vab+ bc+ ca a + 2be)

b+c Ja+b+c)

Thus, it suffices to show that

a’>+2bc  b*+2ca A+ 2ab
- +
b+c c+a a+b

> g(a +b+c).

This inequality is equivalent to
a* + b + ¢+ abe(a + b+ ¢) > %Zab(aw)?.

We can prove this inequality by summing Schur’s inequality of fourth degree
a* +b* + c* +abe(a+b+c) > E:ab(oz2 + b%)

and the obvious inequality

Z ab(a® + b*) > % Z ab(a + b)%.

The equality holds for a = b = c.

P 2.38. Let a,b, c be nonnegative real numbers, no two of which are zero. If k > 1, then

akJrl bk+1 CkJrl ak + bk + Ck

2a2+bc+2b2+ca+202+ab_ a+b+c

(Vasile Cirtoage and Vo Quoc Ba Can, 2011)
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Solution. Write the inequality as follows:
k k+1
> lothr sern) 20
a+b+c 2a%+be

Z a*(a —b)(a — ¢ >0,

2a% + bc -
Assume that a > b > ¢. Since (¢ — a)(c —b) > 0, it suffices to show that

a*(a —b)(a — ¢) n V(b —a)(b—c)
2a% + be 262 + ca

> 0.

This is true if

a*(a — c) B v (b — ¢ >0
2a2+bc 202 +ca — 7

which is equivalent to
a"(a — ¢)(26* + ca) > b*(b — ¢)(2a* + be).
Since a®/b* > a/b, it remains to show that
a(a — ¢)(2b* 4 ca) > b(b — ¢)(2a* + be),
which is equivalent to the obvious inequality
(a —b)cla® + 3ab+b* — c(a + b)] > 0.

The equality holds for a = b = ¢, and also for a = b and ¢ = 0 (or any cyclic permutation).
O

P 2.39. If a, b, c are positive real numbers, then

(o) a? — be n b? — ca N 2 —ab >0
a ;
V3a? +2bc  3b%+2ca 3+ 2ab
a? — be b2 — ca ®—ab

(b)

_'_
V/8a2 + (b+ c)? \/8()2 (c+a)? 8c2 + (a + b)?
(Vasile Cirtoaje, 2006)

Solution. (a) Use the SOS technique. Let

A =+3a%+2bc, B =+V3b%+2ca, C =+3c2+ 2ab.
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We have
a® — be a—>b)a+c)+ (a—c)la+b
23" . :Z( )( )A( )(a+0)
B (a—b)(a+c) (b—a)(b+c)
B A +Z B
a+c b+ec
- (“_b)( A B)
a—b (a+c)*B% — (b+ c)*A?
AB (a+c) B+ (b+c)A
hence

a? —be cla—10)* 2(a—10)*+cla+ b+ 2c)
2270 XA @+dBr(GtgA =

The equality holds for a = b = c.
(b) Let

A=+/8a2+ (b+c)?, B=+/802+(c+a)? C=+/82+ (a+b)?2b.

As we have shown before,

2Za2—bc_ a—b (a+c)?B*— (b+c)?A?
A AB (a+c)B+(b+c)A '

hence

a® — be (a — b)? 4
- = . >
22 A Z AB (a+c)B+(b+c)A_0’

since

Cr=(a+c)+ (b+o)[(a+c)+ (b+c)*] —8ac(b+ c) — 8bc(a + c)
> [(a+¢) + (b+ ¢)](4ac + 4bc) — 8ac(b + ¢) — 8bc(a + ¢)
= 4c(a — b2 >0

The equality holds for a = b = c.

P 2.40. Let a,b, c be positive real numbers. If 0 < k < 14 2/2, then

a’® — be b? — ca 2 —ab

+ + >
Vi iPiE ViRt i@ Vet P
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Solution. Use the SOS method. Let
A=Vka?+b0>+c%2, B=vVkb®>+c*+a® C=vVke+a®+ 0%

As we have shown at the preceding problem,

Qza —bc —~a—b (a+c)?B*—(b+c)?PA*
B AB (a+c)B+(b+c)A
therefore 2 Z 2 b ) Z (0 b)? c
A AB  (a+¢) B+ (b+c)A’
where

Ci=(a®>+b*+c)(a+b+2c)— (k—1)c(2ab + be + ca).
It suffices to show that C; > 0. Putting a + b = 2z, we have a? + 0? > 222, ab < 22, hence
> (a2 4 b* + A)(a+ b+ 2¢) — 2v/2 ¢(2ab + be + ca)
2% + ) (2z + 2¢) — 2V2 ¢(22% + 2cx)

> (2
2(z +c)(aV2—¢c)? >0

The equality holds for a = b = c.

P 2.41. If a, b, c are nonnegative real numbers, then

(a®> = bc)Vb+c+ (b —ca)Ve+a+ (¢ —ab)Va+b > 0.

First Solution. Let us denote

b+c c+a a+
T = =1/ z =

a=y +2"—2° b=+2"—y} c=2"+y -2

hence

The inequality turns into
wy(a® + %) + ya(y’ + 2°) + 2w (2’ + 2°) 2 2%y (@ +y) + Y72 (y + 2) + 227 (2 + ),
which is equivalent to the obvious inequality
vy(e +y)(x —y)* +yz(y + 2)(y — 2)* + z2(2 + 2)(z — 2)* 2 0.

The equality holds for a = b = ¢, and also for b = ¢ = 0 (or any cyclic permutation).
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Second Solution. Use the SOS technique. Write the inequality as
A(a® — be) + B(b? — ca) + C(c* — ab) > 0,

where

A=+vVb+c¢, B=+c+a, C=+a+b.
We have

22A(a2—bc):ZA[(a—b)(a—l—c)—|—(a—c)(a+b)]
=Y Ala—b)(a+c)+ Y Bb—a)b+c)
=> (a—b)[Ala+c)— B(b+c)]
B Aate)? = B*(b+c)?
=2 (a=b) Ala+c)+ B(b+c)
B (a—0)*(a+c)(b+c)
=2 dar o BoT 2"

P 2.42. If a, b, c are nonnegative real numbers, then

(a® — be)Va2 + 4be + (b* — ca)Vb? + 4ca + (¢ — ab)V e + dab > 0.
(Vasile Cirtoaje, 2005)

Solution. If two of a,b, c are zero, then the inequality is clearly true. Otherwise, write the
inequality as

AX + BY +CZ >0,

where

va? + 4be B Vb2 + 4ca o vz + 4ab
b+c c+a ’ a+b
X=(a®>=be)b+c), Y=(0b*=bc)b+c), Z=(c*—ab)(a+D).

Without loss of generality, assume that

)

a>b>ec.

We have
X>0 Z<0, X+Y+7=0.

In addition,
X —Y =abla—b)+2(a* —b*)c+ (a — b)c? >0
and
at — bt +2(a® — A)e+ (a® — ) + 4abe(a — b) — 4(a — b)c?

A2 o B2 —
(b+¢)?*(c+ a)?
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S dabe(a —b) —4(a —b)®  4e(a —b)(ab — ¢?)

T hF oRera? - (bropetar =V

Since

20X+ BY+CZ)=(A-B) (X -Y)+(A+B)(X+Y)+2CZ
=(A-B)(X-Y)-(A+B-20)Z,

it suffices to show that
A+ B-2C>0.
This is true if AB > C?. Using the Cauchy-Schwarz inequality gives

AB > ab + 4c\/ab >ab+20\/%+2c2
“(b+ce)c+a) = (b+c)(c+a)

Thus, it is enough to show that
(a + b)%(ab + 2cVab + 2¢%) > (b+ ¢)(c + a)(c + 4ab).
Write this inequality as
ab(a — b)? + 2¢vVab(a + b) (\/‘ - \/5)2 + P?[2(a+b)? — 5ab — c(a + b) — ] > 0.
It is true since
2(a +b)* —5ab— cla+b) —* =a(2a —b—c)+bb—c)+b*—c*>0.

The equality holds for a = b = ¢, and also for a = b and ¢ = 0 (or any cyclic permutation).

[]

P 2.43. If a, b, c are nonnegative real numbers, then

a’ b3 c?
_— —_— —_— > 1
a3+(b+c)3+ b3+(c+a)3+ A+ (a+0)3~

Solution. For a = 0, the inequality reduces to the obvious inequality
VB + VB > VB .

For a,b,c > 0, write the inequality as
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For any x > 0, we have

Vitad=/(1+a2)(1—z+a?) < (1+:v)+(21—:v+:£2) :1+%x2.

1 1
2 b+c 522 1/b+c\°
1+( . ) 1+§< a )
a2
>Z bz+c :Za2+b2+02:1'

a?

Therefore, we get

The equality holds for a = b = ¢, and also for b = ¢ = 0 (or any cyclic permutation).

P 2.44. If a, b, ¢ are positive real numbers, then

1 1 1 1 1 1
\/<a+b+6)<5+5+5>>1+\Il+\/(a2+b2+02)(¥+b_2+§)'

(Vasile Cirtoaje, 2002)

Solution. Using the Cauchy-Schwarz inequality, we have

(=) (s - \/(za2+zzbc) (zéﬂzbic)

hence

The equality holds if and only if

() (Zh)=(X5) (Zw).
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which is equivalent to

(a® — be)(b* — ca)(c* — ab) =

Consequently, the equality occurs for a? = be or b* = ca or ¢® = ab.

P 2.45. If a, b, ¢ are positive real numbers, then

1 1 1 1 1 1
5+\/2(a2+62+02)< tate >—2 Z(a+b+c)(a+g+g).
(Vasile Cirtoage, 2004)

Solution. Let us denote

a+b c b+c+a
x:— —_ —_ —_— — j— —_
b ¢ a’ a b ¢
From
1 1
(a® +b° +¢?) §+—2+—2>—2—
a? bV ¢ B 2 a?
2(624-——1—?)—1—2(?4-()—24-0—2)—1-4
=2(2® — 2y) + 2(y* — 22) + 4
= (z+y—2°+(x—y)?
> (v +y—2)*
and o1
m+b+@<—+—+—)=x+y+&
a b ¢
we get

111
\/(a2+b2+c2)( +b2+—)—2 >z4y—2
1

11
= b —+ -4+ =) -5
(a+ +c)<a+b+>

c

The equality occurs for a = b or b =c or ¢ = a.

P 2.46. If a, b, ¢ are real numbers, then
2(1 4 abe) + /2(1 + a) (1 + 02)(1 + ) > (1 +a)(1 4+ b)(1 +¢).
(Wolfgang Berndt, 2006)
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First Solution. Denoting
p=a+b+c, q=ab+bc+ca, r=abc,

the inequality becomes

V22 + @242 —2pr —2¢+ 1) >p4q—1r—1.
It suffices to show that
20+ ¢ +r* =2pr—2q+1)> (p+q—r—1)%
which is equivalent to
P+t —2pg+2qr — 2pr +2p — 2 —2r +1 >0,

(p—q—r+1)2>0.
The equality holds for p+1 = g+r and ¢ > 1. The last condition follows from p+q¢—r—1 > 0.

Second Solution. Since
2(14+a?) = (1+a)*+ (1 —a)?

and
1+ )1+ = (b+c)+ (bec— 1),

by the Cauchy-Schwarz inequality, we get

V21 +a2)(1+ )1+ c2) > (1+a)(b+c)+ (1 —a)(bec—1)
=(14a)(14+0b)(1+c)—2(1 + abc).

P 2.47. Let a,b, c be nonnegative real numbers, no two of which are zero. Prove that

/a2+bc+\/b2+ca+\/02+ab>2+ 1
b2+C2 C2+6L2 a2+b2 — \/§

(Vo Quoc Ba Can, 20006)

Solution. Assume that

It suffices to show that

/a2+cz+\/b2+02+\/ ab S 9. 1
b2+02 02+CL2 a2+b2 — \/5
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Let us denote

From ( b)( ) 2)
9 9 a—>b)lab—c
— vy = 0
vy b(b2 + 2) ’
it follows that
r>y>1
Also, from
1 — —1
el <y+_) _ (@—y)(zy )>07
x Yy zy
we have

\/a2+02 \/62+c2 \/» \/7
b2 + 2 cz+a? — ’

Therefore, it is enough to show that

9+\/§+ [Lab
b a a2+ b —
ab
L -y
\/7 \/> a? + b2’

(i~ VB <a—b> |
Vab B \/Z(aQ—I—UQ (\/@2—1—62—1—\/%)

Since 2vab < \/2(a? + b?), it suffices to show that

o (Watvh)
Va2 + 02+ V2ab

which is equivalent to

Indeed,
2
2 (\/@2 + 0% + \/2ab> > \/2(a®>+0?)+2vVab>a+b+2Vab= <\/5+ \/5> .

The equality holds for a = b and ¢ = 0 (or any cyclic permutation).

P 2.48. If a,b,c are nonnegative real numbers, then

Vaa+b+4c)+/b(2b+ c+a) + /c(2¢+ a+b) > \/12(ab + bc + ca).

(Vasile Cirtoaje, 2012)
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Solution. By squaring, the inequality becomes

a2—|—b2—i—cz—i—z\/bc(Zb—i-c—i-a)(Qc—i—a—l—b) > 5(ab + be + ca).

Using the Cauchy-Schwarz inequality yields

Z\/bc(Qb—i-c—i-a)(Qc—i—a—l—b) = Z\/(%Q + be 4 ab)(2¢% + be + ac)

> Z(Zbcqtbc—i—a\/E) :3(ab+bc+ca)+2a\/b_c.

Therefore, it suffices to show that
a? +b* + 2 +Za\/%2 2(ab + be + ca).
We can get this inequality by summing Schur’s inequality
a2+62+02+za\/%2 Z\/@(a+b)

and

Z\/%(a—i-b) > 2(ab + bc + ca).

The last inequality is equivalent to the obvious inequality

S Vab (Va-vb) =0

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).
O

P 2.49. Let a,b, c be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

av/(4a + 5b)(4a + 5¢) + by/(4b + 5¢)(4b + 5a) + v/ (4c + ba)(4c + 5b) > 27.
(Vasile Cirtoage, 2010)
Solution. Use the SOS technique. Assume that
a>b>c,

consider the nontrivial case b > 0, and write the inequality in the following equivalent
homogeneous forms:

Za\/(4a+5b)(4a+50) >3(a+b+c)
2<Za2—zab> > Za<\/4a+5b—\/4a+50>2,
Zb—c >Z 25a(b — ¢)?

(V4a + 5b+ va + 5c)
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Z(b - C>2Sa >0,

where o5
Sp=1- - .
(VAa +5b+ v4a + 5¢)

Since 25b 25b

Sy =1— S >1— - =0

(VA4b +5c + v/4b + 5a) <\/@+ \/@)
and 25 25 25
S,=1- ‘ _>1- £ —1-Zs0,
(\/40—1—5&—{-\/40—1—56) (\/9_0+ \/9_6) 36

we have

2

N (b= €280 = (b )*Su + (a = ¢)*Sy = (b— 0)*S, + (b — )*S,

b2
_ Gy a2 (be @
— b<b C) <aSa+ bSb) .
Thus, it suffices to prove that
b
’8,+ %8, >0.
a b
We have )
g >q1_ 25a _1_a(\/4a—|—5 —\/@)
T (VIarsh+ Via) b |
2
(\/%+\/4b+5a> a
hence
2
b a b (\/m—\/@f a <V4b+5a—\/@>
S, +=5,>—-— + - —
a b a b b a
4a?  Ha \/4b2 5b a b
=4 — + — — + — | = -4+ -] -1
(\/62+b+ a2+a) 7(b+a) 0
:4\/4x2+5x—8+2\/20m+4 — Tx — 10,
where
a b
r=—-—4+->2.
b a

To end the proof, we only need to show that x > 2 yields

4\/4352+5x—8~|—2\/20:v+41 > 7x + 10.
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By squaring, this inequality becomes
1527 — 60z — 228 + 32v/20x + 41 > 0.
Indeed,
1522 — 602 — 228 + 32v/20x + 41 > 1522 — 60z — 228 4 32v/81 = 15(z — 2)? > 0.

3
The equality holds for a = b = ¢ = 1, and also for a = b = 5 and ¢ = 0 (or any cyclic

permutation).
[

P 2.50. Let a,b,c be nonnegative real numbers such that ab+ bc + ca = 3. Prove that

av/(a+ 3b)(a + 3c) + by/(b+ 3c)(b + 3a) + cv/(c + 3a)(c + 3b) > 12.
(Vasile Cirtoaje, 2010)

Solution. Use the SOS method. Assume that a > b > ¢ (b > 0), and write the inequality
as

Za\/(a+3b)(a+30) > 4(ab + be + ca),
Q(Zaz—Zab)—Za<\/a+3b—\/a+3c>2,
Zb—c >Z 9a(b — c)?

\/a+3b+\/a+30)7
D (b—0)’S, >0,
where
g _q_ 9a
‘ (\/a+3b+\/a+3c)2
Since o %
Sp=1-— 5>1—-—————==0
(Vb+3c+ vb+ 3a) <\/1‘,+\/@>
and 9 9 9
Se=1- ‘ S>1- C ___—1-Z >,
(Ve+3a+ Ve+3b) (Ve + Vic) 16
we have
a2
Z(b —¢)2S, > (b—¢)® S, + (a—¢)*Sy > (b— ¢)®S, + — 72 (b—c)?S,

_ay by @
—b<b C) <a5a+bsb>.
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Thus, it suffices to prove that

b
28, + 25, > 0.
a b
We have )
¢ > 9a _l_a(\/a-l—?) — Ja)
T (Vatdb+va) b? ’
2
o) b (Vo+3a—vh)
SbZl— 2:1_ 2 )
(\/l—?+\/b—|—3a> a
hence
2
b oa. b (Va¥Sh-va) o (VEF3a-Vh)
S, + =5, > - — + - —
a b a b b a
_s a2+3a+ bz+3b B a+b i
a b2 b a? a b a
:2\/x2+3x—2+2\/3x+10—x—6,
where
a b
r=-+->2
b a

To end the proof, it remains to show that

2\/x2+35x—2+2\/3x+102x+6

for x > 2. By squaring, this inequality becomes

32?2 — 44 + 8v/3x + 10 > 0.

Indeed,
302 — 44+ 8V3x+ 10> 12 — 44+ 32 = 0.

The equality holds for a = b = ¢ =1, and also for a = b = v/3 and ¢ = 0 (or any cyclic
permutation).
]

P 2.51. Let a,b, c be nonnegative real numbers such that a®> + b* + ¢ = 3. Prove that

V2 +Tab + V2 + The + /2 + Tea > 3+/3(ab + be + ca).

(Vasile Cirtoaje, 2010)
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Solution. Use the SOS method. Consider a > b > c¢. Since the inequality is trivial for
b =c =0, we may assume that b > 0. By squaring, the desired inequality becomes

6 + QZ V(2 + Tab)(2 + Tac) > 20(ab + be + ca),

2
6(a2+b2+c2—ab—bc—ca)22(\/2—1-7@()—\/2—1—7@0) ,

4 _
32 b—c)? >Z 9a*(b — c)*
\/2+7ab—|—\/2+7ac)
> (b—c)*Se >0,
where 1042
S, =1— a .
(V6 + 21ab + /6 + 21ac)
49b°
szl_ 29
(V6 +21ab + v/6 + 21bc)
2
S =1 49c¢

(VB + 2Tac + v/6 + 21be) "

Since 6 > 2(a® + b*) > 4ab, we have

4942 4942 a
Sazl_ 221— 2:1—57

(V/4ab + 21ab + V/6) (5\@ 1 2\/@)

495> 49b2
Sp 2> 1 — gb 221_ % 2:1_97
Vb mw@ i) () 0
2 2
Se>1— e S R G R )

(\/4ab+21ac+ \/4ab+21bc) (5¢ + 5¢) 100

Therefore,

> (b—¢)’Sa > (b= )8, + (c— a)’S)

> (b ¢)? <1—%)+(c—a)2 (1—2)

_ (a — b)l(;zb —?) > 0.

The equality holds for a = b = ¢ = 1, and also for a = b = v/3 and ¢ = 0 (or any cyclic

permutation).
U
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P 2.52. Let a,b,c be nonnegative real numbers such that a®> + b* + ¢ = 3. Prove that

a b c

< 1.
2a2+1+2b2+1+202+1_

(Vasile Cirtoaje, 2006)

Solution. Assume that a < b < ¢ and denote

a b c
boc) = .
Habo) =g T+ o7 Y ae

We will show that
fla,b,e) < f(s,s,¢) <1,

where

22
a4 ; , s < 1.
The inequality f(a,b,c) < f(s,s,c) follows from P 2.1. The inequality f(s,s,c¢) < 1 is
equivalent to

S =

25 n c <1
252 4+1  2¢2+1
where
252—1—02:3, 0<s<1l<ec
Write the requested inequality as follows:
1 c 25 2

3 22 11- 2241 3
(c—1)(2¢—1) - 2(1—s)(2s —1)

2¢2 4+ 1 - 252+ 1 ’
(2 =1)(2c—1) S 2(1 —s*)(2s—1)
(c+1)(2c2+1) = (1+s)(28241)

Since
A —1=2(1-5*>0,

we only need to show that

2c—1 S 25 —1
(c+1)(2c2+1) ~ (s+1)(2s2+ 1)

which is equivalent to (¢ — s)A > 0, where
A=2(s+c)*+2(s+c)+3—6sc—4sc(s +c).
Substituting

x:S—;C’ Y = vSsG IZ%
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we need to show that A(x,y) > 0, where
A(z,y) = 82° + 4o + 3 — 6y* — Swy?.

From
3 =252+ > 2V2sc = 2v/2¢,

<. ]2
Y= Vel

A(z,y) > Aly,y) > 0.

we get

We will show that

We have

Alz,y) — Aly,y) =4z —y) Rz +2y +1—-2y") > 4z —y)2y(2 —y) + 1] >0

and
Aly,y) = 3+ 4y + 2y — 8.
From \
3 2
_ .3
Aly,y) =y (E 7 5—8)
it follows that it suffices to show that A(y,y) > 0 for y = 2\3/§ Indeed, we have
Ay, y) =3+2y2—4(2y2—1)y:3+i_4(1_1>y
V2 V2
_3V243-4B8-V2)y B
V2 V2[3v2 + 3 +4(3 — v2)y)’
where

= (3v2+3)? —16(3 — vV2)%* = 9(V2 + 1)* — 12v2(3 — v/2)?
= 57(3 — 2v/2) > 0.

The equality holds for a =b=c=1.
Remark. The following more general statement is also valid.

e Ifa,b,c,d are nonnegative real numbers such that a* + b* + ¢ + d? = 4, then

a n b . c . d <4
202 4+1 202+1 2241 2d?2+1 — 3
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P 2.53. Let a,b, c be nonnegative real numbers such that ab + bc + ca = 3. Prove that

(a) > v/a(b+ c)(a? + be) > 6;
(b) S a(b + ¢)vVa2 + 2bc > 6/3;
(c) S a(b+c)y/(a+ 2b)(a+2c) > 18.

(Vasile Cirtoaje, 2010)

Solution. Assume that
a>b>c, b>N0.

(a) Write the inequality in the homogeneous form

Z Va(b+ c)(a® 4 be) > 2(ab + be + ca).

First Solution. Write the homogeneous inequality as
Z Va(b+c) [\/a2 +bc — v/a(b+ c)} >0,

Z (a —b)(a—c)y/a(b+c) S
Va2 +be+/alb+c) —
Since (¢ — a)(c — b) > 0, it suffices to show that

(a—b)(a—c)y/alb+c) (b—c)(b—a) b(c+a)>0
Va2 +bc+ +/alb+c) VB +ca+\/blc+a) ~

This is true if
(a—c)\/a(b+c) - (b—c)y/b(c+a)

Va2 +be+Jalb+c) ~ VB2 +ca+ \/blc+a)

Since

Va(b+c¢) > \/bc+a),
it suffices to show that
a—c S b—c .
Va2 +bc+ Jalb+c) — Vb +ca+ +/blc+a)

Moreover, since

Va2 +be > +/a(b+c), b2 + ca < \/b(c+ a),

it is enough to show that
a—c b—c

Va2 +be ~ VB2 +ca

Indeed, we have

(a —¢)*(b? + ca) — (b—c)*(a® + bc) = (a — b)(a* + b* + ¢* + 3ab — 3bc — 3ca) > 0,
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because
a® 4+ b* + ¢ + 3ab — 3bc — 3ca = (a* — be) + (b —¢)* + 3a(b—¢) > 0.

The equality holds for @ = b = ¢ = 1, and also for a = b = 4/3 and ¢ = 0 (or any cyclic
permutation).

Second Solution. By squaring, the homogeneous inequality becomes

Z a(b+ c)(a® + be) + 2 Z Vbela 4+ b)(a + ¢) (b2 + ca)(c? + ab) > 4(ab + be + ca)®.

Since
(b? + ca)(c* + ab) — be(a +b)(a+c) = a(b+c)(b—c)* >0,

it suffices to show that

> a(b+c)(a® +be) +2 Y be(a+b)(a+c) > 4(ab+ be + ca)?,

which is equivalent to

Zbc(b —c)?>0

(b) Write the inequality as

Za(b+ c)Va? + 2bc > 2(ab + be + ca)vab + be + ca,

Za(b—i—c) [\/a2+2bc—\/ab+bc+ca >0,

Z a(b+c)(a—b)(a—c)
Va2 + 2bc +v/ab+ bc+ca
Since (¢ — a)(c — b) > 0, it suffices to show that
a(b+c)(a—b)(a—c) b(c+a)(b—c)(b—a)
Va? +2bc++vab+bc+ca Vb2 + 2ca++ab+bc+ca

This is true if
a(lb+c)(a—c) - bc+a)(b—c)
Va2 + 2bc +ab + bc+ca — Vb2 + 2ca + ab + be + ca

Since
(b+c)a—c)>(c+a)(b—rc),
it suffices to show that
¢ > b .
Va2 + 2bc +vab+bc+ ca — Vb2 + 2ca + Vab + be + ca

Moreover, since

Va2 +2bc > Vab+be+ca, Vb + 2ca < Vab + be + ca,
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it is enough to show that

a b
> .
Va2 +2bc — Vb2 + 2ca

Indeed, we have
a®(b* + 2ca) — b*(a* + 2bc) = 2c(a® — b*) > 0.

The equality holds for « = b = ¢ = 1, and also for a = b = 4/3 and ¢ = 0 (or any cyclic
permutation).

(c) Write the inequality as follows:

Za(b + ¢)v/(a + 2b)(a + 2¢) > 2(ab + be + ca)/3(ab + be + ca),

Za(b +¢) [\/(a + 2b)(a + 2¢) — \/3(ab + be + ca)] >0,
Z a(b+c)(a—b)(a—c) -
V(a+2b)(a+ 2¢) + +/3(ab+ be + ca) ~
Since (¢ — a)(e¢ — b) > 0, it suffices to show that
a(b+ c)(a —c) S b(c+a)(b—c)
V{a+2b)(a+2¢) + /3(ab +be+ca) — \/(b+2¢)(b+ 2a) + /3(ab + be + ca)

Since
(b+c)a—c)>(c+a)(b—rc),
it suffices to show that
a S b
V{a+2b)(a+2¢) + /3(ab +be+ca) — /(b+2¢)(b+ 2a) + /3(ab + be + ca)

Moreover, since

V(a+2b)(a+2c) > \/3(ab+be+ca), +/(b+2¢)(b+2a) < \/3(ab + be + ca),

it is enough to show that
a S b
Via+2b)(a+2c) ~ /(b+2c)(b+2a)

This is true if

Vi VB
Via+2b)(a+2c) ~ /(b+2c)(b+2a)

Indeed, we have
a(b+2¢)(b+2a) — b(a+ 2b)(a + 2¢) = (a — b)(ab + 4bc + 4ca) > 0.

The equality holds for @ = b = ¢ = 1, and also for a = b = 4/3 and ¢ = 0 (or any cyclic
permutation).
O
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P 2.54. Let a,b, c be nonnegative real numbers such that ab + bc + ca = 3. Prove that

avbe + 3+ bvVea + 3+ cvab+ 3 > 6.
(Vasile Cirtoaje, 2010)
Solution. Use the SOS method. Denote

A=+ab+2bc+ca, B =+Vbc+2ca+ab, C =+ca+ 2ab+ bc,

and write the inequality as follows:

ZaA > 2(ab + bc + ca),

Za(A—b—c)zO,

22
Za(ab—irac b* — ¢?) >0,
A+b+c

Z ab(a — b) + ac(a — ¢) >0,

A+b+c
ab(a — b) +Z ba(b — a) -

A+b+c B+c+a ™

9

1 1
bla—10b — >
Za(a )(A+b—|—c B+c+a>_0’

Zab(a—l—b—i—C)(a—b)(a—b—l—B—A) >0,

S abla+ b+ C)a—b)’ (1+AjB) > 0.

The equality holds for a = b = ¢ = 1, and for a = 0 and b = ¢ = /3 (or any cyclic
permutation).

]

P 2.55. Let a,b, c be nonnegative real numbers such that a + b+ ¢ = 3. Prove that
(a) Y (b + )Vb? + ¢ + The > 18;

(b) SO(b+ ¢)Vb2 + 2 + 10bc < 124/3.
(Vasile Cirtoaje, 2010)
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Solution. Use the SOS technique.

(a) Write the inequality in the equivalent homogeneous forms

Z(b+c) b2+ 2+ The > 2(a + b+ c)?

3 [(b + VB + 2+ The— b2 — 2 — 4bc] >0,

Z (b+c)2(b* + & + Tbc) — (b* + 2 + 4bc)? -0
(b+ )V + 2+ The+ b2 + 2 +4be

Z be(b — ¢)? =0
(b4 c)Vb? + ¢ + Tbc + b2 + 2 + 4be —

3
The equality holds fora =b=c=1,fora=0and b =c = 3 (or any cyclic permutation),
and for a = 3 and b = ¢ =0 (or any cyclic permutation).

(b) Write the inequality as follows:

Z(b +¢)y/3(b2 + 2+ 10bc) < 4(a+ b+ c)?,

S [2b2 22 4+ 8be— (b+ )32 + 2 + 10bc)] >0,

Z 4(0* + ¢ 4 4be)* — 3(b + ¢)*(b* + ¢* + 10bc)

> 0,
262 + 2¢2 + 8bc + (b + ¢)/3(b% + 2 + 10bc) —

)3 T >0
2% + 2¢2 + 8bc + (b + ¢)/3(b + 2 + 10bc) —
The equality holds for a =b=c=1.

P 2.56. Let a,b,c be nonnegative real numbers such then a + b+ c = 2. Prove that

Va + 4bc + Vb + 4ca + Ve + dab > 4V ab + be + ca.

(Vasile Cirtoaje, 2012)

Solution. Without loss of generality, assume that
¢ = min{a, b, c}.

Using Minkowski’s inequality gives

Va + 4bc + Vb + 4dca > \/<\/5+\/5)2+4c<\/a+\/l_7)2: (\/54—\/5) V1 +4e.
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Therefore, it suffices to show that

<\/5+\/l_7> V1+4c > 4vab + be + ca — Ve + 4ab.

By squaring, this inequality becomes

(a b+ 2\/%) (1+4¢) + 8v/(ab + be + ca)(c + 4ab) > 16(ab + be + ca) + ¢ + 4ab.
According to Lemma below, it suffices to show that
(a +b+ 2\/%) (14 4c) + 8(2ab + be + ca) > 16(ab + be + ca) + ¢ + 4ab,
which is equivalent to

a+b—c+2Vab+8cVab > 4(ab + be + ca).

Write this inequality in the homogeneous form
(a+b+c) (a+b—c+2\/%> + 16V ab > 8(ab + be + ca).
Due to homogeneity, we may assume that a + b = 1. Let us denote
d=+Vab, 0<d<
We need to show that f(c) > 0 for 0 < ¢ < d, where

f(c)

(1+¢)(1 — ¢+ 2d) + 16cd — 8d* — 8¢
(1 —2d)(1 +4d) +2(9d — 4)c — c*.

Since f(c) is concave, it suffices to show that f(0) > 0 and f(d) > 0. Indeed,
f(0)=(1—2d)(1+4d) >0,

f(d) = (3d—1)*>0.

Thus, the proof is completed. The equality holds for a = b = 1 and ¢ = 0 (or any cyclic
permutation).

Lemma (by Nguyen Van Quy). Let a,b,c be nonnegative real numbers such then
¢ =min{a,b,c}, a+b+c=2.

Then,

V/ (ab + be + ca)(c + 4ab) > 2ab + be + ca.
Proof. By squaring, the inequality becomes

clab + be + ca — c(a + b)? > 0.
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We need to show that
(a+ b+ c)(ab+ be + ca) — 2c(a + b)? > 0.
We have

(a+b+c)(ab+ be+ ca) — 2c(a+b)* > (a+b)(b+ c)(c+ a) — 2¢(a + b)?

P 2.57. If a,b, c are nonnegative real numbers, then

Va2 4+ b2+ Tab+ Vb2 + 2+ Tbe + V2 + a2 + Tea > 5V ab + be + ca.
(Vasile Cirtoaje, 2012)

Solution (by Nguyen Van Quy). Assume that
¢ = min{a, b, c}.

Using Minkowski’s inequality yields

2

\/b2+c2+7bc+\/a2+02+7ca2\/(a+b)2+402—|—7c(\/5+\/5>

Therefore, it suffices to show that

2
\/(a—l—b)2+402+7c<\/5+\/l_)> > 5vab + be + ca — Va2 + b2 + Tab.

By squaring, this inequality becomes

2¢? + Tevab + 5/(a2 + b2 + Tab)(ab + be + ca) > 15ab + 9¢(a + b).

. Let us denote

DO | —

Due to homogeneity, we may assume that a + b = 1, which implies ¢ <

1
x = ab. We need to show that f(x) >0 for ¢ <z < 7 where

f(x) =22 4 Tev/z + 5¢/(1 + 5x)(c + ) — 152 — 9.

Since

<0

() = —Tc 5(5¢ — 1)?
4B 44/5a? + (5e + 1)z + J?

1
f(c) is concave. Thus, it suffices to show that f(c*) > 0 and f (Z) > 0.
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Write the inequality f(c?) > 0 as

5v/(1 +5¢2)(c+ ¢2) > 6% + 9c.
By squaring, this inequality turns into

¢(89¢ + 17¢? — 56¢ 4 25) > 0,
which is true since

89¢® + 17¢* — 56¢ + 25 > 12¢% — 56¢ + 25 = (1 — 2¢)(25 — 6¢) > 0.

1
Write the inequality f (Z) >0 as

8¢ — 22¢ 4 15 (\/4c+ 1— 1) > 0.

Making the substitution t = v/4c+ 1, t > 1, the inequality becomes
(t—1)(t* +t* — 12t + 18) > 0.

It is true since
B+t — 12t + 18> 2t — 12t + 18 = 2(t — 3)* > 0.

Thus, the proof is completed. The equality holds for @ = b and ¢ = 0 (or any cyclic
permutation).
]

P 2.58. If a,b,c are nonnegative real numbers, then

Va2 + b2+ 5ab + Vb2 + 2 + 5bc + V2 + a + 5ca > /21(ab + be + ca).
(Nguyen Van Quy, 2012)

Solution. Without loss of generality, assume that ¢ = min{a,b,c}. Using Minkowski’s
inequality, we have

2

V(a+ )2+ 3ac+ /(b + ¢)? + 3be > \/(a+b+2c)2+3c<\/6+\/l_)>

Therefore, it suffices to show that

2
\/(a+b+20)2+3c<\/5+\/l_)> > \/21(ab + be + ca) — Va2 + b2 + 5ab.

By squaring, this inequality becomes

2¢% + 3evab + \/21(a? + b2 + 5ab)(ab + be + ca) > 12ab + Te(a +b).
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Due to homogeneity, we may assume that a4+ b = 1. Let us denote x = ab. We need to show

1
that f(x) >0 for 2 <x < 7 where

f(2) = 2¢% + 3cv/z + /21(1 + 32)(c + ) — 122 — Te.

Since
—3c V21(3¢ —1)?

= — <0
a3 4B+ Be+ Dz + 3

/(@)

1
f(c) is concave. Thus, it suffices to show that f(c*) > 0 and f (Z) > 0.
Write the inequality f(c?) > 0 as

V21(1 +3c2)(c + ¢2) > T(c + 2).
By squaring, this inequality turns into
cle+1)(1—2¢)(3—¢) >0,

which is clearly true.

1
Write the inequality f (4_1) >0 as

8c? — 22c+ 7/3(4c +1) — 12 > 0.

1
Using the substitution 3t = 4¢ 4 1, t > —, the inequality becomes

V3
(t—1)*(3t* + 6t — 4) > 0.

This is true since
3246t —4>142V3—4>0.

Thus, the proof is completed. The equality holds for a = b = c.

P 2.59. Let a,b, c be nonnegative real numbers such that ab+ bc + ca = 3. Prove that

2
ava2 +5+bVb2 +5+cVe2 +5 > \/;(a+b+c)2.

(Vasile Cirtoaje, 2010)
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Solution. Write the inequality in the homogeneous form

Za\/3a2 +5(ab+bc+ca) > V2 (a+b+c)
Due to homogeneity, we may assume that
ab+ bc + ca = 1.
By squaring, the inequality becomes

> at+2) bey/(30 +5)(3Bc +5) > 12) a0 +19abe Y _a+3> _ ab(a® +b?).

Applying Lemma below for = 3b%, y = 3¢® and d = 5, we have

9
24/(362 +5)(3¢2 +5) > 3(b* + ¢*) + 10 — %(zﬂ — 2

hence

2bcr/ (362 + 5)(3c2 + 5) > 3be(b* 4 ¢?) + 10be — %bc(bQ — 2,

QZbc\/(3bQ—|—5)(3c2+5)23Zbc(b2+02)+10<260> ——Zbc )2
—102a2b2+20ab02a+32aba + b%) — 2OZbc — )

Therefore, it suffices to show that

Za +102a2b2+20a602a+32aba +b2 Zbc
> 122@262 + 19ach:a—i-BX:ab(a2 + b?),

which is equivalent to

ZaA‘—ZZaQbQ—i—acha——Zbc > 0.

To prove this inequality, we use the SOS method. Since
2 (Za4 — 22&2172 —|—acha) =2 (Za4 — Za2b2> -2 (Zasz — acha)
B S

we can write the inequality as

> (b—c)*S, >0,
where

Sa=(b+c)—a —%bc(b—i—c) :
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In addition, since

be(b+ c)?
> 2 2 2 — B et
Sz (b+c)* —a® —be(b+¢)* = (b+0)* —a® — - ==,
_a(b+ )’ —a?(ab+ be + ca)

ab 4+ bc + ca

b

it is enough to show that
> (b—c)’E, >0,
where
E, = a(b+ c)® — a*(ab + bc + ca).

Assume that
a>b>c, b>0

Since
Ey = b(c+ a)® — b*(ab + be + ca) > b(c+ a)* — b*(c + a)(c + b)
> b(c+a)® —b*(c+a)? =blc+a)(c+a—0b)>0,
E. = c(a+0b)* — Z(ab+ bc + ca) > c(a+b)* — c(a+b)(b+c)
>cla+b)?—cFa+b)?=cla+b)?*a+b—c)>0
and
%+% = <b—20)3 + (c—;a):‘ — 2(ab + bc + ca)
> v +a2l)20 N a? +b2a2c —ab+ be + ca)
_ (a®> —b*)* + 22;}& + b)(a — b)? >0,
we get

Y (b= 0)E, > (b= ¢)°Ea+ (a—¢)°E, > (b — ¢)? (E + E”> > 0.

a? b2 ) —

The equality holds for a = b = ¢ = 1, and also for a = b = v/3 and ¢ = 0 (or any cyclic
permutation).

Lemma. Ifx >0,y >0 and d > 0, then

2\/(x—|—d)(y—|—d)Zm+y—|—2d—4—1d(x—y)2.

Proof. We have
22y + 2d(x + y) 2zy + 2d(z + )

Ve+d)(y+d) +d - G g

2/ (z+d)(y+d) —2d =

_ Ay tddety) 0 @y o @)
v+y+4d vy+4d = ad
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P 2.60. Let a,b, c be nonnegative real numbers such that a®> + b* + ¢ = 1. Prove that

av'2 + 3bc + bv/2 + 3ca + V2 + 3ab > (a + b+ ¢)*.
(Vasile Cirtoaje, 2010)

Solution. Write the inequality as
> av2+3be > 142,

where ¢ = ab + bc + ca. By squaring, the inequality becomes

1+ Bacha + QZbc\/(Q + 3ab)(2 + 3ac) > 4q + 4¢>.

Applying Lemma from the preceding P 2.59 for x = 3ab, y = 3ac and d = 2, we have

24/(2 + 3ab)(2 + 3ac) > 3a(b+c) + 4 — gaz(b —c)?,

hence

2bcr/ (2 4 3ab)(2 + 3ac) > 3abe(b + ¢) + 4 — gach(b — )%

9
2 Z ber/ (2 + 3ab) (2 + 3ac) > 6abcz a+4q — gabcz a(b—c)%.

Therefore, it suffices to show that

9

14 Sacha + Gacha +4q — gacha(b —¢)? > 4q + 44,

which is equivalent to

9

1+ 9abcz a—4q¢* > gabcz a(b— c)?.

Since
at + bt 4t =1-2(a®b* + b* +Fa®) =1 -2¢* + 4abcz a,

from Schur’s inequality of fourth degree
at + b+t + 2acha > (Za2> (Zab) ,

1> 2q2—|—q—6acha.

we get

Thus, it is enough to prove that

(2612 +q— 6abcz a) + 9abcz a—4q* > %abcz a(b—c)?;

that is,

8 (q —2¢° + 3abcz a) > 9abcz a(b — c)*.
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Since

q—2q2+3acha: (Za2> (Zab) -2 (Zab>2+3acha
= be(V? + %) —2) 0P =) be(b— ),

Z be(8 — 9a*) (b — ¢)* > 0.

we need to show that

Since
8—9a> =8(b* +c*) —a®> > b+ —a?,

it suffices to prove the homogeneous inequality
> be(? + ¢ —a®)(b—¢)* > 0.
Assume that a > b > c¢. It is enough to show that
be(b? 4 ¢ — a®)(b — ¢)? + ca(c® + a* — b*)(c — a)* > 0.

This is true if
a(c? +a*> —b*)(a—c)? > bla®> — b* — ) (b—c)*.

For the nontrivial case a? — b*> — ¢® > 0, this inequality follows from

a>b, A4adt->a® -V -2 (a—c)*>(b—c)

The equality holds for a = b = ¢ = and for a = 0 and b = ¢ = (or any cyclic

1 1
V3 V2
permutation).

[

P 2.61. Let a,b, c be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

2 b 2b 2 b
(a) ay/ a;— C+b\/ —gca—l—q/ c—;—a > 3;

) a\/a(1+gb+c)+b\/b(1—|—3c+a)+c\/c(1—l—3a+b) >3

(Vasile Cirtoaje, 2010)

Solution. (a) If two of a, b, c are zero, then the inequality is trivial. Otherwise, by Holder’s

inequality, we have
2 3
2a + bc > a) 9
D el B
S

2a + be 2a + be
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Therefore, it suffices to show that

a
D
2a + be
Since
2a _1 be
2a +be 2a + be’

we can write this inequality as

be
D)
2a + be

By the Cauchy-Schwarz inequality, we have

be (3 be)? B (3 be)? B
Z 2a + be = S be(2a +be)  2abed a4+ > b2

[\CR V]

The equality holds for a = b = ¢ = 1, and for a = 0 and b = ¢ = (or any cyclic
permutation).

(b) Write the inequality in the homogeneous form

Za\/a(a+4b+4c) > (a+b+c)?

By squaring, the inequality becomes

Z ben/be(b 4 4c + 4a)(c + 4a + 4b) > 3 Z b2e? + 6abcz a.

Applying the Cauchy-Schwarz inequality, we have

V(b4 4c + 4a)(c + 4a + 4b) = \/(4a + b+ ¢+ 3c)(4a + b + c + 3b)

> 4a+ b+ ¢ + 3V,

hence

ber/be(b + 4c + 4a)(c + 4a + 4b) > (4a + b + ¢)bevVbe + 32,
Z ber/be(b + 4 + 4a)(c + 4a + 4b) > Z(4a + b+ ¢)bevbe + 3 Z b2c?.

Thus, it is enough to show that

2(4(1 + b+ ¢)bevbe > 6abe Z a.

Replacing a, b, ¢ by a?,b?, ¢2, respectively, this inequality becomes

Z(4a2 + % + AP > 6a’b Z a?,

<Z a2> <Z b363> + 3a’b*c? Z be > 6a2b*c? Z a?,
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(Z az) (Z a’h® — 3a2b202> > 3a’b%c? (Z a® — Z ab) .

Use next the SOS method. Since

> @’ — 302 = (Z ab) <Z 2202 — acha) = % (Z ab) S a0,
et =Yab= 5 Y- o)

we can write the inequality as

and

> (b—c)*Sa >0,
S, = a? (Z a2) (Z ab> — 3a’h*c2.

Assume that a > b > ¢. Since S, > S, > 0 and
Sy + S. = (b* + 2) (Z a2) <Z ab> — 6ab*c?
> 2bc (Z a2> (Z ab> — 6a%b%c?

> 2bca® (Z ab) — 6a*b*c® = 2abc(ab + ac — 2bc) > 0,

where

we get

D (b=0)*Sa = (¢ —a)’Sy+ (a = b)*S. > (a—b)*(S, + Sc) > 0.

The equality holds for a = b = ¢ = 1, and also for a = 3 and b = ¢ = 0 (or any cyclic
permutation).
0

P 2.62. If a,b, c are nonnegative real numbers such that a + b+ ¢ = 3, then

V8(a2 4 be) + 9+ /8(b2 + ca) + 9 + /8(c2 + ab) + 9 > 15.
(Vasile Cirtoage, 2013)
Solution. Use the SOS technique. Let ¢ = ab + bc + ca and
A=@Ba—b—c)*+8;, B=0Bb—c—a)?+8; C=(3c—a—0b)*+8q.
Since

8(a®>+bc) +9=8(a*+¢q)+9—8a(b+c) =8(a*+q)+9 —8a(3 —a)
=(4a—3)*+8¢=(3a—b—c)* +8¢= A,

we can rewrite the inequality as follows:

> VA= 15,
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Y VA-(Ba+b+0)] >0,

Z 2bc — ca — ab -0
VA+3a+b+ec

Z[ b(c —a) N c(b—a) }>0
VA+3a+b+c VA+3a+b+c]
c(a —b) c(b—a)

+ >0
Z\/E+3b+c+a Z\/Z+3a+b+c_

D cla=b)(VC +3c+a+b)[VA—VB+2(a—1b) >0,

4(a—|—b—c)+
VA+VB

Without loss of generality, assume that a > b > ¢. Since a + b — ¢ > 0, it suffices to show
that

Zc(a—b)z(\/a+3c+a+b){ 1]20.

b(a — ¢)*(VB +3b+c+a) {%H} >
a(b — )X (VA +3a+b+c) [%—1}

This inequality follows from the inequalities
b(a —c)* > a*(b—c)?

a(VB +3b+c+a) > b(VA+3a+b+c),
d(c+a—0) dla=b—c)
VA+VC T VB+VC

Write the second inequality as

1.

a’B — b’ A N
av B+ b/ A

(a—b)(a+b+c)>0.

Since

a*B —b*A = (a—b)(a+ b+ c)(a® + b* — 6ab+ be + ca) + 8q(a® — b?)
> (a—b)(a+b+c)(a* +b* — 6ab) > —4ab(a — b)(a+ b+ c),

it suffices to show that
—4ab
> 0.

—_——+1>
av B+ bJ/A
Indeed, from v'A > /8¢ > 2v/ab and v B > /3¢ > 2V ab, we get

aV'B + bV A — dab > 2(a + b)Vab — 4ab = 2V ab(a + b — 2V ab) > 0.
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The third inequality holds if
2(a—b—c)
1> —=.
VB ++C
It suffices to show that v B > a and vVC > a. We have

B —a® =8¢ —2a(3b—¢) + (3b — ¢)* > 8ab — 2a(3b — ¢) = 2a(b+¢c) > 0
and
C —a* =8¢ — 2a(3c —b) + (3¢ — b)* > 8ab — 2a(3c — b) = 2a(5b — 3c) > 0.

The equality holds for a = b = ¢ = 1, and also for a = 3 and b = ¢ = 0 (or any cyclic
permutation). O

9
P 2.63. Let a,b,c be nonnegative real numbers such that a +b+c=3. If k > 3’ then

Va2 +be+k+ V2 +ca+k+vVE+ab+k>3V2+k.

Solution. We will show that
> VBla2+be+k) > \/(Bat+b+c)?+8k—9>61/2(k+2).
The right inequality is equivalent to
> V(24 +3)7 +8k -9 > 6/2(k +2),

which follows immediately from Jensen’s inequality applied to the convex function f :
[0,00) — R defined by

f(@) = /(2 +3)2 + 8k — 9.
To prove the left inequality, we use the SOS method. By means of the substitutions
Ay =8(a*+bc+k), By =80b*+ca+k), Cp=8(c’+ab+k),
Ay =(Ba+b+c)?+8k—9, By=Bb+c+a)*+8—9, Co=(3c+a+b)?+8k—09,
we can write the inequality as follows:
Ay — Ay n By — By n Cy— Gy >0
VAL +VAy  VBi+VBy O +VCy T

2bc —ca —ab 2ca —ab—bec 2ab— bc — ca

- - >0,
VA VA, B+ VB, O+ VG

b(c —a) c(b—a)
ZL/EWA—QWATWA—Q =0
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c(a —b) a)
Z\/_+\/E Z\/_+\/__0
> cla=b) (/O + VC)(VA — VB1) + (VA — VBs)]

b— 2a + 2b
Z (a— b)2(\/Tr + { a+ c)+ a+ +c}>0

VAt VB | VA + VB,

Without loss of generality, assume that a > b > ¢. Clearly, the desired inequality is true for
b+ ¢ > a. Consider further the case b + ¢ < a. Since a + b — ¢ > 0, it suffices to show that

b+c—a) 2b+2c+a
o= /A VB [T T

c+a—Db) 2c+2a+0b
_ ,/ «/B > 0.
o= (VB + VB, {\/71+\/_+\/@+\/A_CJ—

Since
b(a —c)* > a*(b—c)?,

it suffices to show that

b+c—a) 2b+2c+a
MV V) L/_+\/@+JE+¢E}+

c+a—>b) 2c+2a+b
VBt VB bmr*mwxj =0

From

a’By — b Ay = 8c(a® — b%) + 8k(a* — b*) > 0
and
a’*By — b*Ay = (a — b)(a + b+ c)(a® + b* + 6ab + bc + ca) + (8k — 9)(a® — b*) > 0,
we get av/B, > by/A; and av/Bs > by/As, hence
a(V/B1+v/Ba) > b(\/ A+ \/A3).
Therefore, it is enough to show that

2b+c—a) 2b+2c+a 2(c+a—0) 2c+2a+b>0

VBiAVO VBt VG VG VA Ot

This is true if

2b —2b
+ >0
VBi+VCi VO + VA

and
—2a 2a 2a

+ + >0
VBi+VC O+ VAL VA,
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The first inequality is true because A; — By = 8(a —b)(a+b—¢) > 0. The second inequality
can be written as

1 1 1
+ > .
VO +VA VO + VA VB + v
Since . . A

+ > ,
VOi+ VAL VO + VA T VO + VAV + VA

it suffices to show that

4y/B1 +3/C1 = /A + Az + /Ca.

Taking account of
C1 — Cy = 4(2ab — be — ca) > 0,

Ci—B=8b-—c¢)la—b—c) >0,
Ay — Ay = 4(ab — 2bc + ca) > 0,

we have

4y/Bi + 3y C1 — /A — /Ay — /Oy > 4y/By +21/C1 — /AL — /Ay
> 4y/Bi +2y/B1 — /A — /A,
= 23v/Br — VAy).

In addition,

9B, — Ay = 64k — 8a® + 72b* — 4ab + 68ac
> 72 — 8a® + 720 — 4ab + 68ac
=8(a+b+c)* — 8a® + 726 — 4ab + 68ac
= 4(200* + 2¢* + 3ab + 4bc + 21ac) > 0.

Thus, the proof is completed. The equality holds for a = b = ¢ = 1. If k = 9/8, then the
equality holds also for a = 3 and b = ¢ = 0 (or any cyclic permutation).
O

P 2.64. If a,b,c are nonnegative real numbers such that a + b+ c = 3, then

Va3 + 2bc + Vb3 + 2ca + V3 + 2ab > 3V3.
(Nguyen Van Quy, 2013)

Solution. Since
(a® + 2be)(a + 2bc) > (a® + 2bc)?,

it suffices to prove that

a’® + 2be > 33,
3
Z va+ 2bc
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By Holder’s inequality, we have

(Z %)2 Z(a2 + 2bc)(a + 2bc) > [Z(a2 + 2bc)} ’ = (a+0b+c).

Therefore, it suffices to show that
(a+b+c)°>27) (a®+ 2bc)(a+ 2bc).
which is equivalent to
(a+b+c)* > (a®+ 2bc)(a® + 6bc + ca + ab).
Indeed,
(a+b+c)* — z:(a2 + 2bc)(a? 4 6bc + ca + ab) = BZab(a —b)?2>0
The equality holds for a = b = ¢ = 1, and also for a = 3 and b = ¢ = 0 (or any cyclic

permutation).

]

P 2.65. If a,b, c are positive real numbers, then

Va2 + be \/b2~|—ca+\/02+ab S 3v/2
b+c c+a a+b — 27

(Vasile Cirtoaje, 2006)
Solution. According to the well-known inequality
(z+y+2)°>3(xy+yz+22), x,y,2>0,

it suffices to show that

Z\/b2+ca 62+a/b) >3
(c+a)(a+Db) 2

Replacing a, b, ¢ by a?,b?, ¢2, respectively, the inequality becomes

2 Z(b2 + AV (W c2a?)(ch + a2b?) > 3(a® + b*) (0> 4 A)(? + d?).

Multiplying the Cauchy-Schwarz inequalities

V(02 + 2) (bt + c2a?) > b + ac?,

\/(c2 + b2)(ct + a2b?) > & + ab?,
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we get

(1? + )/ (0 + 2a?)(c* + a2b?) > (b + ac®)(c® + ab?)
=bc* + a(t’ + ) + a*b*c?.
Therefore, it suffices to show that
2) B +2) a(l® + ) +6a’b’c > 3(a” + ) (B + )(P + a?).
This inequality is equivalent to
23 B 42 be(bt +¢t) =3 0P + ),
Z be[2b%c + 2(b* + ¢*) — 3be(b? + )] > 0,

Z be(b — ¢)?(2b% + be + 2¢*) > 0.
The equality holds for a = b = c.

P 2.66. If a,b,c are nonnegative real numbers, no two of which are zero,then

Vbe +4a(b+ ¢ N Vea+4b(c + a) N ab + 4c(a + b) -
b+c cta a+b .

N | ©

(Vasile Cirtoaje, 20006)

Solution. Let us denote
A =4ab+ bc+ 4ca, B =4ab+ 4bc+ ca, C = ab+ 4bc+ 4ca.

By squaring, the inequality becomes

A BC 81
oA,y VBC 8
(b+¢) (c+a)lat+b) — 4
According to the known inequality Iran-1996, namely

Zab+bc+ca

9
> 2
btc2 — 1

(see Remark from the proof of P 1.72), we have

A ab+bc+ca 9
Z(b—irc)2:Z (b+c)? Zb+021+3zb+c

On the other hand, from Lemma below, we have

2ab
\/_>2ab+4bc+20a+bj_c
c
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JEG > 2a(b* + ¢?) + 4bc(b + ¢) + 6abe

b+c ’
VBC 43 a(b* + ) + 8> be(b + ¢) + 36abe
22(0—}—@)(@—1—())2 (a+0)(b+c)c+a) ’

5 Z Vv BC S 123" be(b 4+ ¢) + 36abce
(c+a)a+b) = (a+b)(b+c)c+a)
Thus, it suffices to show that

a 123" be(b + ¢) + 36abe
3 > 18.
Zb+c+ -

(a+b)(b+c)c+a)

This is equivalent to Schur’s inequality of degree three

Za?’ + 3abc > Zbc(b +¢).

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).

Lemma. If a,b,c are nonnegative real numbers, no two of which are zero, then

2abe
b+c’

\/(4ab + 4bc + ca)(ab + 4bc + 4ca) > 2ab + 4bc + 2ca +

with equality for b = ¢, and also for abc = 0.
Proof. We use the AM-GM inequality as follows:

\/ (4ab + 4bc + ca)(ab + 4bc + 4ca) — 2ab — 4bc — 2ca =

abc(9a + 4b + 4c)
\/(4ab + 4bc + ca)(ab + 4bc + 4ca) + 2ab + 4be + 2ca

S 2abc(9a + 4b + 4c)
~ (4ab + 4bc + ca) + (ab + 4bc + 4ca) + 4ab + 8be + 4ea

_ 2abc(9a + 4b + 4c)
" 9ab+ 16bc + 9ca

Thus, it suffices to show that

9a + 4b + 4c S 1
9ab + 16bc +9ca — b+c’

Indeed,
(9a + 4b + 4c)(b+ ¢) — (9ab + 16bc + 9ca) = 4(b — ¢)* > 0
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P 2.67. If a,b,c are nonnegative real numbers, no two of which are zero,then

ava? +3bc  bvVb2+3ca v + 3ab
b+ c c+a a+b

>a+b+c.

(Cezar Lupu, 2006)
Solution. Using the AM-GM inequality, we have

ava®+3bc 2a(a* + 3bc) S 2a(a* + 3bc)  2a® + 6Gabce
b+c  2/(b+c)?(@@+3bc)  (b+c)?+(a®+3bc)  S+5be

where S = a? + b? + 2. Thus, it suffices to show that

Write this inequality as

or, equivalently,
AX+BY +XZ >0,

where
1 1 1

A=———— B= C=——
S + 5bc’ S + 5ca’ S+ 5ab’
X =a’+abc—a(l’ +c?), Y =0 +abc—b(c*+a®), Z=c"+abc—c(a®+1?).
Without loss of generality, assume that a > b > ¢. We have

A>B>C,
X =a(a®>=b)+aclb—c) >0, Z=c(c*—b*)+aclb—a)<0
and, according to Schur’s inequality of third degree,
X+Y+2Z=) da*+3abc— Y a(b’+c*) > 0.

Therefore,
AX+BY +CZ>BX+BY+BZ=B(X+Y+2Z)>0.

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).

Remark. We can also prove the inequality AX + BY + XZ > 0 by the SOS procedure.
Write this inequality as follows:

Z a(a® + be — b* — ¢?)

>0
S + 5bc -

Za(a26+a20—b3 —c3) =0
(b+c)(S+5be) — 7
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ab(a® — b?) + ac(a® — ¢?)
2T BT 5 5

ab(a2 _ b2) ba(b2 _ ag)
2 (b+c)(S +5bc) 2 (et a)(S +5ca) =
3 ab(a + b)(a — b)*[S + 5e(a + b+ ¢)]
(b+c)(c+ a)(S +5be)(S + bea) =

>0,

P 2.68. If a,b,c are nonnegative real numbers, no two of which are zero,then

2a(b+ ¢) 2b(c+ a) 2¢(a + b)
\/(zb+c)<b+2c) * \/(20+a)(c—|—2a) * \/(2a+b)(a+2b) =

(Vasile Cirtoage, 2006)

Solution. Making the substitution

'T:\/a7 y:\/EJ z:\/E7

the inequality becomes

2
S0\ et 2 2
(2y% + 22)(y? + 222)

2(y> + 2%) S Ytz
2y + 22)(y2 +222) — 2 +yz+ 22

Indeed, be squaring and direct calculation, this inequality reduces to

We claim that

y*2*(y —2)* > 0.

Thus, it suffices to show that
Z z(y + 2) >0,
Y2 +yz + 22
which is just the inequality in P 1.69. The equality holds for a = b = ¢, and also for a = 0

and b = ¢ (or any cyclic permutation).
O

P 2.69. If a,b,c are nonnegative real numbers such that ab+ bc + ca = 3, then

be n ca n ab <1< be n ca n ab
V 342 +6 3246 V3246~ — V6a2+3 6b2+3 ' V6243

(Vasile Cirtoaje, 2011)
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Solution. By the Cauchy-Schwarz inequality, we have

(Z 3a2bi6)2§( 3a2—|—6><zbc>
(SVa) St

Therefore, to prove the original left inequality, it suffices to show that

1
ZQQ—FQSl

hence

This inequality is equivalent to
2

Za2a+2 Z L.

By the Cauchy-Schwarz inequality, we get

Z a? >(a+b+c)2_(a+b+c)2
a2+2 7~ Y (a2+2) Y a>+6

The equality occurs for a =b=c=1.
To prove the original right inequality we apply Holder’s inequality as follows:

(Z@) 3 v (6a? +3]2(Zbc>3.

Thus, it suffices to show that
(ab+ bc + ca)® > Z b?c?(6a® + ab + be + ca),
which is equivalent to
(ab+ be + ca) [(ab + be + ca)? — Z 6202] > 18a*b*c?,

2abc(ab + be + ca)(a + b+ ¢) > 18a*b°c?,

2abcz a(b—c)? > 0.

The equality occurs for a = b = ¢ = 1, and for a = 0 and be = 3 (or any cyclic permutation).
O

P 2.70. Let a,b, c be nonnegative real numbers such that ab+ bc+ ca = 3. If k > 1, than

a"(b+c) + b (c+a) + F(a+b) > 6.
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Solution. Let
E=d"(b+c)+t*(c+a)+F(a+D).

We consider two cases.
Case 1: k > 2. Applying Jensen’s inequality to the convex function f(x) = zF71 x >0,
we get
E = (ab+ ac)a* + (be + ba)b" ' + (ca + cb)cF~!
(ab+ ac)a + (be + ba)b + (ca + cb)e]*"
2(ab + be + ca)
. [aQ(b +c)+ b (c+a)+A(a+ b)} kot
= 5 _

> 2(ab + bc + ca) [

Thus, it suffices to show that

a’(b+c) +b*(c+a)+c*(a+b) > 6.
Write this inequality as

(ab + bc + ca)(a + b+ ¢) — 3abe > 6,

a+b+c> 2+ abe.

It 1s true since

a-+b+c>+/3(ab+bc+ ca) =3

3

and

Case 2: 1 < k < 2. We have
E =a"(3 —be) + 013 — ca) + (3 — ab)
=3(a" T+ 0 ) =TT [(ab) PR A+ (be) R+ (ca)®TF]
Since 0 < 2—k < 1, f(z) = 2*7% is concave for z > 0. Thus, by Jensen’s inequality, we have

ab + be + ca)Q_k

(ab)> ™" + (be)* * + (ca)* " < 3 < 3

:3’

hence
E 2 3(ak71 + bk*l + ck*l) o 3ak71bkflck’flh

Consequently, it suffices to show that

ak—l +bk—1 +Ck_1 Z ak—lbk—lck—l + 2.
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Due to symmetry, we may assume that

a>b>c,
which involves )
ab > §(Gb+ be+ ca) > 1.
Let
r=Va-1lpk-1, o >1.
From
2>3—ab=bc+ ca>2cVab,
we get
< 1
& T
~ Vab
hence

S
L
INA
SHE

Write the required inequality as
APl 2> (akflbkfl _ 1) H-1
It suffices to show that

ak—lbk—l -1

X

"t U > 2V gk 1kl = 2,

Since

we only need to prove that

Indeed,

2 12
ST et U ) M)

The equality holds for a =b=c=1.

P 2.71. Let a,b,c be nonnegative real numbers such that a + b+ c = 2. If
2<k<3,

than
a*(b+c)+ b (c+a)+cFla+b) <2
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Solution. Denote by Fj(a,b,c) the left hand side of the inequality, assume that
a<b<eg,

and show that
Ek(a, b, C) < Ek(O, a—+ b, C) < 2.

The left inequality is equivalent to

b
a_(akfl_i_bkfl) < (a+b)k —ak — bk,
c

Clearly, it suffices to consider ¢ = b, when the inequality becomes
2a* + 0" (a +b) < (a4 b)F.
Since 2a* < a*~!(a + b), it remains to show that
"tV < (a4 b)Y
which is true since
ab=1 4 phl a \"! b\ a b
(a+ b1 (a+b> * (a—l—b) Saxb Taxp -

Using the notation d = a+ b, we can write the right inequality Ey(0,a+b,¢) < 2 in the form

cd(cFt+dF ) < 2,

where ¢ + d = 2. By the Power-Mean inequality , we have

F1 g gkl 1/(k-1) 2 4 1/2
_ <
(=) =(=%9)

2 4 d2> (k—1)/2

Thus, it suffices to show that

which is equivalent to
cd(2 — ed)FD/2 < 1,

Since 2 — c¢d > 1, we have
cd(2 —cd)* V2 <ed(2—cd) =1— (1 —cd)? <1.

The equality holds for a = 0 and b = ¢ = 1 (or any cyclic permutation).
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P 2.72. Let a,b, c be nonnegative real numbers, no two of which are zero. If

m>n >0,
than bm m m m m bm
te (b+c—2a)+c o (c+a—2b)—|—a i (a+b—2c)>0.
bn+cn c" 4+ a? an+bn

(Vasile Cirtoaje, 20006)
Solution. Write the inequality as

AX+BY +CZ >0,

where
_bm—l—cm " ta™ _am—i—bm

_bn+cn’ _Cn+an’ _an+bn
X=b+c—2a, Y=c+a—-2b, Z=a+b—2¢c, X+Y+7=0.

Without loss of generality, assume that

)

a<b<e,
which involves X >Y > Z and X > 0. Since
204X+ BY +CZ)=2A-B-O) X+ (B+O)X +2(BY +CZ)
=R2A-B-0)X-(B+C)Y+2Z)+2(BY +CZ2)
=(2A-B-C0)X+(B-C)(Y —-2),

it suffices to show that B > C' and 2A — B — C' > 0. The inequality B > C can be written
" i (™ =0T 4+ a (¢ = b0") — a™ (" = b")
r et (cmT =0T + a ¢ = 0™ — @™ (T — D))
This is true since ™" > ™™™ and
=0 —a™( =) > =0 =0T (=) =TT =0T > 0.
The inequality 24 — B — C' > 0 follows from
A>T, Mt > O, M > B

Indeed, we have
(bn _ Cn)(bm—n _ Cm—n)

2A — p _ gmmn — 20’
b + ¢
bmfn_C:a (b o a ) 207
am + b
gnon g @)

The equality holds for a = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).
O
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P 2.73. Let a,b, c be positive real numbers such that abc = 1. Prove that

Va2 —a+14+Ve2—b+1+vVe—c+1>a+b+ec.
(Vasile Cirtoaje, 2012)

First Solution. Among a — 1, b — 1 and ¢ — 1 there are two with the same sign. Let
(b—1)(¢c—1) >0, that is,

t<=, t=b+c—1.

ISEIIE

By Minkowsky’s inequality, we have

1\? 1\?
\/bz—b—f-l—f—\/CQ—c—i-l:\/(b——) +§+\/(C——) +§12\/t2—|—3.

2 4
Thus, it suffices to show that

Va2t —a+1+VE2+3>a+b+e,

which is equivalent to

va?—a+1+f(t)>a+1,

where
fO) =vVe2+3-t.

Clearly, f(t) is decreasing for ¢ < 0. Since

£(t) ’

VR34t

1
f(t) is also decreasing for ¢ > 0. Then, f(t) > f (—), and it suffices to show that
a

1
\/a2—a—|—1+f(—) >a+1,
a
which is equivalent to
1 1
Va2 —a+1+4/5+3>a+~-+1.
a a

By squaring, this inequality becomes

1 2
2\/(a2—a—|—1) (—2+3> >3a+—-—1
a a

Indeed, by the Cauchy-Schwarz inequality, we have

2\/(a2—a+1) <%+3) :\/[(Q—a)2+3a2] (%+3)

2—a 2
——+4+3a=3a+——1.
a a

v
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The equality holds for a = b = c.
Second Solution. If the inequality
1 3
Vi —ztl-z>-(—— 1
2\ 2?2 +2x+1
holds for all x > 0, then it suffices to prove that

1 1 1
> 1
ﬁ+a+1+w+b+1+§+c+1—’

which is just the known inequality in P 1.45. The above inequality in z is equivalent to

-2 >(1—a:)(2—|—x)

Vi2—r+14z  2@*+z+1)’
(x —1) [(I+2)\/x2—x+1—x2—2] >0,

322 (z —1)?

>0
(x+2)vVa?—x+1+22+2

P 2.74. Let a,b, c be positive real numbers such that abc = 1. Prove that

V16a2 + 9 + V1602 + 9 + V162 +9 > 4(a + b+ ¢) + 3.
(MEMO, 2012)
First Solution (by Vo Quoc Ba Can). Since

9
V16a?2 +9 — 4a = ,
V16a? + 9 + 4a

the inequality is equivalent to

1 1
> —.
2 o

By the AM-GM inequality, we have

1602 + 9
2v16a% + 9 < %—1—2@—1—3,
a

16a% + 9 18(2a% +2a + 1
2(\/16a2+9+4a)§a—++10a+3: (20" +2a + )
2a+ 3 2a + 3

Zﬂzg‘
2a2 4+ 2a + 1

Thus, it suffices to show that
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If the inequality
2a + 3 3

>
202 +2a+1 = a¥5 + a5+ 1
holds for all @ > 0, then it suffices to show that

1
Za8/5+a4/5+1 z 1,

which follows immediately from the inequality in P 1.45. Therefore, using the substitution

z =a'®, x>0, we need to show that

22° + 3 S 3
2010 4 225 +1 — a8 44417

which is equivalent to
20t (2® =32 + o+ 1) +2* —4ax +3>0.
This is true since, by the AM-GM inequality, we have

P +r+1>3Va5 -1 =322

and

4 3=at 111 >4Vt 111 = 4o
The equality holds for a =b=c=1.
Second Solution. Making the substitution

xr=vV16a>+9 —4a, y=vV16b2+9—4b, 2z=+16c2+9 —4c, x,y,z >0,

which involves

we need to show that
(9 —2)(9 —9*)(9 — 2%) = 5127yz

yields
r+y+z2>3.

Use the contradiction method. Assume that
r+y+z<3,

and show that
(9 — 22)(9 — *)(9 — 2?) > 512z2yz.

According to the AM-GM inequality, we get

S34tr=1+1+1+x>4r, 3+y>4¥y, 3+2>4Yz,
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hence
(B3+2)(3+y)(3+2) > 649TYz.

Therefore, it suffices to prove that
(B—2)(3—y)(3—2) > 8/ x3y323.

Since

3

we have

B—2)B3—y)B3—2)=9B8—2—y—2)+3(xy +yz + zx) — zyz
> 3(zy +yz + 2x) — xyz > Ywyz)?? —
> 8(zy2)?? > 8(xyz)¥/*.

TYz

P 2.75. Let a,b, c be positive real numbers such that abc = 1. Prove that

V2502 + 144 + V2502 + 144 + v/25¢2 + 144 < 5(a + b+ ¢) + 24.

(Vasile Cirtoaje, 2012)

First Solution. Since

144
V25a? + 144 — ba = ,
V25a% + 144 + 5a
the inequality is equivalent to
Y e S
2502 + 144 +5a ~ 6
If the inequality
1 1

<
V25a% + 144 + 5a ~ 6v/5al®¥/13 + 4
holds for all a > 0, then it suffices to show that

1
— <1
2 it

which follows immediately from P 2.33. Using the substitution x = a

need to show that
V25226 + 144 + 5213 > 65218 + 4.

113 2 > 0, we only
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By squaring, the inequality becomes

102" (/25226 + 144 + 52 — 182°) > 0.

This is true if
250 + 144 > (182° — 52'%)%,

which is equivalent to
52" + 4 > 9219

By the AM-GM inequality, we have

S+ 4=+ 2+ a1+ 14141

29{’/1.18,1.18,3318,:618,:618,1,1,1,1:93;10_

The equality holds for a =b=c=1.
Second Solution. Making the substitution

8z = v/25a2 + 144 — 5a, Sy = V2502 + 144 — 5b, 8z = v/25¢2 + 144 — 5e,

which involves

we need to show that
(9 — 42?)(9 — 4y*)(9 — 42°) = 1252y2

involves
r+y+z<3.

Use the contradiction method. Assume that
T+y+z>3,

and show that
(9 — 42%)(9 — 49°)(9 — 42%) < 1252y2.

Since

1222 3 _ 3
9—4m2<3(x—|—y_|_2)_ x _ (y+z l’)(y—i—z—|— x)7
THy+z T4y + 2

it suffices to prove the homogeneous inequality

27TAB < 125xyz(z +y + 2),

where
A=+z-—2)(z+tz—y)lz+y—2),

B=(y+z+3zx)(2+z+3y)(z+y+32).
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Consider the nontrivial case A > 0. By the AM-GM inequality, we have

125
B< —(x 3,
< 27( +y+2)

Therefore, it suffices to show that
A< uzyz,

which is a well known inequality (equivalent to Schur’s inequality of degree three)
m

P 2.76. If a,b are positive real numbers such that ab+ bc + ca = 3, then
Vaz +3+ V2 +3+Vh2+3>a+b+c+ 3;

(a)
(b) Va+b+Vb+c++e+ra>/4la+b+c)+6.
(Lee Sang Hoon, 2007)

Solution. (a) First Solution (by Pham Thanh Hung). By squaring, the inequality be-

comes S VP 3@ +3) 231 +atb+o)

Since
(B> +3)(+3)=(b+c)(b+a)(c+a)(c+b) = (b+c)*(a® +3)

1 2
Z(b—i—c) (a+3)%,

we have

( Za+22bc>

l\:JI)—l

Z(b—l—c) (a+3) =
—3(a+b+c+1).

[\:Jlr—t

D VP +3)(@+3) >

The equality holds for a =b=c=1.
Second Solution. Use the SOS method. Write the inequality as follows:

Vie+b)(a+c)+/(b+e)b+a)++/(c+a)c+b)>a+b+c+3,

2[a+b+c—\/3(ab+bc+ca)] ZZ(\/ava—\/aﬂLC)za
(b—c)?

1
(b—c)*> 5
a+b+c+ +/3(ab+ bc+ ca) Z Z \/a—l—b—i-\/a—i—c)

Sa<b_c>
2 (Va+b+ate) =1

Y
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where

2
Sa = (\/a+b+\/a+c> —a—b—c—+/3(ab+ bc+ca).

The inequality is true since

Se=3(a+b+c)+2y/(a+0b)(a+c)—/3(ab+ bc+ ca)

> 2v/a? + (ab + be + ca) — v/3(ab + be + ca) > 0.
Third Solution. Use the substitution

r=VvVa*+3—a, y=vb*+3-b, z=vVc*+3—¢, x,y,z>0.

We need to show that
r+y+z2>3.

We have
Zyz:Z[ (b+a)(b+c)—b] [ (c+&)(c—l—b)—c}

:Z(b+c)\/(a~l—b a+c) Zb\/ c+a)(c+b)— Z V(b+a)(b+c) —l—Zbc
—Zb+c Vi(a+b)(a+c) Z cy/(a+b)(a+c) Zb (a+c)(a+0b) —|—Zbc
:Zbc:&

T4y 42> /3xy +yz+ zx) = 3.

Thus, we get

(b) By squaring, we get the inequality in (a).

P 2.77. If a,b, c are nonnegative real numbers such that a + b+ ¢ = 3, then

vV (5a2 4 3) (562 + 3) 4+ /(502 + 3) (52 + 3) + /(5¢2 + 3)(5a2 + 3) > 24.
(Nguyen Van Quy, 2012)
Solution. Assume that
a>b>c, 1<a<3, b+c<2

Using the notation
A=5a*4+3, B=5b"+3, C=57+3,

we can write the inequality as follows:

\/Z(\/E+\/5)+\/B_0224,
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\/A<B+C+2\/B_C> > 924 — VBC.

Consider the nontrivial case vVBC < 24. The inequality is true if
A(B+C+2\/B_C> > (24—@)2,
which is equivalent to
A(A+B+C+48) > <A+24—\/%>2.
Applying Lemma below for & = 5/3 and m = 4/15 yields
5V BC > 25bc + 15+ 4(b — ¢)*.
Therefore, it suffices to show that
25A(A+ B + C +48) > [5A + 120 — 25bc — 15 — 4(b — ¢)*)?,
which is equivalent to
25(5a” + 3)[5(a® + b* + %) + 57] > [25a* + 120 — 25bc — 4(b — ¢)?]>.

Since

5(a® +b* + ¢) + 57 = 5a® + 5(b + ¢)* — 10bc + 57 = 2(5a® — 15a + 51 — 5bc)
and

25a” + 120 — 25bc — 4(b — ¢)* = 25a* + 120 — 4(b + ¢)* — 9bc
= 3(7a* + 8a + 28 — 3bc),

we need to show that
50(5a” + 3)(5a® — 15a + 51 — 5bc) > 9(7a® + 8a + 28 — 3bc)?.
From bc < (b+ ¢)?/4 and (a — b)(a — ¢) > 0, we get

(3 —a)

be < ;
4

be > a(b+c) — a® = 3a — 2a°.

Consider a fixed, a > 1, and denote x = be. So, we only need to prove that f(xz) > 0 for

2 _
3a—2a2§x§¢,

where
f(z) = 50(5a* + 3)(5a* — 15a + 51 — 5z) — 9(7a* + 8a + 28 — 3x)°.
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a’> —6a+9

Since f is concave, it suffices to show that f(3a—2a?) > 0 and f ( 1

) > 0. Indeed,

we have

f(3a — 2a%) = 3(743a" — 2422a* + 2813a* — 1332a + 198)
3(a — 1)*[(a — 1)(743a — 193) + 5] > 0,

2 _
f (W) - 3’1—25(25a4 — 140a® + 286a? — 252a + 81)
= 31—765(a —1)*(5a — 9)* > 0.

Thus, the proof is completed. The equality holds for a = b = ¢ = 1, and also for a = 9/5
and b = ¢ =3/5 (or any cyclic permutation).

Lemma. Let b,c > 0 such thatb+c¢ < 2. If k>0 and 0 <m < , then

k
2k + 2

V (kW + 1) (ke +1) > kbe + 1 +m(b— ).
Proof. By squaring, the inequality becomes
(b —¢)?[k — 2m — 2kmbec — m*(b — ¢)?] > 0.
This is true since
k —2m — 2kmbc — m*(b — ¢)* = k — 2m — 2m(k — 2m)bc — m?(b + c)?

m(k — 2m)

>k —2m —
2

(b+c)> —m?(b+c)?

k
:k:—Qm—Tm(lH—c)z2k—2m—2km20.

P 2.78. If a,b, c are nonnegative real numbers such that a + b+ ¢ = 3, then

4(a% + b2 + c2) + 42
) .

\/a2+1+\/b2+1+\/c2+12\/

(Vasile Cirtoaje, 2014)

Solution. Assume that
a>b>c, a>1, b+c<2.

By squaring, the inequality becomes

2 2 2
VA(VE +VC) + VBC > “ exP
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2 2 2
\/A<B+C+2\/BC>+\/BC’2 atb gc 33

where
A=d*+1, B=0+1, C=c+1.

Applying Lemma from the preceding problem P 2.77 for k = 1 and m = 1/4 gives
1
VBC >bc+1+ Z(b — )%

Therefore, it suffices to show that

a? +b* + c* + 33
6 M

1 1
\/A [B+C’+2bc+2+§(b—c)2 +bc+1+1(b—0)22

which is equivalent to

64/2(a2 + 1)[3(b + )2 + 8 — 4bc] > 2a* — (b + ¢)* + 54 — 4bc,

64/2(a? + 1)(3a2 — 18a + 35 — 4bc) > a® + 6a + 45 — 4bc.
From bc < (b+ ¢)?/4 and (a — b)(a — ¢) > 0, we get

(3 —a)’

be <
c < 1

be > a(b+c) —a* = 3a — 2a°.

Consider a fixed, a > 1, and denote x = be. So, we only need to prove that f(x) > 0 for

2 _
3a—2a2§x§¢,

where
f(z) = 72(a* + 1)(3a® — 18a + 35 — 4x) — (a* + 6a + 45 — 4x)*.
a’>—6a+9

Since f is concave, it suffices to show that f(3a—2a?) > 0 and f ( 1

) > 0. Indeed,
f(3a — 2a%) = 9(79a* — 228a* + 274a”® — 180a + 55)
=9(a — 1)*(79a* — 70a + 55 > 0,

2 _6a+9
f (%) = 144(a* — 6a® + 13a% — 12a + 4)

= 144(a — 1)*(a — 2)* > 0.

The equality holds for « = b = ¢ = 1, and also for a = 2 and b = ¢ = 1/2 (or any cyclic
permutation).

O
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P 2.79. If a,b,c are nonnegative real numbers such that a + b+ c =3, then

(a) VaZ +3+ V2 +34+ Ve +3> 1/2(a2 + b2+ 2) + 30;

(b) V3@ + 1+ V3R +1+V3E+1>/2(a? + b2 + &) + 30.
(Vasile Cirtoaje, 201/)

Solution. Assume that
a>b>c, a>1, b+c<2.

(a) By squaring, the inequality becomes

2 2 2
\/Z(\/E+\/E>+\/B(72 @ +h JQFC +21,

2 2 2 21
\/A<B+C+2\/BC)+\/BC’2 atb ;C re

where
A=a*>+3, B=bWV+3 C=~+3.

Applying Lemma from problem P 2.77 for &k = 1/3 and m = 1/9 gives
1
VBC > bc+ 3+ g(b —c)?.

Therefore, it suffices to show that

a2+ b+ 2+ 21
2 b

2 1
\/A [B+C+ch+6+§(b—c)2 +bc+3+§(b—c)22

which is equivalent to

2v/3(a2 + 3)[5(b + )2 + 36 — 8bc] > 3a® + (b + ¢)® + 45 — 4bc,

V/3(a2 + 3)(5a2 — 30a + 81 — 8bc) > 2a® — 3a + 27 — 2bc.
From bc < (b+ ¢)?/4 and (a — b)(a — ¢) > 0, we get

(3 —a)’

be <
c < 1

be > a(b+c) — a* = 3a — 2a°.

Consider a fixed, a > 1, and denote x = be. So, we only need to prove that f(x) > 0 for

2 _
3a—2a2§x§¢,

where
f(z) = 3(a® + 3)(5a® — 30a + 81 — 8x) — (2a* — 3a + 27 — 2x)°.
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a’> —6a+9

Since f is concave, it suffices to show that f(3a—2a*) > 0 and f ( 1

) > 0. Indeed,

f(3a — 2a*) = 27a*(a — 1)* > 0,

4 4
27
= Z(a —1)*(a—3)* > 0.

2
— 6a + 2
f <w) - —7(a4 —8a° + 22a° — 24a +9)

The equality holds for a = b = ¢ = 1, and also for a = 3 and b = ¢ = 0 (or any cyclic
permutation).

(b) By squaring, the inequality becomes

2 32 2
VA(VB+V0) + vBO > TV

2 12 o
\/A<B+C+2\/BC)+\/BCZQ7 “2b <

where
A=3d>+1, B=3V¥+1, C=32+1.

Applying Lemma from problem P 2.77 for k = 3 and m = 1/3 gives
1
VBC > 3bc+ 1+ 5(b —c)2

Therefore, it suffices to show that

27 —a®> — b* — 2
2 )

2 1
\/A [B+C+6bc+2+§(b—c)2 +3bc+1+§(b—c)22

which is equivalent to

24/3(3a2 4+ 1)[11(b + ¢)2 + 12 — 8bc] > 75 — 3a® — 5(b + ¢)* — 4bc,

V/3(3a% + 1)(11a2 — 66a + 111 — 8bc) > 15 + 15a — 4a* — 2bc.
From bc < (b+ ¢)?/4 and (a — b)(a — ¢) > 0, we get

(3 —a)

be <
c < 1

be > a(b+c) — a* = 3a — 2a°.

Consider a fixed, a > 1, and denote x = be. So, we only need to prove that f(xz) > 0 for

a’—6a+9

3a—2a°> < x<
a a” <zx< 1 ,
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where
f(z) = 3(3a* + 1)(11a® — 66a + 111 — 8x) — (15 + 15a — 4a”® — 22)2.

a’> —6a+9

Since f is concave, it suffices to show that f(3a—2a?) > 0 and f < 1

> > 0. Indeed,

f(3a — 2a®) = 27(a — 1)*(3a — 2)® > 0,

2 _6a+9 27
f (%) = =(9a* — 480 + 94a” — 80a + 25)

27
= Z(a —1)*(3a —5)* > 0.

The equality holds for a = b = ¢ = 1, and also for a = 5/3 and b = ¢ = 2/3 (or any cyclic
permutation).

Remark. Similarly, we can prove the following generalization:

e Let a,b,c be nonnegative real numbers such that a +b+c=3. If k > 0, then

8k(a? + b + ¢2) + 3(9k2 4 10k + 9)
3(k+1) ’

\/ka2+1+\/kb2+1+\//€02+12\/

3k+1 3k—1
o7 and b=c= i

with equality for a =b=c =1, and also for a = (or any cyclic

permutation).
O]

P 2.80. If a,b, c are nonnegative real numbers such that a + b+ ¢ = 3, then

V(3202 + 3) (320 + 3) 4+ /(3202 + 3)(32¢2 4 3) + 1/(32¢2 + 3)(32a2 + 3) < 105.
(Vasile Cirtoaje, 201/)

Solution. Assume that
a<b<eg, a<l, b+c>2.

Denote
A=32a*4+3, B=320"+3, C=232c"+3,

and write the inequality as follows:

\/Z<\/§+¢5>+\/B_C§105,

VA- \/B—|—C+2\/BC < 105 — v/BC.
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By Lemma below, we have
VBC <5(b+¢)?+12bc+3 < 8(b+¢)>+3<8(a+b+c)®+3="75< 105.
Therefore, we can write the desired inequality as
A<B+C+2\/B_C) < (105—\/3_(7)2,
which is equivalent to
A(A+ B+ C +210) < (A+ 105 — vVBC)?.
According to Lemma below, it suffices to show that
A(A+ B+ C +210) < [A+ 105 — 5(b* + ¢*) — 22bc — 3]%,
which is equivalent to
[32a% + 105 — 5(b* + ¢*) — 22bc)* > (32a* + 3)[32(a* + b* + ¢2) + 219).
Since
32(a® + b* + %) + 219 = 32a® + 32(b + ¢)* — 64bc + 219 = 64a* — 192a + 507 — 64bc
and
32a* + 105 — 5(b* + ¢) — 22bc = 32a* + 105 — 5(b + ¢)* — 12bc = 3(9a* + 10a + 20 — 4bc),
we need to show that
9(9a® + 10a + 20 — 4bc)?* > (32a® + 3)(64a® — 192a + 507 — 64bc).

From be < (b + ¢)? /4, we get

(3 —a)?
< .
be < 1
Consider a fixed, 0 < a < 1, and denote z = be. So, we only need to prove that f(z) > 0 for
2 _
0<g< a* — 6a + 9’
- 4
where
f(z) =9(9a* + 10a + 20 — 4x)* — (32a* + 3)(64a® — 192a + 507 — 64z).
Since

f'(z) = 72(42 — 9a* — 10a — 20) + 64(32a* + 3)
< 72[(a* — 6a + 9) — 9a* — 10a — 20) + 64(32a* + 3)
= 8[184a(a — 1) + (44a — 75)] < 0,
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a’? —6a+9
f is decreasing, hence f(z) > f (T) Therefore, it suffices to show that f (
0. We have

2
a —6a—|—9) -
— )z

2 _
f (#) =9[9a* + 10a + 20 — (a* — 6a + 9))?

— (32a* + 3)[64a® — 192a + 507 — 16(a* — 6a + 9)]
=9(8a* + 16a + 11)* — (32a” + 3)(48a* — 96a + 363)
=192a(a — 1)*(18 — 5a) > 0.
Thus, the proof is completed. The equality holds for a = b = ¢ = 1, and also for a = 0 and
b= c=3/2 (or any cyclic permutation).

Lemma. Ifb,c > 0 such that b+ c > 2, then
V(3202 4 3)(32¢2 + 3) < 5(b% + ¢2) + 22bc + 3.

Proof. By squaring, the inequality becomes
(56 + 5¢® + 22bc)? — 3226%c* > 96(b* + ¢*) — 6(5b* + 52 + 22be),
5(b — ¢)*(5b% + 5¢® + 54be) > 66(b — ¢)*.

It suffices to show that
5(5b* + 5¢% + 10bc) > 100,

which is equivalent to the obvious inequality (b + ¢)? > 4.

P 2.81. If a,b,c are positive real numbers, then

a+b
1

-3+

-3 22

(Vasile Cirtoaje, 2012)
Solution. Without loss of generality, assume that a > b > c.

Case 1: a > b+ c. We have

b b b b
+c_3'+a—l— _3‘+c+a_3‘2‘+c_3‘_3_ LY
a c a a
Case 2: a < b+ c. We have
‘b+c_3‘+ a+b_3‘+ c+a_3‘2‘b+c_3‘+ c+a_3‘
a c a
_ 3_b+c N 3_c—|—a Z6_b+b_b+a:2+(a—b)(26—a)22.
a b a b ab

Thus, the proof is completed. The equality holds for g = b = ¢ (or any cyclic permutation).
O
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P 2.82. If a,b, c are real numbers such that abc # 0, then

c+a
b

a+b
c

b+c
a

Ep

First Solution. Let

|a] = max{lal, [b], |[}.

We have
b+c c+a a+b b+c c+a a+b
+ + > + -
a b c a a a
bt ],
a

The equality holds for a = 1, b = —1 and |¢| < 1 (or any permutation).

Second Solution. Since the inequality remains unchanged by replacing a, b, ¢ with —a, —b, —c,
it suffices to consider two cases: a,b,c > 0, and a < 0, b,c > 0.

Case 1: a,b,c > 0. We have
b b b

T Kl e Y +<5+9)26.
c b «a c b a c

Case 2: a < 0 and b,c > 0. Replacing a by —a, we need to show that

c+a
b

b+c
a

b+c+\a—c]+]a—bl -
a b c

for all a,b,c > 0. Without loss of generality, assume that b > c¢. There are three case to
consider: b>c>a,b>a>canda>b>c.
For b > ¢ > a, we have

b+c+|a—c| N la — b > b+c>

2.
a b c a
For b > a > ¢, we have
_ _ _ —_hH)2 _
b—l—c+\a c|+\a b\_226+c+a 0_2:(a b)* + c(b a)ZO-
a b c a b ab

For a > b > ¢, we have

b+c  Ja—cl |a—1] b+c¢c a—c a—b
+ + —2= + +
a b c a b c

_ _7)2 B 2
_ g+§_2 L@ b—i—c 1 1 :(a b)+(a b)(ab c)>0'
b a c a b ab abe

-2




Symmetric Nonrational Inequalities 459

Third Solution. Using the substitution

_b+c c+a a+b

z a ) y: b Y z = Y

we need to show that
r+y+z+2=wyz, x,y,z€R,

involves
lz| + |y| + |z] > 2.

If xyz <0, then
—x—Yy—z=2—xYyz > 2,

hence
|+ |yl + 2| > le+y+z|l=|—ac—y—z2|>—2—y—2>2

If xyz > 0, then either z,y,z > 0 or only one of z,y, z is positive (for instance, z > 0 and
y,z < 0).

Case 1: x,y,z > 0. We need to show that =z +y + 2z > 2. We have
r=x+y+z+2>2
and, by the AM-GM inequality, we get
T4y+2z>3YTyz > 3V2 > 2,
Case 2: x > 0 and y, 2z < 0. Replacing y, z by —y, —z, we need to prove that
rT—y—2+2=uayz

involves
rT+y+z>2

for all x,y,z > 0. Since
rt+y+z—2=x4+y+z—(ryz—z+y+z) =2x(2-yz2),
we need to show that yz < 2. Indeed, we have
rT+2=y+z+ayz > 2\/yz + vyz,

(1 —yz)+2(1—/yz ) >0,
(1= ViZ ) 21+ i ) +2) 2 0,

hence
yz <1< 2.
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P 2.83. Let a,b, c be nonnegative real numbers, no two of which are zero, and let

2a 2b 2c
xTr —= = Z = .
b+ T ctra a+b
Prove that
(a) VTY + Yz + z2x > 1yz + 2;
(b) r+y+ 2+ /2y + Jyz + /z2x > 6;
(c) VI 4+ Y+ 72 > /8+ xyz;
(d) VIZ | VEL L VY

r+2 y+2 2427

Solution. (a) Since

~ 2y/be(a+b)(c+a) - 2v/be (a + V/be)

VIE = (a+b)(c+a) ~ (a+b)(c+a)
B 2a(b + ¢)vVbe + 2be(b + ¢) < dabc + 2be(b + ¢)
 (a+b)btc)cta) T (a+b)(b+c)cta)
we have

12abe + 23 " be(b + ¢)

2N T et a)
8abc
TNl raCta oW

The equality holds for a = b = ¢, and also for a =0 or b =0 or ¢ = 0.

(b) First Solution. Taking into account the inequality (a), it suffices to show that

r+y+z+axyz >4,
which is equivalent to Schur’s inequality of degree three

a® + b+ ¢ + 3abe > Zab(a+b).

The equality holds for @ = b = ¢, and also for a = 0 and b = ¢ (or any cyclic permutation).

Second Solution. We use the SOS technique. Write the inequality as

1Y (=1 =3 (Vi va)
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Since
a—2b a—c a—2b b—a
Y- =t = Y
B (a — b)? _ (b—c)?
7Z(b+c)(c+a) Z(cH—b)(a—l—c)
and

Y-t (y — 2)? _ 2(b—c)*(a+b+c)?
(V= v2) (\/§+\/5)2 (a+b)(a—l—c)(\/b2+ab~|—\/02—|—ac)2’

we can write the inequality as

> (b—c)*Sa >0,
where

(a+b+c)?

2_
(Vb? +ab+ V2 + OLc)2

Se=(b+¢)

By Minkowski’s inequality, we have

(\/62+ab+\/02+ac>22 (b~|—c)2+a<\/l_)+\/5>2
(b+c)+alb+ec)=(b+c)a+b+c),

v

hence

Se > (b+¢) (Q—Lb—i_c) =b+c—a.
b+c

Thus, it suffices to show that

Y (b—c)(b+c—a) >0,

which is just Schur’s inequality of third degree.
Third Solution. Using the Cauchy-Schwarz inequality yields

a b c (a+ b+ c)? ~ (a+Db+e)p?

> .
b+c+c+a+a+b “alb+c)+blcta)t+cla+d)  2(ab+ be+ ca)

Also, using Holder’s inequality, we have

2
o [ b N c - (a+b+c)?
b+c c+a a+b] T at(b+c)+b(c+a)+A(at+b)

Thus, it suffices to prove that

(a+b+c)? 2(a+b+c)? _—
ab+bc+ca  a*(b+c)+b(c+a)+ca+b) —
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Due to homogeneity, we may assume that a + b+ ¢ = 1. Substituting
q = ab+ bc+ ca, 3¢ <1,

the inequality becomes

1+ 2 > 12
g q—3abc —

The fourth degree Schur’s inequality

6abcp > (p* — q)(4g — p*), p=a+b+e,

gives
6abc > (1 —q)(4q — 1).
Therefore,
1 2 1 4 1-— 1 —4q)?
12> BT [ ) )
q q—3abe ¢ 2¢—(1—-q)(4q—1) q(4¢* — 3¢ + 1)

(¢) By squaring, the inequality becomes
T+ y+ 2+ 2Ty + 2/yz + 2Vzz > 8 + zyz.
Based on the inequality in (a), it suffices to show that
r+y+z+2xyz +2) > 8+ ayz,

which is equivalent to
r+y+z+ayz >4,

a® + b+ ¢ + 3abc > ) " ab(a +b).

The last form is just Schur’s inequality of third degree. The equality holds for a = b = ¢,
and also for a = 0 and b = ¢ (or any cyclic permutation).

(d) Write the inequality as

> (b+c)yyz>2(a+b+c).
First Solution. Since

~ 2y/be(a+b)(c+a) S 2v/be (a + V/be)

VyE = (a+b)(c+a) — (a+b)(c+a)
B 2a(b + ¢)vbe + 2be(b + ¢) S dabc + 2be(b + ¢)
 (a+b)b+c)cta) T (a+b)(b+c)(cta)

it suffices to show that

> b+ o)[2abe + be(b+ ¢)] = (a + b+ c)(a+ )b+ c)(c + a),
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which is an identity. The equality holds for a = b = ¢, and also for a =0 or b — 0 or ¢ = 0.

Second Solution. Let
q = ab + bc + ca.

Since
2 2c _ 2-2%-25 dpe
VyE= b =R 2 potg
a+ cta a+b+c+a C+q
it suffices to show that
2bc(b
P Ao P
bc+q

which is equivalent to
2be(b
E [M _ &} >0,
bc+q
Z be(b — a) + be(c — a) + b(c? — a?) + ¢(b? — a?)

>0
bc+ q -

?

>0

- )

c(b—a)(2b+a) + b(c —a)(2¢c+ a)
Z bc + q

Z c(b—a)(2b+ a) N Z c(a—b)(2a +b) >0,

bc+ q ca+q -

Zc(a—b) {Qa—l—b Qb—i—a} >0,

ca+q_ bc+ q

s dla=Blala=b) —cl =]

(ca+ q)(bec + q) =

(o by
DX Tk v >

P 2.84. Let a,b, c be nonnegative real numbers, no two of which are zero, and let

2a 2b 2c
y c+a’ a+b

Prove that

V1 + 24z 4+ /14 24y + V1 + 242 > 15,
(Vasile Cirtoaje, 2005)
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Solution (by Vo Quoc Ba Can). Assume that ¢ = min{a, b, c}, hence z < 1. By Hélder’s

inequality
we get
2(a + b)? B 2(a +0b)3
Vo) 2 Gy b v )~ A ¥ O+ o+ 520
2(a+b)3 o 8(6L+b) . 8

cla+b)?+ia+b2(a+b—2c) a+b+2c 142

Using this result and Minkowski’s inequality, we have

R
\/1+24x+\/1+24y2\/(1+1)2~|—24(\/5+\/§)222@/1+1+Z.

Therefore, it suffices to show that

2411+ 4+ /14242 > 15.
1+~
Using the substitution
1
V14 24z =5t = <t<l1,

the inequality turns into
12 + 47
T
By squaring, this inequality becomes
25t" — 150t% 4 244> — 138t + 19 < 0,
which is equivalent to the obvious inequality
(t —1)%(5t — 1)(5t — 19) < 0.

The equality holds for a = b = ¢, and also for a = b and ¢ = 0 (or any cyclic permutation).
O

P 2.85. If a,b,c are positive real numbers, then

\/ Ta +\/ 7b +\/ Te <3
a+3b+ 3¢ b+ 3c+ 3a c+3a+3b —

(Vasile Cirtoaje, 2005)
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First Solution. Using the substitution

Ta b Tc
LE: —_— = —_—————— Z: _—
\/a+36+3c’ y b+ 3c+ 3a’ \/c+3a+3b’

(x? — T)a + 3z%b + 32%c =0

we have

3y%a+ (> — )b+ 3y*c=0

32%a+ 3220+ (22 = T)c =0

which involves

2 =7 32 3x?
32y -7 3y | =0 ;
322 322 227
that is,
F(z,y,z) =0,
where

Fz,y,2) = 42" +8) 2’y + 7Y a? —49.

We need to show that F(z,y,z) = 0 involves = + y + z < 3, where x,y,2z > 0. To do this,
we use the contradiction method. Assume that  +y + z > 3 and show that F(z,y,2) > 0.
Since F(z,y,z) is strictly increasing in each of its arguments, it is enough to prove that
x4y + 2z =3 involves F(z,y,z) > 0. We will use the mixing variables technique. Assume
that * = max{x,y, z} and denote

We will show that

We have

F(z,y,z) — Fz,t,t) = (82 + T)(y* + 2° — 2%) — 4(a” + 2)(¢" — y°2%)

=SB Ty — 2 — @+ 2 +y2)y — o)
> (8 + )y — 2 — 2a? + 26y — 2
= %(41;2 ~1)(y—2°>0

and

3—x 3— 1
F(z,t,t)=F (x, < :1:')

_ Z_l(g; —1)*(x — 2)*(2* — 62 +23) > 0.

The equality holds for a = b = ¢, and also for % = b = ¢ (or any cyclic permutation).
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Second Solution. Due to homogeneity, we may assume that a + b + ¢ = 3, when the
inequality becomes
[ Ta
< 3.
Z 9—2a —
Using the substitution
Ta 7b Tc
xTr = _— = _— z = _—
Vo—2s0 V" Vo—a Vo—2c

we need to show that if x,y, z are positive real numbers such that

1 1
Z291;2—1-725’

then
r+y+z<3.

For the sake of contradiction, assume that x4y + 2z > 3 and show that F'(z,y,2) < 0, where

1 1
F(xay,Z):Z%Q—”—g-

Since F(z,y,z) is strictly decreasing in each of its arguments, it is enough to prove that
x +y—+ 2z =3 involves F(x,y,z) <0. This is just the inequality in P 1.33.
m

P 2.86. If a,b,c are positive real numbers such that a + b+ c =3, then

a2(b? + 2) + Y02(2 + a2) + I/ c2(a? + %) < 3V/2.
(Michael Rozenberg, 2013)

Solution. By Holder’s inequality, we have
3 2 b? + ¢
ST < [ o] T

Therefore, it suffices to show that

Z bQ +C2 < 27
(b+¢)? — 2(ab+ bc+ ca)?’
which is equivalent to the homogeneous inequalities
b2 2 4
Z St 1| < P 3,
(b+c)? 6g°

2bc p
[ - >3
Z(b+c)2 +6q2 -
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where
p=a+b+c, qg=ab+ bc+ ca.

According to P 1.62, the following inequality holds

ZQ—Z)C+]9_2>
(b+c)?  q —

| ©

Thus, it is enough to show that

which is equivalent to

The equality holds for a =b=c=1.

P 2.87. If a,b,c are nonnegative real numbers, no two of which are zero, then

1 L 1 . 1 S 1 n 2
a+b b+c cH+a a+b+c Vab+bec+tca

(Vasile Cirtoaje, 2005)

Solution. Using the notation
p=a+b+c, q=ab+bc+ca, 1r=abc,

we can write the inequality as
2 1 2
PIe, 4=
pg—1 " P 4
According to P 3.57-(a) in Volume 1, for fixed p and ¢, the product r = abc is minimum when
two of a, b, c are equal or one of a,b, c is zero. Therefore, it suffices to prove the inequality

for b=c=1 and for a = 0. For a = 0, the inequality reduces to

Q|

SIS
o

+-2

S|

which is obvious. For b = ¢ = 1, the inequality becomes as follows:

1 2 1 2
=+ > + :
2 a+1~"a+2 2a+1
1 1 2 2

Z_ > _
2 a+2 \2a+1 a+1
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a >2(a+1—\/2a—|—1)
2@+2) ~ (a+Dv2a+1
a 2a>

2@+2) = (a+1)vV2a+1(a+1++2a+1)

So, we need to show that

v

1 2a

2a+2) " (a+1)vV2a+1(a+1++v2a+1)

Consider two cases: 0 < a <1 and a > 1.

Case 1: 0 < a <1. Since

v

\/2a—|—1(a+1+\/2a+1)2\/2a—|—1<\/2a—|—1—|—\/2a—|—1> —2(2a + 1),

it suffices to prove that
1 a

2(a+2) = (a+1)(2a+1)’

which is equivalent to 1 —a > 0.

Case 2: a > 1. Write the desired inequality as

1 2a
2(a+2) = (a+1)[(a+1)v2a+1+2a+1]

First, we will show that

(a+1)vV2a+1> 3a.

Indeed, by squaring, we get the obvious inequality
a®+ala—2)*+1>0.
Therefore, it suffices to show that

1 S 2a
2a+2) ~ (a+1)(Ba+2a+1)

which is equivalent to (a — 1)? > 0.
The equality holds for a = 0 and b = ¢ (or any cyclic permutation).

P 2.88. Ifa,b > 1, then

1 1

+ + .
V3a+1 3b+1

>

1
2

v3ab+ 1
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Solution. Using the substitution

z,y € (0,1],

2 2
a’,’: —7 g —7
Jaaril T Bhra

the desired inequality can be written as

3
> — 1.
xy\/xzyz_xz_y2+4 2T+y
Consider the nontrivial case z +y — 1 > 0, and denote
tl=x+y—1, p=uxy.

We have
1>p>t>0.

Since
> 4+yf = (x+y)? —2zy = (t+1)° —2p,

we need to prove that

3
>t.
p\/p2+2p—t2—2t+3 =
By squaring, we get the inequality

(P=1IB - )p+t1-1)(3+1)] >0,

which is clearly true. The equality holds for a = b = 1.

1
P 2.89. Let a,b,c be positive real numbers such that a +b+c=3. If k > —, then

V2
(abe)k(a® + b* + %) < 3.
(Vasile Cirtoaje, 2006)

Solution. Since

3
ahe < (%) 1

it suffices to prove the desired inequality for & = 1/y/2. Write the inequality in the homoge-
neous form

(abe)f(a* +b? + %) < 3 < 3
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According to P 3.57-(a) in Volume 1, for fixed a + b + ¢ and ab + bc + ca, the product abe
is maximum when two of a, b, ¢ are equal. Therefore, it suffices to prove the homogeneous
inequality for b = ¢ = 1; that is, f(a) > 0, where

fla)=Bk+2)In(a+2) — (3k+1)In3 — klna — In(a® + 2).

From

3k+2 k 20 2(a—1)(ka® —2a + 2k)
a+2 a a®+2  ala+2)(a®+2)
:\/_(a—l)(a \/_)2
ala+2)(a®>+2)

f'(a) =

it follows that f is decreasing on (0, 1] and increasing on [1, 00); therefore, f(a) > f(1) =
This completes the proof. The equality holds for a = b =c = 1.

P 2.90. If a,b,c € [0,4] and ab+ bc + ca = 4, then

Va+b+vVb+c+Ve+a<3+V5.
(Vasile Cirtoaje, 2019)

Solution. Assume that a > b > ¢, 1 < a < 4, and write the inequality as follows

\/b+c+\/(a—i—b)+(a+c)+2\/(a—|—b)(a+c)§3+\/5,
Vb +c+ \/2a+b+c+2\/a2+4§3+\/5,

From 4 — a(b+ ¢) = bc > 0, we get

4
b+c< —.
a
Thus, it suffices to show that
2 4
4 4/20+ = +2Va +4 <3+ 5,
Va a
which is equivalent to
va?+4
= 4 atva +4 <34+ \/5’
Vva Vva

a—3va+2<Vba— Va2 +4,

< la 1)(4—a)
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This is true if

. (Va+1)(ya+2)
T Vha+VaZ+4

that can be written in the obvious form

(a+2—Va2+4)+(3-V5)a>0.

The equality occurs for a =4, b =1 and ¢ = 0 (or any permutation).

P 2.91. Let a,b,c be positive real numbers such that a = min{a, b, c} and a*bc > 1, and let

22 1 2 b
F(a,b,c):\/a +3 re _a—|—3+c.

Flabo > (130,

a'b ¢

Then,

(Vasile Cirtoaje and Vasile Mircea Popa, 2020)

Solution. Write the inequality as E(a, b, c) > 0, where

1 1 1 1 1 1
E(a,b,c) = 24024 c2) — b — = B R Wt
(a,b,¢) = \/3(a® + b2+ ) — (a+b+c) \/3(@2 +62+02) ot
and show that
E(a,b,c) > E(a,z,z) > 0,
where
a::\/gza, a2x21, x> 1.
Write the inequality E(a,b,c) > E(a,z,x) it in the form
A—C>B-D,
where
3(b — c)?
A=+/3(a®+ b2+ c?) — /3(a® + 22%) =
Vil )= V3l ) V3@ + b + )+ /3(a® + 222)

3(b — c)?
T /B2 )+ 3]

B=(a+b+c)—(a+2z)= (\/1;—\/5)

2
)
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3 (b—c)? 3 (b—c)?
TR R A BETE) T (B E)
_ 3. (b—c)? _ 3 (b—c)?
P SBErsrs) e V@SR 30
1 1 1 1 2 (\/5—\/5>
D=-4-4+--=-_2%2 -
a b ¢ T T

Thus, we need to show that

3<\/5+\£>2[ ! L 1

VIRt 2) +3z 22 32+ 02 + 3z

This inequality is true if

3@@+¢@2
V3(@2 + b2+ 2) + 3x z 4

that is equivalent to
V3 (b+c+\/%) > Vbe + b0 + 2,

which is true.
Write now the inequality E(a,x,z) > 0 in the form

1 2 1 2
V3(a? + 22%) —a — 2z > 3(—2—{——)————.
a

Since both sides of the inequality are nonnegative and a?x > 1, it suffices to prove the
homogeneous inequality

a?  z? a x

1 2 1 2
V@22 —a— 20 > (aP)¥ [ (54 3) ""] |
Due to homogeneity, we may set = 1. Thus, we need to show that a < x =1 yields

\er+®—a—2zaw[ mr+m%—1—24,

which is equivalent to

2(a—1)2 /3 2(a —1)*

> :
V3@ +2)+a+2 V3(1+2a?)+ 1+ 2a
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It is true if

m+1+2a2a1/3 [m+a+2} .
For t = a'/®, t € (0, 1], the inequality becomes
V(T H216) + 14263 > /3(15 + 22) + t* + 21,
which is true because
142t — (188 +2t%) = (1 —tH(1 - t¥)2 > 0,

1426 — (t* +2t) = (1 —#*)(1 — t)* > 0.
The equality occurs fora =b=c¢ > 1.

Remark. The inequality is true in the particular case a,b,c > 1 (which involves a*bc > 1).
]

P 2.92. Let a,b, ¢ be positive real numbers such that a = min{a, b, c} and a*(b+c) > 2, and

let
2 12 2
F(a,b,c)——\/a l;) c_¢ g C.

Then,

(Vasile Cirtoaje, 2020)

Solution. The proof follows the same way as the proof of the preceding P 2.91. Assume
that a < b < ¢, write the inequality as E(a,b,c) > 0, where

a+b+c 1 1 1 1 1 1 1
Flabe) =Vt tez_2r°27¢ - - - (2242
(a,b,c) a’+b* +c 7 a2+b2+62+\/§(a+b+c),
and show that
E(a,b,c) > E(a,z,z) > 0,

where

b+ c
xTr =

>b a2x21, x> 1.

Write the inequality E(a,b,c) > E(a,z,x) it in the form
A+B>C,

where

A=vVa2+ 1+ c2— Va2 + 222
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_ (b—¢)? 1 S (b—c)? 1
2 \/a2+b2+02—|—\/a2+2$2 -2 \/262+02—|—\/b2—1—2$2 ’
1 _b=9"
B=— - ;
( ) \/_ b+c)
1 1 1
CZV wta V? =
_ (b—c)2(62+4bc+c )
b2c2(b + c¢)? \/a%+b%+c%+\/a%+22
(b —¢)*(b? + 4bc + ¢?) 1
= b202<b+0)2 \/b%_f_c%_’_\/b%_'_m% .

Thus, we need to show that

1 1 N 1 S b2 + 4bc + 2 1
2 VISV b T BEbe? fa o s

Since
b? + 4bc + ¢ = dbc + (b* + ),

it suffices to show that

S 4bc 1
= 72,2 2
V3be(b+c) — b (b+c) %+5+Wﬁ%+%

and
1 b? + 2 1

1
— . > .

2 2 2 2 T p2p-2 2 '
2 VP + 24+ V24227 T BPA(b+ o) 244+ 2

Write the first inequality as

2+1 1 2 _ 43
b2 2 b2 22 T b+c
Since
2 1+ 1+2>1 2+1 +1 1+2
b2 b2 22 7 /3\b ¢ 3\b =z
1 2+1 1 1+2 _2 1+1+ 2
“V3\b ¢ Vile o) V3\b ¢ b+tec
2
_.I_

the inequality is proved.
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The second inequality can be obtained by multiplying the inequalities

1 1 1 1
— . > .
2 2 2 2 =
2 V202 VD222 T 20 b%+c%+\/b%+z%

and
be(b + c)? > 2(b* + ).

Write the first inequality as

2b2 2
Vb2 +2¢2 + \/02—1——20 > V202 + 2 + Vb2 + 222
e

Since Vb2 4 2¢2 > /202 + ¢2, it is sufficient to prove that

2.2
2bc > b2+ 222,

A+ 7 =
xXr

that is

Since 22 + be < 222, it is true if
& —b* > 4(z* — be).
Indeed,
& —b* —4(z* —bc) = —b* — (c — b)* = 2b(c — b) > 0.

Since 2 )
(b+c) S @ (b+c) -1
2 - 2 -
to prove the second inequality it suffices to show that

o]

be(b + c)? > 2(b* + ) { 5

Due to homogeneity, we may set b = 1, hence ¢ > 1. The inequality becomes

¢+ 1)2/3

clc+ 1) >2(c*+1) ( 5

It is true if
Sle+ 1) > 2( +1)°,

that is
c7—|—2c6+605—264+(23—602—220,

(c"+ ¢ —2)+2c(c* — 1) +6%(c* — 1) > 0.
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To complete the proof, we need to show that E(a,z,x) > 0 for a®>x > 1, z > a. This
inequality was proved at the preceding P 2.91.
The equality occurs for a =b=c¢ > 1.

Remark. Since a*bc > 1 yields a?(b + ¢) > 2, the inequality in P 2.91 follows from the
inequality in P 2.92.
O

P 2.93. Let a,b,c be positive real numbers such that a = min{a,b,c} and a*(b* + ¢*) > 2,

and let
2 2 2
F(a,b,c)——\/a Z c_¢ ?lj C.

Then,

(Vasile Cirtoage, 2020)

Solution. The proof follows the same way as the proof of P 2.92. Assume that a < b < ¢,
write the inequality as F(a,b,c) > 0, where

a+b+c I 1 1 1 (1 1 1
Elabd)=vVe+t+2— """ 4y 4y~ [y
(a,b,¢c) = Va® + b +c 7 ¢ﬁ+bf+&+\@(a+ +C),

and show that

where

Write the inequality E(a,b,c) > E(a,z,x) it in the form
A+B>C,

where

_2r—b—c (b—c)?
V3 VB (2z+bte)
(1 1 2) (b—c)?(b*+ 2 + 4bc)
B=—(;+--2)= ,
3 \0b x 2\/_b202x2( +1 -+ )

1 2
o ﬁ 2 Vet

7 ~ & 'WW—ﬁf 1

N E— W TR R e
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- \/3(62 . 62)2

1
2b2c2 2 ‘%—i-%—l—% '

Thus, we need to show that

1 N b% 4 ¢ + 4bc >3@+cy 1
2 +b+c 2b202x2(%+%+%)— 2b2272 %+%+%-

Since
bix > a’x > 1,

it suffices to prove the homogeneous inequality

1 N b2 + 2 + 4be - 3(b+ ¢)? 1
(b2x)232x +b+c)  2b2c2x? (% + % + %) = Oh2c242 % I % n % :

3 1 2 1 1 2 3 2 2
2(=4+-+=)=-3(z+-+>)=--=-= >0,
b ¢ «x b ¢ «x b ¢ =z

it is enough to show that

Since

1 N b? + ¢ + 4be >2(b+c)2 1
(0P2) (2 +b+c) 2P (L1 L42) = 2Wca? T4112)
that is
1 S 1 1
= 1 1 2
(D2x)?B2e +b+c) — b2 +142
2b
c (b+c+ —C) > pl/3 [2:E5/3 + (b—{—c)asz/ﬂ )
T

Since x < ¢, it suffices to show that

2bc

c(b—i—c—l— ) > pl/3 [2cx2/3+(b+c):v2/3},

c
that is

¢(3b+¢) > (b4 3¢)(ba?)*/3,
Due to homogeneity, we may set ¢ = 1, when 0 < b <1 and
b2 +1

r = .

2

Thus, we need to show that

B4
3b+12(b+3)37+,

which is true if
2(3b+1)3 > b(b* + 1)(b + 3)%.
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Since
(b+3)° = b + 396° + 27b + 27 < 37b + 27 < 32(b + 1),

it suffices to sow that
(3b+1)° > 16(0* + 1)(b+ 1),

which is equivalent to
1 —7b+ 116* + 11b° — 16b* > 0,

(1 —b)(1 —6b+ 5b° + 16b°) > 0.

This is true because
1 —6b+ 5b% + 160> = (1 — 4b)* + b(2 — 11b + 16b%) > 0.

To complete the proof, we need to show that E(a,z,z) > 0 for ¢’z > 1, x > a. This
inequality was proved at P 2.91.
The equality occurs for a =b=c¢ > 1.

Remark. Since a?(b+ ¢) > 2 yields a*(b? + ¢) > 2, the inequality in P 2.92 follows from
the inequality in P 2.93.
[

P 2.94. Let a,b,c be positive real numbers such that a = max{a,b,c} and a*b’c” > 1, and

let
3
3
F(a,b,c):vabc—ﬁ.
b ¢
Then,
111
Fla,be)>F (- —-.—].
@s.0=F(1.5.7)

(Vasile Cirtoaje and Vasile Mircea Popa, 2019)

Solution. By the AM-GM inequality, both sides of the inequality are nonnegative. Denote

x = Vbe.

We have

From

it follows that
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Write the inequality as F(a, b, c) > 0, where

3 1 3
E(a,b,c) = Vabe — — - + )
(@bre) = Vabe = T~ e T e

and prove that
E(a,b,c) > E(a,z,z) > 0.

1
We will show that the left inequality is true for @ > 1 and a > —- Write the inequality
T

as follows

1 1 .1 1
atbtc L+g+c at+2vbe o+

1 1 o1 1
st stite a+2vbe atbtc’

2
1 1
(%‘% (Vb — e)?

<§+¢%>(1+%+%) " (a+2vVbe)(a+b+c)

a

After dividing by (Vb — \/¢)?, we need to show that
1 2 1
(a+2x)(a+b+c)2x2(a+—> (—+b+c). ()

T a 2

Write this inequality as
Ab+c)+ B >0,

where - )
A=a+2x — - ——, B:a2+2ax—x—2——x.
a x a a

Clearly, A > 0 for x > 1. Also, A > 0 for x < 1, because
2 (1—-2)31+x)

1
A> =42z -2 - = =
2 T 2

>0.

Since A > 0 and b+ ¢ > 2v/be, it suffices to replace b+ ¢ in (*) with 2z. So, we need to show

that L9 L9
(a+ 27)(a + 22) > 2* (—+—) (——f——) )
a x)\a =

which is equivalent to
1 2
a+2x2x(——|——>,
a
a-+2x > L + 2.

a
For x > 1, we have

1 1 1
a+2x—f—2:a—2+(2——>xza—2+<2——):a——zo,

a a
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and for x < 1, we have

(1—2)(1+z—2®+2°+2?)

x 1 3
a+2r———-—2>—+4+2xr—x°—-2= >0.
a x? x?
Write the right inequality F(a,z,z) > 0, as follows
VonZ 3ax 1 _ 3
2a +x — 3ax2 a+2:c
Since a*72% > 1, it suffices to prove the homogeneous inequality
Yo 3ax > (a4/7x2)7/9 L3 '
2a +x Yar2 a-+2x
Setting x = 1 and substituting
a=d, d>1,
the inequality becomes
3 3d° 1
Q3 — -
2d° + 1 - a3 d9 +2) 7
d(d® —1)°(2d® +1) _ (d® —1)*(d® +2)
2d° +1 - d’+2 '
Thus, we need to show that
d*(2d® + 1) (d? +2) > (d® +2)(2d° + 1) ,
that is
2(d +1)(d* — 1)+ d*(d® — 1) —4d°(d* — 1) > 0,
(d®>—1)A >0,
where
A=2d? 4+ 1) +d(d +d* +d* + 1) — 4d°(d* + 1)
=2d"(d° — 1) +d"(d* — 1) = 3d*(d* — 1) — 2(d* — 1)
> 2d(d® — 1) + (d* — 1) = 3d*(d®* —1) = 2(d* = 1) = (d — 1)B ,
where
B=2dd*"+d@+d*+d+1)+(d+1)—3d*d+1) - +d+1)

(d?
=2 —d' - H+d-1=d-1)2d*"+d>+1)>0.
The equality holds for a =b=c¢ > 1.

Remark. The inequality is true in the particular case a, b, ¢ > 1 (which involves a*b’c” > 1).
In addition, if

F(ay,ag,...,a,) = Jajas - a, — i i i



Symmetric Nonrational Inequalities 481

and all numbers aq, as, ..., a, are larger than or equal to 1, then the inequality
1 1 1
F(ay,az,...,a,) > F(—,—,...,—)
a1 Q9 (07%

holds for n < 5 and does not hold for n > 6 (problem P 12196 from AMM, 7, 2020, solved
in AMM, 4, 2022).
m

P 2.95. Let a,b,c be positive real numbers such that a = min{a, b, c} and a*bc > 1, and let

3
3
F(a,b,c) = vabc—ﬁ.
a b ¢
Prove that | |
F(a,b,c) Z F <_7_7_)
a C

(Vasile Cirtoaje, RMM, 39, 2025)

1 11
P —) > 0 (by the AM-GM inequality), it suffices
a'b’ c

Solution. Since F(a,b,c) > 0 and F <

to prove the homogeneous inequality

111
F(a,b,c) > (a*be)'? - F (=, =, =
(a.5,6) 2 (o) F (052
for @ = min{a, b, c}. Due to homogeneity, we may set a = 1, hence b,¢ > 1. Thus, we need

to show that
3bc

3
B ey _ |
bt otbe = 0 {(bc)l/?’ 1+b+c]

(be)'/3 —

Denote

b
s=25 =i

with s > p > 1. The desired inequality is equivalent to

o3 3P 3P
2s +p? — 2s +1’
4/3 1
23 >3 L _ .
b =P (zs+p2 25 + 1

PP -1 2s(p? —1) — p"Pp* - 1)
3p?/3 — (2s+p?)(2s+ 1)
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It is true if

Lo 2s(p*3 +1) — p*/?
3p?3 T (2s+p*)(2s+ 1)
i.e.
4% — 2As + 4p* > 0, A =3p*? 4+ 3p*3 — p? — 1.

For the nontrivial case A > 0, since
4(48% — 2As + 4p*) = (4s — A)? + 16p° — A% > 16p° — A% = (4p — A)(4p + A),
it suffices to show that 4p — A > 0, which is equivalent to

p2—3p4/3+4p—3p2/3+1 > 0.

3

Denoting p = x°, we need to show that

28— 3t 403 — 322+ 1 >0,
that is
(z — 1)*(z" +22° + 22+ 1) > 0.
The proof is completed. The equality occurs for a =b=c¢ > 1.

111
Remark. The inequality F(a,b,c¢) < F (—, 5 —> is true in the particular case a,b,c > 1
a c
(which involves a*bc > 1).
]

P 2.96. Let a,b,c be positive real numbers such that a = min{a, b, c} and a*bc > 1, and let

Fla,b,c) = a—i-g—l—c_ /ab—i—b?)C%—ca.

Flabo > F (15,0,

Then,
a'b e
(Vasile Mircea Popa and Vasile Cirtoaje, Math. Reflections, 5, 2023)

111
Solution. Since F(a,b,c) > 0 and F (—, 7 —) > 0, it suffices to prove the homogeneous
a c
inequality

111
F(a,b,c)Z(a4bc)1/3~F< — )

a’'b c
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for a = min{a, b, c}. Due to homogeneity, we may set a = 1, hence b,¢ > 1. Thus, we need
to show the inequality

F(1,b,¢) > (be)/* - F (1%%)

which is equivalent to

l+b+c /b+c+bcz(bc)l/3 b+ctbe [l1+b+c ‘
3 3 3bc 3bc

=T =i

with s > p > 1. For fixed p, the desired inequality is equivalent to F'(s) > 0, where

F(s) =25+ 1 — \/3(25 + p2) — p~4/3 [23 +p? — p/3(25 + 1)] .

Denote

We have
F'(s)=A-p B,

3 3
]2 B=2-p )2
2s + p?’ P\ os 1

We will show that F'(s) > 0. Since A > 2 —1 > 0, it suffices to consider the case B > 0,

where

when
3 3 3 3
F'(s)>A—-B= — — > — >0
(s) = PVos 1 \/23+p2—p\/2s+1 \/25+1_
From F'(s) >0 1t follows that F'(s) is increasing, hence F(s) > F(p). So, we need to show
that Fi(p) >0, i

2+ 1— /32 +2p) — p~ /3 [2 Yp— 32+ 1)] >0

(»—1) P -1)

>0
20+ 1++/3(p*+2p) 2+p++/3(2p+1)

It is true if .
p/3

1
_ >0
20+ 14+ /3(p*+2p) 2+4+p++/32p+1)

Substituting p = 2%, where > 1, we need to prove that

1

T
— >0,
203 + 14 /3(28 +223) 2+ 23+ /3223 +1)

i.e.

x4—2x3+2x—12\/gx(\/x4+2x—\/2x3+1),
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o V(e = Dz +1)
(z-1) (x+1)2\/x4+2x+\/2x3+1.

Thus, we need to show that

VIt + 22 + V223 + 1 > V3.

Indeed,

— 1?2z +1)
\/x4+2x—|—\/2x3+1—\/§x>\/2x3+1—\/§x:(I > 0.
V23 +1+V3z

The equality occurs for a =b=c¢ > 1.

Remark. The inequality is true in the particular case a,b, ¢ > 1 (which involves a*bc > 1).
]

P 2.97. Let a,b,c be positive real numbers such that a = max{a,b,c} and a*b°c® > 1, and

let
b+b
F(a,b,c) = W—vsabc.
Prove that -
Fla,b,e) > F -, -, —|.
@)= F(1.5.7)

(Vasile Cirtoaje and Vasile Mircea Popa, RMM, 37, 2025)

111
Solution. Since F(a,b,c) > 0 and F (—, 7 —) > 0, it suffices to prove the homogeneous
a b’ c

inequality

111
F(aaba C) > <a2b505)1/6 - F (aa 67 E)

for a = max{a,b,c}. Due to homogeneity, we may set a = 1, hence b, ¢ < 1. Thus, we need
to show that

F(Lba C) > (bc)5/6 - F (17 %7 1) )
c

which is equivalent to

%J“ab — oo > (be)?l®

be  Vbe

btc+1 1 ]

Denote

=Tt =i



Symmetric Nonrational Inequalities 485

with p < s < 1. For fixed p, the desired inequality is equivalent to F'(s) > 0, where
F(s) = /25 4+ p* — p?/*V3 = p?/® (\/25 +1 —p1/3\/§> :

Since

1 p2/3 /25 + _p2/3 /28+p2
= - = > 07
V2s+p? V2s+1 V(25 +p?)(2s + 1)

F(s) is increasing, hence F'(s) > F(p). So, we need to prove that F(p) > 0, i.e.
2p + p? — p**V3 > p?l? ( 2p+1 —p1/3\/§> :

Putting p = 23, where x < 1,the inequality becomes
Vit 12 - V32 Vo (V21— V).

@+ =12 | Vae+ (- 12
VE Rt VBT T VIR L4 aVE

z+2 - Vr(2z +1)
VI3 +2+V32 ~ V2P 1+ 23

F'(s)

It is true if

which is equivalent to
eV3(1— ) + (x4 2)vV223 + 1 — (22 + 1)Vt + 22 > 0.
It suffices to show that
(z +2)v223 + 1 > (22 + DVt + 2z

It is true since
r+2—-2zx+1)=1—-2>0

and
20% +1— (2" +22) = (1 —2)*(1 +2) > 0.
> 1.

)
The proof is completed. The equality occurs for a = b= ¢

Remark. The inequality is true in the particular case a, b, ¢ > 1 (which involves a?b°c® > 1).
]

P 2.98. Let a,b, c be positive real numbers such that min{ab, bc,ca} > 1, and let

3 3
Fl(a,b = — .
(a,b,¢) Vab+bc+ca a+b+ec

Flabo<F (5.0

a’ b’ c

Prove that

(Vasile Cirtoaje and Vasile Mircea Popa, Crux Mathematicorum, 8, 2024)
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Solution. Assume a = max{a,b,c}. Since bc > 1 and F(a,b,c) > 0, it suffices to prove the
homogeneous inequality

111
F <F(Z 2=
be- F(a,b,c) < (a’ 5 )

C

for @ = max{a, b, c}. Due to homogeneity, we may set a = 1, hence b, ¢ < 1. Thus, we need
to show that

11
be- F(1,b,c) < F|(1,-, -
e F1be < F(15.1).

which is equivalent to
3 3 3bc 3bc
be — < — )
b+c+bc 14+b+c 1+b+¢ b+c+be

b
s=25 =i

with 1 > s > p. The desired inequality is equivalent to
3 3 3 3p
p 2 - S - 2 )
25 +p 2s+1 2s+1 2s+p

1 1 1 D
3P (28+p2 B 25—1—1) = \/§<\/2s—|—1 a \/2s+p2> ’
V3p(1 —p?) 25(1 — p?) |
(s +1)@s+0%) = /s T 1)@ + ) (V25 + 2 +pVIs ¥ 1)

Denote

It is true if

V3p (\/23 2+ V25 + 1) < 25v/(25 + 1)(25 + p2),

3 3
Ny Y
p( 2511 P 2s+p2)_ i

Since s > p, it suffices to prove the inequality for s = p, i.e.

3 3
N +/ -2 <2
2p+1 D+
[ 3 3 —¢?
t= < V3 =
2p+1 \/_7 p 2t2 )

3 —¢2
1+¢2

that is equivalent to

Putting

the inequality becomes

t+ <2.
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It is true if
3—t2

1+¢2§(2_ﬂ{

which is equivalent to
(t—1)*>0.

The proof is completed. The equality occurs for a =b=c > 1.

Remark. The inequality is true in the particular case a, b, ¢ > 1 (which involves min{ab, bc, ca} >

1).
]

P 2.99. Let a,b,c,d be positive real numbers such that ab> 1 and cd > 1, and let

4
F(a,b,c,d) = Vabed — 1 1 1
vt a
Then,
1111
Fla,be,d) > F |-, —,—, = ].
(a7 ,C, )— (a,b’c’d)

(Vasile Cirtoaje, 2019)
Solution. Write the inequality as E(a,b,c,d) > 0, where

4 4 1 4
E(a,b,c,d) = Vabed — —
(,b,¢,d) T T I 1.1 '%ﬁﬂ+a+b+c+w
a b ¢ d
assume that
ab>cd > 1,

and show that

E(a,b,c,d) > E(a,b,vcd,Ved) > E(Vab,Vab, Ved, Ved) > 0.

Since
 Yed oy o
ab ab
and
Ved —1 >0,

the left inequality F(a,b,c,d) > E(a,b,\/cd,/cd) follows from Lemma below, point (a).
The inequality E(a,b,Vcd,Ved) > E(vab, vVab, Vcd, v/cd) follows also from Lemma below
by replacing ¢ and d with ved. We only need to show that

(%ﬂ+v€b<y—1§>+2uﬁﬂ—nzo

C
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which is equivalent to the obvious inequality

(Ved —1) (@H) > 0.

The inequality E(vab, vab, Ved, ved) > 0, is true if the inequality E(a,b,c,d) > 0 holds
for a = b=2% and ¢ = d = 4%, where z > 1, y > 1. We need to show that

4 1 4

>

—i—y% “xy 20+ 22

TY — 5
that is
(2%’ = 1)(z —y)* > 0.
This completes the proof. The equality holds for a =b=c=d > 1, and for ab = cd = 1.

Lemma. Let

- 4 1 4
E 7b7 7d:4 bd_ B + ’
(a,b,¢,d) = Vabe Tyi+i+2 Vabed atbtc+d

where a,b, c,d are positive real numbers such that ab > 1 and cd > 1.

(a) If
(a +b) (1-%) +2(Ved —1) >0,
then
E(a,b,c,d) > E(a,b,Ved, Ved).
(b) If
(c+ d) (1—%) +2(Vab—1) >0,
then

E(a,b,c,d) > E(\/@, Vab, c, d).
Proof. (a) Write the inequality E(a,b,c,d) > E(a,b,vcd,Vcd) as follows:

1 1 1 1
_ > _

atbte+d 43+t a+b+2vVed 3t A

o=

1 1 1

1
> - )
i+ T a+b+2vVed at+btc+d

c

>2 N (Ve — vy

1ply14 1y (atb+2ved)(atbtetd)

2
+ Ve

Q=

+

o=

Q

Q=
+

5
S

(
_l’_

cd(%—l—

~—~

ﬁ
2
N—

Sl
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After dividing by (/¢ — v/d)?, we need to show that

(@+b+2Ved)atbtetrd> (T layova) (20 D) ()
ab ab cd
that is
A(c+d)+ B >0,
where

b2 1 1
A=a+btVed— 2T ——:(a+b)<1—%)+2(\/c_——)20,

ab ved ved
b 2V cd
B=(a+b) |+ 2V b2V,
a?b? ab

Since

A(c+d)+ B > 24Ved + b,
we need to show that 24v/cd + b > 0. This is equivalent to (*) if the sum ¢ + d is replaced

by 2v/cd:

b b 2Ved
(a+b+2\/cd)(a+b+2\/cd)2<a—; cd—i—2\/cd) (a: + dc )7
a a c

that is

b 2
(a+ b+ 2Ved)? > <“+b cd+2\/cd) ,
a

a+b+2@z“+bbcd+2@,

a

a

(a +b) (1—@) +2(Ved —1) > 0.

The last inequality is true by hypothesis.
(b) Due to symmetry, this follows from (a).

Remark. The inequality is true in the particular case a,b,c,d > 1 (which involves ab > 1
and cd > 1).
O

P 2.100. Let a, b, ¢, d be positive real numbers such that a®> + b*> + ¢ + d?> = 1. Prove that
VI—a+V1-b+VI—c+V1—d>Va+Vb+ e+ Vi

(Vasile Cirtoaje, 2007)
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First Solution. We can obtain the desired inequality by summing the inequalities
VI—a+V1I—b> e+ Vd,
Vi—c+vV1—d>a+ Vb

VIi—a++vV1—-b>2y/(1—a)(1-0b)

d 21 @2
ﬁ+\/8§2\/cg §2{‘/C; :

Since

and

the former inequality holds if

A+ d?
(1—a)(1-10)> 5

Indeed,
21 —a)(1—-b) - —d*=2(1—a)(1=b)+a>+b* —1=(a+b—1)*>0.

Similarly, we can prove the second inequality. The equality holds for

a:b:c:d:§.

Second Solution. We can obtain the desired inequality by summing the inequalities

1 1
Vi—a—va>—=(1-4d?), VI—-b—-Vb>—=(1—4b?),
f—zﬂ( ) _2ﬁ< )
1 1
Vi—c—ve> ——(1-4A), V1—d—-Vd>—=(1—4d).
f_g\/é( ) _2\/5( )
To prove the first inequality, we write it as

1—2a S 1
Vi—a++ya ~ 22

1
Case 1: 0 <a < 7 We need to show that

(1 —2a)(1+ 2a).

2v2 > (14 2a)(V1—a+ Va).
Since 1 —a + v/a < \/2[(1 — a) + a] = v/2, we have
2V2 — (14 2a) (V1 —a+va) > V2(1 — 2a) > 0.

1
Case 2: 5 < a < 1. We need to show that

22 < (14 2a)(V1—a+ Va).
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Since 1 + 2a > 2v/2a, it suffices to prove that

1 <+/a(l—a)+a.

Indeed,
V1—a (1—2a)
1—a—+/a(l - 1-— 1— = <0.
a—+/a(l—a)=+v1-a (vV1—-a—+/a) aiva S
m
P 2.101. Let a, b, ¢, d be positive real numbers, and let
11 1 1 1 1 1 1
A= -+ -+ 4= B = 2 2 — 4+ =+ = ).
(a+b+c+d)<a+b+c+d), (a® + b + ¢ +d)< teta d2)
Prove that
(a) VB —12 < A — 14;
(b) 2vVB > A-38.

(Vasile Cirtoaje, 2004)
Solution. Denote
141:14—167 3128—16,

and ) 2 2
x Yy z x Y z
f(x,y,z)ZE—i—;—i—;—?), F(ZL’;%Z):?‘F;‘FP—?M

where x,y, z > 0. By the AM-GM inequality, we get f(z,y,z) > 0. Since

F(l’,y,Z) = [f(l',y,z) +3]2 —2[f($,2,y)—|—3] -3
= f2($7yaz) +6f($,y,2) - 2f($7zay)

and
Al_fa7bﬂc +f(a ,c)+f(c,d,a)+fd,b,a)
—fCL,C,b)—|— ) Jd +f(C,CL,d)+f 7a7b)7
we have
By = F(a,b,¢) + F(b,d,c) + F(c,d, a) + F(d, b, a)
:f2(a,b,c)+f2(b,d,c)+f2(c,d,a)—|—f2(d,b,a)—|—4A1,
therefore

By — 44, = f*(a,b,¢) + f2(b,d,c) + f*(c,d,a) + £2(d, b, a).
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(a) Write the inequality as follows:

\/Bl+4§A1+27

A3 > By —4A,
[f(a,b,¢)+f(b,d,c)+ flc,d,a)+ f(d,b,a)]* > f*(a,b,c)+ f*(b,d,c)+ f*(c,d,a) + f*(d, b, a).

The last inequality is clearly true. The equality occurs for a = b =c¢ = d.
(b) First Solution. Write the inequality as follows:
2/ B +16 > A; + 8,
4(By — 44,) > A,
41f%(a, b, c)+f2(b,d, c)+ f(c,d, a)+ f*(d, b, a)] > [f(a,b,c)+f(b,d,c)+f(c,d,a)+f(d,b,a)

Since the last inequality is well-known, the proof is finished. For a > b > ¢ > d, the equality
occurs when a = b and ¢ = d.

Second Solution (by Nquyen Van Huyen). Since
Wa* + 0P+ P+ d) =D (—a+b+c+d)

by the Cauchy-Schwarz inequality we get

AB=) (—a+b+c+d)’ (Zé) > (Z _a+ba+c+d)2—(A—8)2.

Remark 1. Using the second solution of the inequality (b), we can prove that if n is an

even integer, ay, as, ..., a, are positive real numbers and
: — q; e — q?
i=1 i=1 i=1 =1 !
then
nvVB > 24 —n?,

with equality when half of the numbers a; are equal to each other and the others are also

equal. Let k = n;. Since

(n—1—k)? (ia?) = Z(—kzm +ag+ -+ an)?

=1

by the Cauchy-Schwarz inequality we get

(n—1-k)’B = > (—kai+az+- - +a,)’ (Z %)2 > (Z ket GZ;L S a”>2 = [A=(k+1)n]?,
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hence nvB > 2A — n?.

Remark 2. We claim that

V3B—-12<A—-10

for A <10 + 4v/6, with equality when a = b = ¢ (or any cyclic permutation), and

VB <VA-2

for A > 10 + 4+/6, with equality when a = b = v/cd (or any permutation).

O
P 2.102. Let ay,as,...,a, be nonnegative real numbers such that a; + as + --- + a, = 1.
Prove that
V3a; +14++v3as+1+---++3a,+1>n+1.
First Solution. Without loss of generality, assume that a; = max{ay,as,...,a,}. Write

the inequality as follows:

(V3a1 +1-2)+ (V3az+1—-1)+ -+ (v/3a, +1—1) >0,

w-t @ ot & >0
V3a +1+2 3Bas+1+1 V3a,+1+1 7

a2+...+an

Q9 (07
- 4.4 > ,
V3az+1+1 Vi3a, +1+1 7 /3a; +1+2

1 1 1 1
2 (\/_3a2+1_—|—1 \/_3a1+1_—|—2) ¢ <\/_3an+1_—|—1 \/_3a1+1_+2)
The last inequality is clearly true. The equality holds for a; =1 and ay = --- = a,, = 0 (or
any cyclic permutation).

Second Solution. We use the induction method. For n = 1, the inequality is an equality.
We claim that

V3ar + 1+ v3a, +1>/3(ay +a,) +1+1.

By squaring, this inequality becomes

VBar +1)(an + 1) > v/3(ar + a,) + 1,

which is equivalent to aia, > 0. Thus, to prove the original inequality, it suffices to show
that

V3(ay +an) +1+v3ag + 14+ /30,1 + 1 >n.

Using the substitution by = a; + a,, and by = as, ..., b,_1 = a,_1, this inequality turns into

Vb A+ 1+ /3bg+ 14 ++/3b, +1>n

for by + by + --- + b,_1 = 1. Clearly, this is true by the induction hypothesis.
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P 2.103. Let ay,as,...,a, be positive real numbers such that ajas---a, = 1. Prove that
! - ! +o ! > 1
VIt n2—1Da; 1+ (02— 1)ay V1t (@2 —1a,
First Solution. For the sake of contradiction, assume that
! ! + e+ L <1
V1t+ (2 —1a \/1 )as V14 (n?—
It suffices to show that a;as---a, > 1. Let
1
X; = , O0<ox; <1, 1=1,2,--- n.
1+ (n2 — 1)&1
. 1-— :v2
Since a; = —2 for all 2, we need to show that
(n? —1)x;

r1twe+ -+, <1
implies
(1 —2p)(l—a3)--- (1 —ap) > (n* = 1)"wja3 a7

Using the AM-GM inequality gives

[Ha-=hH>1] [(Zq:l)Q—xf] =2+ + ) @rr + 2o+ -+ 2)
z(nQ—l)"H("\l/r in) (2 — 1)

The equality holds for a1 = as =--- = a,
Second Solution. We will show that
1 1
2 k
I+(n2—1z 1+ -1)x

1
for z > 0 and k = % By squaring, the inequality becomes
n

(n—Da® 422" >n 4 1.

Applying the AM-GM inequality, we get

(n— 1)1 4+ 2251 > (n+ 1) "Va-DE-1) . g2(0-1) =y 4 1,
Using this result, it suffices to show that

1 1 1
+ +o >
1+(n—1a} 1+ (n—1)ds 1+ (n—1)ak —

Since afaf - - - af = 1, this inequality follows immediately from P 1.203-(a).
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P 2.104. Let ay,as,...,a, be positive real numbers such that ajas---a, = 1. Prove that

n

1
>
Zl+\/1+4n(n—1)ai N

=1

N | —

First Solution. Write the inequality as follows:

" /1+4n(n — 1)a; — 1
PRARE USRS M)
=1

a;

/1 dn(n—1) 1
ZZ:; a—?—l-—zZn(n—l)—l—Za—i.

a;

By squaring, the inequality becomes

1<i<j<n J

The Cauchy-Schwarz inequality gives

> {% + —4n(2: 1)} L% + —4n(z_ 1)} > (n—1)2+ Y

dn(n —1)

1 dnn—17][1 4n(n-1) 1
St —| |3t > +
a; a; CLj Q; a;Qj

Thus, it suffices to show that

1 nin—1
> L n=1)

1<i<j<n

A

which follows immediately from the AM-GM inequality. The equality holds for a; = a, =

-=a, = 1.
Second Solution. For the sake of contradiction, assume that

n

1
<
Z 1+ +/1+4n(n — 1)q,

=1

DO | —

It suffices to show that ajas---a, > 1. Using the substitution

= L i=1,2,--

20 1+/1+4n(n— a;

which yields
n—x;

Y D

O<z;<n, 1=1,2,---
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we need to show that
Ty +2o+ -+ x, <N

implies
(n—z1)(n—a9)---(n—1,) > (n—1)"2325 - - 2.

By the AM-GM inequality, we have

€T €T “e. T, n
x1x2-~-:17n§( 1 T2t - ) <1
n

n—xi>(a:1+m2+-~~+:vn)—xiz(n—l)n_;/w, i=1,2,---,n.
T

Therefore, we get

and

(n—z1)(n—a9)-(n—x,) > (n— 1) w1292 > (n— 1)"2325 - - 22,

P 2.105. If ay,ao, ..., a, are positive real numbers such that aias---a, =1, then

ai +a3+---+a?

n

a1+a2+---+an2n—1+\/

Solution. Let us denote

a_a1+a2+---+an b— 221§i<j§naiaj
= , =

n n(n —1)

)

where @ > 1 and b > 1 (by the AM-GM inequality). We need to show that

2.2 _ —1)\p2
na—n+12\/na n(n 1)b'
n

By squaring, this inequality becomes
(n—1n(a—172+b*—-1] >0,

which is clearly true. The equality holds for a; = ay =--- =a, = 1.
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P 2.106. If ay,a.,...,a, are positive real numbers such that aias---a, =1, then

\/(n—l)(a%+a§+~-+a%)+n— nn—1)>a +ay+ -+ ay,.
(Vasile Cirtoaje, 20006)

Solution. We use the induction method. For n = 2, the inequality is equivalent to the
obvious inequality

1

a) + — Z 2.

3]
Assume now that the inequality holds for n — 1 numbers, n > 3, and prove that it holds also
for n numbers. Let a; = min{ay, as, ..., a,}, and denote

as +as+---+ay

x = , Y= "Vaaz---a, ,

n—1

flai,as,...,a,) = \/(n—l)(a%—kag—l—---—i-a%)—l—n— nn—1)— (a1 +ax+ -+ ay).
By the AM-GM inequality, we have x > y. We will show that

f(aha?v"'?an)Zf(alay7"'ay)zo' (*)

Write the left inequality as

Vit a3t a2 —\Jad 4 (n— 1)y = Vi1 (x ).

To prove this inequality, we use the induction hypothesis, written in the homogeneous form

\/(n—2)(a§+a§+---~l—a%)—l—[n—l—\/(n—l)(n—Q)}yZ(n—l)x,

which is equivalent to

a3+ +a2 > (n—1)A%
where
n—1
A=kr— (k-1 =
= (k=1y, k=y/——

So, we need to prove that

\/a%—i-(n—l)AZ—\/a%—l—(n—l)gﬁzm(m—y).

Write this inequality as

A2_y2 - T —y
V@ + -1+ /ai+(n—1)2  Vn-1

Since x > y and

A2 —y? = k(z — y) ke — (k = 2)y] = k(z — y)(A + ),
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we need to show that
kE(A+y) 1
Vai+ (n—1)A2+ /a? + (n — 1)y? \/n—l

In addition, since a; < y, it suffices to show that
k(A +y) S 1
ViR +m—10D)A2+ ny  Vn—1

From

kA—y=kz— (K -k+1)y>ky—(—k+1)y=(k—1)y>0,

it follows that
Y+ (n— 1A <A+ (n—1)* = (n— 1)k*A%

Therefore, it is enough to prove that

k(A+y) o1
Vn—1kA+\ny  Vn—1

which is equivalent to
(k\/n— — \/ﬁ) y > 0.

This is true since

b1 ="

vn "= n—1++/n(n—2)

The proof is completed. The equality holds for a; = ay = =a, = 1.

P 2.107. Let a1, ao,...,a, be positive real numbers such that ajas---a, > 1. If k > 1, then

> =
a1+a2+ -+a

TL

(Vasile Cirtoaje, 2006)

First Solution. Let us denote r = Yajay---a, and b; = a;/r for i = 1,2,--- 'n. Note
that » > 1 and byby - -- b, = 1. The desired inequality becomes

k

>1
Zb’f (by+ - +by,)/rF-t =7

and we see that it suffices to prove it for r = 1; that is, for ajas - - - a,, = 1. On this hypothesis,
we will show that there exists a positive number p, 1 < p < k, such that
i ay
k Z p p p-
aj+ay+---+a, " ay+a,+---+an
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Clearly, by adding this inequality and the analogous inequalities for as, ..., a,, we get the

desired inequality. Write the claimed inequality as

ag+...+a£>(a2...an)k_p<a2_’_...+an)‘

Based on the AM-GM inequality

n—1
aQ...an§<—a2+”.+an> )
n—1

it suffices to show that

Gy + -+ aﬂ) (n=1)(k—p)+1

P P> -1
ah+---+al > (n )< —

Choosing

- 1Dk+1
p:—(n )kt , 1<p<k,
n

the inequality becomes
n—1

Y p
ag_{_.._l_azz(n_l)(u) ,

which is just Jensen’s inequality applied to the convex function f(x) = aP. The equality

holds fora; = as = --- = a,, = 1.

Second Solution. By the Cauchy-Schwarz inequality, we have

>
‘a4 ta,  da(ab+as+--+ay) Za’f+1+221§i<j§naiaj

E+1 2
k41 B+l
> G (Z “ > Corar 2 (i)
k :
aj

Thus, it suffices to show that
ktl
Z (aiaj) 2 > Z a;a;.
1<i<j<n 1<i<j<n

Jensen’s inequality applied to the convex function f(z) = 5 yields

k+1

Z (aiay) s > n(n2— - <2271(<:i<71b)aiaj) 2

1<i<j<n
On the other hand, by the AM-GM inequality, we get
2

m Z a;Q Z (a1a2~ . 'CLn)E Z 1.

1<i<j<n
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Therefore,

ki1 k1
. . 2 . . 2 . . . .
(2 Zl§i<j§n a;aj > . (2 Zl§i<j§n a;ia; ) 2 Zngjgn a;Q; > 2 Zl§i<j§n a;a;

n(n —1) n(n—1) n(n —1) ~  n(n-1)

hence

—1) 2 i i<n @il
S () W) Pimga

2 n(n —1)

P 2.108. Let ay,ao,...,a, be positive real numbers such that ajas---a, > 1. If

<k<l1
n—2 ’

then

ok
]
ay +ax+---+ay
(Vasile Cirtoaje, 2006)
Solution. Let us denote r = {/ajas---a, and b; = a;/r for i = 1,2,--- ,n. Clearly, r > 1
and biby - - - b, = 1. The desired inequality becomes

by
<1
Zblf+(b2+"'+bn)7’1_k_ )

and we see that it suffices to prove it for » = 1; that is, for a;as - - - a,, = 1. On this hypothesis,

we will show that there exists a real number p such that
af ay

< .
af+as+-+a, ~ a +adh+---+ah

By adding this inequality and the analogous inequalities for as, ..., a,, we get the desired
inequality. Write the claimed inequality as

Gy + -+ a, > (ah+ - +aP)al?,

az 4t a, > (b + -+ ad)(az - a,) "
This inequality is homogeneous when 1 = p+ (n — 1)(p — k); that is, for

—1Dk+1 -1
pz(n )k + : <p<l
n n—2

Rewrite the homogeneous inequality as

a[2+...+an2(ag+...+az)(a2...an)ﬁ‘ (*)



Symmetric Nonrational Inequalities 501

To prove it, we use the weighted AM-GM inequality
mas +az+ - +an > (m+n—2)ay " (az - ap) 7 2z,  m >0,
which can be rewritten as

m—1
mag + ag + -+ + a, > (m+n—2)a§”+”‘2(a2~--an)m.

-1
Choosing m such that =np,ie.
m-4+n—2
_ 1+ (n—2)p >0,
l=p

we get

1 -2 -1 _

1(+ph)a2+a3+"'+an > T_pag(agag---an)i—z{.
Adding this inequality and the analogous inequalities for as, - - - , a, yields the inequality (*).
Thus, the proof is completed. The equality holds for a; = as =--- =a, = 1.

]

P 2.109. Let aq,as,...,a, be nonnegative real numbers such that ay +as +---+a, > n. If
1<k<n+1, then

ai
e <1.
ay +as+---+ay

(Vasile Cirtoage, 2006)

Solution. Using the substitutions

and

the desired inequality becomes

Z1 T
k—1,.k ot k—1,.k =
s + T+ 2y 1+ a2+ F STy

where s > 1 and 1422+ - -4z, = n. Clearly, if this inequality holds for s = 1, then it holds
for any s > 1. Therefore, we only need to consider the case s = 1, when a;+as+---+a, = n,
and the desired inequality is equivalent to

a1 a2 Qp,

k + Iy
ai —a;+n ay—ax+n a an +n
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By Bernoulli’s inequality, we have

a¥ —ar+n>1+kla;—1)—a+n=n—k+1+(k—1a >0.

Consequently, it suffices to prove that

n

a;
<1.
Zn—k+1+(k,’—1)ai =

=1

For k = n + 1, this inequality is an equality. Otherwise, for 1 < k < n + 1, we rewrite the

inequality as
n

1
217
izln—k:—i-l—i—(k—l)ai

which follows from the AM-HM inequality as follows:

n

=1

= i=1

The equality holds for ay = ay =--- =a, = 1.

P 2.110. Let aq,ao,...,a, be positive real numbers such that ajas -

(431
e <1
ay +as+---+ay

1
n—1
Case 1: 1 < k <n+ 1. By the AM-GM inequality, we have

a1 +ay+---+a, >nJaay---a, > n.

Thus, the desired inequality follows from the preceding P 2.1009.

Solution. Consider two cases: 1 <k<n-+land k>n—

1 n?
>
Zln—k:—i—l—f—(k;—l)ai_zn n—k+1+(k—1)a]

cean, > 1. If k> 1, then

(Vasile Cirtoaje, 2006)

1
Case 2: k> n — —7 Let r = {/ajaz - a, and b; = a;/r for i = 1,2,--- ,n. Note that
n_

r > 1and biby---b, = 1. The desired inequality can be rewritten as

b
> L <1.
rF1bE by + - 4 by,
Obviously, it suffices to prove this inequality for » = 1; that is, for

aias - - a, = 1.
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On this hypothesis, it suffices to show that there exists a real p such that

—1 p
k (n )al + p p al p S L
ay+ay+---+a, ay+ay+---+an
Then, adding this inequality and the analogous inequalities for as, - - - , a, yields the desired

inequality. Let us denote t = »Vasy -+ a,. By the AM-GM inequality, we have
ag+--4a, > (n—0t, dhb+---+a > (n—1)¢".

Thus, it suffices to show that

(n—1)a al -1

a¥ +(n—1t af+ (-1 —

Since a; = 1/t"~1, this inequality is equivalent to
(n—1Dtt"—1)— (7™ —=1) > 0,

where
q¢=(n—-1)(k-1).
Choose p such that (n — 1)n = g — np, i.e.

(n—1)(k—n—1)

p —_=
The inequality becomes as follows:
(n— 1t — 1) — [t"V — 1] >0,

(n— D" — 1) — (" = D2+ 4 4 1) > 0,
(" — D[ =72 + (17— ) 4+ (19— 1)] > 0.

The last inequality is clearly true for ¢ > n? — 2n; that is, for k > n —

n—1
The equality holds for a1 = ay =--- =a, = 1.
O
P 2.111. Let ay,as,...,a, be positive real numbers such that ajas---a, > 1. If
-1 - <k<1,
n JR—
then

a1
e > 1.
ay +azs+---+ay

(Vasile Cirtoaje, 20006)
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Solution. Let us denote r = Yajas - - a, and b; = a;/r for i = 1,2,---  'n. Note that r > 1
and byby - --b, = 1. The desired inequality becomes

b1
>1
Zblf/rl_k—f—bg‘i“’—bn -

and we see that it suffices to prove it for r = 1; that is, for a;as - - - a,, = 1. On this hypothesis,
by the Cauchy-Schwarz inequality, we have

Z a]f+a2 a1 > (>-a1) (> a1)

toda, T Ya(dftart o ta,) Satt 4 (Ca) - a2

Thus, we still have to show that
OIS P

Case 1: —1 < k < 1. Using Chebyshev’s inequality and the AM-GM inequality yields

a2 (Sal) (St 2 meas o™ Xt = Tl

Case 2: —1 — < k < —1. It is convenient to replace ay,as,--- ,a, by
n —_—
—1)/2  (n—1)/2 _
agn )/ ’@gn )/ . ’a7(1n 1)/2’

respectively. Thus, we need to show that a,as - - - a, = 1 involves
D aiTt =) dl,

(n—1)(1+k)
5 ;

where

q= -1<¢g<0.

By the AM-GM inequality, we get

n-— n—1
Za?flzzCLQ —2_;‘(171 ZZGQ"'an:Zail-

Thus, it suffice to show that

DD I

By Chebyshev’s inequality and the AM-GM inequality, we have

Zail > % <Z al_l_q> <Z a‘f) > (ayag -+ - a,) " FOM (Z a‘{) = Za‘{.

Thus, the proof is completed. The equality holds for a1 = ay, =--- =a, = 1.
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P 2.112. Let a1, ao,...,a, be positive real numbers such that ajas---a, = 1. If k > 0, then

1
> — <1
CL1~|>CL2+"-+

Qn,

(Vasile Cirtoaje, 2006)

Solution. Consider two cases: 0 < k<1 and k > 1.

Case 1: 0 < k < 1. By the Cauchy-Schwarz inequality and the AM-GM inequality, we
have

1 R N R
af +az+-tan T (\fay+Jag+ -+ fay)
al ™" 4n—1 aF4n—1

D123 ien U0~ doar+n(n— 1)

hence

ad+ay+--+a, ~ da+nn—-1)"
Therefore, it suffices to show that

CL% ~ aj.
IILREDY

Indeed, by Chebyshev’s inequality and the AM-GM inequality, we have

Z ap = Z ap - 1_k > % (Z a]f> (Z a}_k> > (aray- - an)k/” (Z a}_k> = Z a%_k

Case 2: k > 1. Write the inequality as

n—1 al
Z k + P Iz p_l <0,
a1+a2+"‘+an a1+a/2+"'+an

where p > 0. It suffices to show that there exists a positive number p such that

_ p
n—1 ay <1l

+
af +ay+---+a, df +ay+---+ap ~

Let
r= "Va, x>0.
By the AM-GM inequality, we have
n—1 n—1

Qo 2 (0= 1) Va = e =

and 1 1
n — n —
aytotan 2 V(e = s =
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Thus, it is enough to show that

_ (n=1)p
n—1 T <1,

n— + n—1 —
x(n—l)k + Tl Q;(”—l)P + x_Pl

which is equivalent to
x 1

<
=Dkt 4 — 1 = g+ — 1’
g DRFL gt (g — 1) (z — 1) >0,

p"P [(x(”_l)k_”p —1] = (n=1)(z—1) > 0.

Choose p such that (n — 1)k —np=n—1, i.e.

b= (k:—l)n(n—l) -0

The inequality becomes as follows:
g (" =1 = (n—1)(z — 1) >0,

(z—1) [ = 1)+ @2 = 1) + -+ (2™ = 1)] > 0.

Since the last inequality is obvious true, the proof is completed. The equality holds for
ap=ay=---=a, = 1.

O

P 2.113. Let ay,ao,...,a, be nonnegative real numbers such that ay +as + -+ +a, < n. If
0<k<1, then

1 1 1
k + k Tt k
ai +ay+---+a, ar+tay;+---+a, ay+ag+---+ap

Solution. By the AM-HM inequality

n? n?

1
> =
Za’f+az+---+an_Z(a’f+a2+---+an) Yai+(n—1)>a

and Jensen’s inequality
1 k
E a’f <n (ﬁ E al) ,

we get

1
> = > ; >
af +as+ -+ +ap n(%zal) +(n—1)>a
The equality holds for a1 = ay =--- =a, = 1.
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P 2.114. Let ay,as,...,a, be positive real numbers. If k > 1, then

Za’;+a’§+~-+a§§ <n(a’f+a’§+~~+aﬁ)
ag+az+---+a, T artart-+a,

(Wolfgang Berndt and Vasile Cirtoaje, 20006)

Solution. Due to homogeneity, we may assume that a; + as + ... +a, = 1. Write the
inequality as follows:

ax ko k k ko k k
1+ ay +as+---+a,) <nlay +ay+---+a,);
Ej( aﬁmmw)(z : ) < n(al + b )

Sa’f—l—a’;—i----—kafl;

Zal(a§+al§+"'+aﬁ)
Qs+ az + -+ ay

k k k
ay +as+---+a
as +as3+---+ay,
Z arag(ah™ —ab ™) + agaz(al™t —af ) + -+ apan(af T — ak )
as +az+---+ay,

k-1 k—1 k-1 k—1
a;a; + = U,
1—a; 1—a,

1<i<j<n

3 aza;(al! — ai ) (a; — ay) -

<iTien (1 —ai)(1—ay)

Since the last inequality is true for & > 1, the proof is completed. The equality holds for
A = Qg =+ = Qp,.

]

P 2.115. Let f be a convex function on the closed interval [a,b], and let a1, as, . .., a, € |a,b]
such that
a; +as + - -+ a, = pa+ qb,

where p,q > 0 such that p+q =n. Prove that

flar) + flaz) + -+ + flan) < pfla) + qf ().
(Vasile Cirtoaje, 2009)

Solution. Consider the nontrivial case a < b. Since ay,aq,...,a, € [a,b], there exist
A1, A2, ooy Ap € [0, 1] such that

a,:)\za—{—(l—)\l)b, i:1,2,...,n.
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From B
a; —
)\i = 5 = 17 27 5 10y
p— 1 n
we have

3
3

P 2.116. If a,b, c are positive real numbers such that

a>1>b>c, abc =1,
then
1 1 1
+ +
V3a+1 3b+1 +3c+1
Solution. Let
by = 1/b, b > 1.
We claim that
1 1 1
+ > -
V3b+1  3bi+1 " 2

This inequality is equivalent to

1 b 1
+4)— > =
V3b+1 b+3 2
Making the substitution
1 1
=t =<t<I,
V3b+1 2
the inequality becomes
11—t
>1—t

3
> —.
-2

Z)\i: aib (ZCM-MJ) = (pa—i—ql;)_—b(p—f-q)b =p

(Vasile Cirtoaje, 2007)
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By squaring, we get
t(1—1)(1—2t)* >0,

which is clearly true. Similarly, we have
1 1 1
+ > -,
V3c+1 V3 +17 2

where
= 1/¢, c > 1.

Using these inequalities, it suffices to show that

1 1 1 1
——t -2 + ;
V3a+1 27 3 +1 3c+1
which is equivalent to
1 1 1 1
——t 52> + .
\/3[)161—}—1 2 \/3b1+1 \/301+1

According to P 2.88, the conclusion follows. The equality holds for a = b= ¢ = 1.

P 2.117. If ay,ao, ..., a, are nonnegative real numbers such that

a; <1<ay <---<ay, ar+as+ - +a, =n,

30/1 3@2 3an
/ N e / <n.
4—a1+ 4—a2+ + 4—an_n
Solution. Write the inequality as follows:

3CL1 3@2 3an
—1 —1 —1] <o.
( 4 — aq )+( 4 — ao >+ +< 4 — a, >_

a; — 1 a, — 1 a, — 1

then

(Vasile Cirtoaje, 2009)

+ Fot <0,
4—ay++/3a1(4—a1) 4—as+ +/3az(4— az) 4—a,++/3a,(4 — ay)
as — 1 a, — 1 <(a2—1)+---+(an—1)

+...+ < ,
4 —as++/3az2(4 — ay) 4—ap++/3a,(4 — ay) 4—a;++/3a:1(4 —ay)
(0,2—1)E2++(an—1)En ZO,
where

1

1
4—CL1+\/36L1<4—6L1) 4—(1j+ 3aj(4—aj)’

Ej: ]:2,,n
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It suffices to show that all £; > 0. The inequality £; > 0 is equivalent to

\/3aj(4 — aj) — \/ 3@1(4 — al) Z aj — aq,

3(a; —a1)(4 — a1 — a;)

Vast—a)+ ul—a)

This is true if

3a1(4—a1)+ 3aj(4—aj) S 3(4-@1 —(Ij).

We have

ar+aj—2<a;+a,—2=(1—a)+ -+ (1—a,1) <0

Denote
T = ay + aj,

Since

Tz < 2.

ai.

3ar(d—ar) + 4/30;(4 — 0j) < \/2Bar(4 — ar) + 3a;(4 — a)] < V2dx — 322,

it suffices to show that

V24x — 322 < 3(4 —

which is equivalent to the obvious inequality

z),

(2—2)(6—1x)>0.

The equality holds for a1 = ay =---=a, = 1.

P 2.118. If a,b,c are positive real numbers and

B 2a B 2b
c+a’

b+c’

then
1 1

+ +
Vir+4  Jhy+4

Solution. Write the inequality as follows:

10a + 4b + 4c

Z5(b—a)+5(c—a)

A

2c
Z:
a+b’
Lo,
bz +4

120

(Vasile Cirtoaje, 2021)
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1 1
S0 (z-5) =0
Sla—b)(A-B) >0

where
A =10a + 4b + 4c + 3/ (b + ¢)(10a + 4b + 4c),
B = 10b + 4c + 4a + 3+/(c + a)(10b + 4c + 4a).
Since
A-B
— = 2(a —b) + /(b + c)(10a + 4b + 4c) — \/(c + a)(10b + 4c + 4a)
b+ 2(a —b)(c —2a —2b)

V(b +¢)(10a + 4b + 4c) 4+ /(¢ + a)(10b + 4c + 4a)
we only need to show that

> (a—1)*Cy >0,

where 5 %%
Cy =1+ c_ca- :
V(b4 ¢)(10a + 4b + 4c) + /(c + a)(10b + 4c + 4a)

Since ) ;

Ci>1— (a+b)

V/b(10a + 4b) + /a(10b + 4a)
2
o1 (a+0b) o1 2(a+0b) o,
V/b(10a + 4b) + a(10b + 4a) V4(a% + b2 + 2ab)

the conclusion follows.
The equality holds for a = b = c.

P 2.119. If a,b, ¢ are nonnegative real numbers such that ab+ bc + ca = 3, then

V(@ +3b)(a+ 3¢) + /(b4 3¢)(b+ 3a) + v/(c + 3a)(c + 3b) > 12.
(Vasile Cirtoage, Cruz Mathematicorum, 5, 2023)

Solution. Since

—9(b — ¢)?

2v/(a + 3b)(a + 3¢c) — 2a — 3(b+c) = 2y/(a+3b)(a+3c) +2a+30b+c)

we may write the inequality as follows:

(b—c)?
a+3c)+2a+30b+c)

8(a+b+c—3)2922\/(a+3b)<
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(b—c)?

i [a+b+c_\/3(ab+bc+ca)] 2922\/(a+3b)(a+3c)+2a+3(b+c)’
(b—c)? (b—c)?
4Za+b+c+ V/3(ab + be + ca) Z922\/(a+3b)(a+3c)+2a~|—3(b+c)’

A(b—c)*+ B(c—a)*+C(a—1b)*>0,

where

8v/(a + 3b)(a + 3c) — a+ 3(b+ c) — 9y/3(ab + bc + ca)
2y/(a + 3b)(a + 3¢) + 2a+ 3(b+ ¢)
If A>0, B>0,C >0, then the conclusion follows. The inequality A > 0 is equivalent to

A=

8v/(a+ 3b)(a+3c) —a+3(b+c) — 27 >0,

8vVa?+ 94 6bc—4a+3(a+b+c)—27>0.
Since 6bc > 0 and

a+b+c> \/3(ab—|—bc~|—ca)23,

it suffices to show that

8va2 + 9 —4a — 18 > 0,

that is

a2 +9>2a+9.
By squaring, the inequality becomes

4a® —12a + 21 > 0,

(2a — 3)* +12 > 0.
The equality holds for a =b=c=1.

Remark. The following generalization is valid (Vasile Cirtoaje):

e The largest positive value of the constant k such that

V(@ + kb)(a+ ke) + /(b + ke)(b + ka) + \/(c + ka)(c + kb) > 3(1 + k)
for all nonnegative real numbers a, b, c satisfying ab + bc + ca = 3 is

(14+v2)(1++3)

k(): 2

~ 3.2979.

Proof. For a = 0 and b = ¢ = /3, the inequality becomes
k+2V1+k> (1+k)V3,  2V1+k> (V3-1Dk+V3,  2(V3+1)V1+k > 2k+3+3.

By squaring, we get
2k — 2(1+V3)k —2 — V3 <0,
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which is equivalent to k& < kg. Thus, we only need to show that the inequality holds for
k = kgy. Since

(a+ kb)(a + ke) = a® + ka(b + c) + k*bc = a® + (k* — k)be + 3k,

we write the required inequality as

Va2 +mbe + 3k + Vb2 + mea + 3k + V2 +mab + 3k > 3(1 + k),

where
m=Fk —k~T75781 .

Assume that a > b > ¢, ¢c < 1. If c =1, then a = b = 1 and the inequality is true. Consider
next ¢ fixed, ¢ < 1, b as function of a,
3 —ca

b= ,
a-+c

and the desired inequality as
F(a) > 3(1+ k).
From a > b, we get

a>maq, m; = —c+Vc2+ 3.

Note that a has the minimum value m, for a = b. We will show that F'(a) > F(my) > 3(1+k).
To prove that F(a) > F(m;), we show that F'(a) > 0. From the hypothesis equation
ab + bc + ca = 3, we get

Y b+ c
a+c
a,nd 2 b/ be/ b b/
2 (a) = ——0 U +me mb+ab)
Va2 +mbe+ 3k Vb2 +mca+3k Ve +mab+ 3k
2a+ c)F'(a) = 2a(a + ¢) — me(b+ ¢) N me(a+c) —2b(b+c)  me(a—b) |
VA VB N
where

A = a® + mbc + 3k, B = b* 4+ mca + 3k, C = ¢ 4+ mab + 3k.
Sincea—b>0and C — B = (b—c)(ma—b—c) >0, we have

2a(a+c) —me(b+c¢) me(a+c)—2b(b+c) mc(a—Db)

2(a+c)F'(a) > i + 75 -7
~ 2a(a+c) —me(b+c) N me(b+c¢) —2b(b+ c¢)
Vi NG

2a(b+c) —me(b+c¢)  me(b+ c) —2b(b+ ¢)
> N + 75 7
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hence

2(a+c)F,(a) S 2a—mc+mc—2b_ 2(av/B — bW/ A) + me(vVA —/B)
b+c - VA vB VAB '

Clearly, we have F'(a) > 0 if

2(a®’B — b*A) N mc(A — B)
aVB+b0/A  VA+VB

> 0.
Since

a’B — b*A = mc(a® — b*) + 3k(a® — b*) > mc(a — b)(a® + ab + b?)
and A — B = a? —b? + mbc — mca = (a — b)(a + b — mc), we need to show that

2(a®> +ab+b*) a+b—mc

+ >0,
aVB+b/A  VA+VB ~

that is

CVA+ DVB >0,

where

C = 2(a® + ab+ b*) + b(a + b — me), D =2(a* + ab+ b*) + ala + b — me).
Since

C) > 2(a® + ab+ b*) + b(a + b — 8b) = 2a* + 3ab — 5b* = (a — b)(2a + 5b) > 0,

D > 2(a®+ ab+b*) + a(a + b — 8b) = 3a® — 5ab + 2b* = (a — b)(3a — 2b) > 0,

the inequality is true. Finally, we need to show that F'(m;) > 3(1 + k). Since a = m; when
a = b, it suffices to prove the homogeneous inequality

V(a+ kb)(a+ ke) + /(b + ke) (b + ka) + /(c + ka)(c + kb) > (1 + k)/3(ab + be + ca)

fora=b=1and 0 <c < 1. So, we need to show that

20/ (1 +k)(L+ke) +c+k>(1+Ek)\/32c+1).

By squaring, the inequality becomes

A —2(k* 4 3k + 3)c — 2k* — 2k + 1+ 4(c + k)/(k + 1)(kc+ 1) > 0.
Using the substitution kc+ 1= (k + 1)x?, hence

E+1)a2? -1 1
c:—<+)x , T >

k
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we need to show that
(k+ 1)%[z* + 4ka® — 2(k + 1)%2% + 4k(k — 1)z + 1 + 4k — 2k%] > 0,

that is equivalent to

(k+1)*(z = 1)*f(z) 2 0,

where f(z) = 22 +2(2k + 1)z + 1 + 4k — 2k? is an increasing function. So, it suffices to show
that

1
>0
f(x/k+1) B
Since 2v1+k = (V3 —1)k+ 3 and 2k* —2(1 4+ v/3)k —2 — /3 = 0, we have

1 1 2(2k +1
f( ) + 2k + )+1+4k—2k:2

VE+1) k+1 " VE+1
2k + D)VE+ 14245k +2k2 -2k (2k+ 1)[(vV3 — 1)k + V3] + 2 + 5k + 2k — 2k°
B VE+1 - VE+1
24 VB (AH3VBE+2VEEE -2k (14 k)2 + V3 +2(1+ V3)k — 247 Ly
- VE+1 B VE+1 e

For k = ko, the equality holds when a = b = ¢ = 1, and also when a = b= /3 and ¢ = 0 (or
any cyclic permutation).
O

P 2.120. If a,b,c are nonnegative real numbers such that ab + bc + ca = 3, then

\/2a+1+\/2b+1+\/20+1>3
3 3 3 =7

Solution. Assume that a > b > c. For fixed ¢, we may consider that a is a function of b.
By differentiating the equality constraint, we get

(Vasile Cirtoaje, 2008)

(b+c)d +a+c=0.
Writing the desired inequality as £ > 3, we have

a’ 1 B —(a+c) 1
V3(2a+1) " V3@2b+1)  (b+0¢)\/32a+1) " V3@2b+1)

We show that E'(b) <0, i.e.

E(b) =

a+c> 20+ 1
b+c — V20+1°
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By Bernoulli’s inequality, we have

2a+1 1+2(a—b)<1+a—b_a+b—l—1
Vor+r1 2+1 — 2%+1 2041

So, it suffices to show that

a+c S @ +b+1
b+c ™~ 2b+1 7
which is equivalent to the obvious inequality

(@a—b)(1+b—1c)>0.

Since E'(b) < 0, E(b) is decreasing, hence it is minimum for b = a. Thus, we only need to
prove the desired inequality for a = b > ¢. From ab + bc + ca = 3, it follows that

3-0
2b

Thus, the inequality can be written as

_b2
2\/1+26+\/1+3 ; > 3v/3.
[1+2

t = +_b’ 1<t< M<§7
3 3 4

the inequality turns into

1<b< V3,

C =

Substituting

2 _ 4
B4 =31,
2(3t> — 1)

By squaring, we need to show that
7 — 8t — 14t% + 24¢3 — 9t* > 0,

which is equivalent to
(1 —1)*(7+ 6t — 9t*) > 0.

This is true since
15 27
7T4+6t—9*=8—(3t—1)?2>8— (Z—l) =—>0.

The equality occurs for a =b=c=1.

Remark. Similarly, we can prove the following generalization:

e Let a,b, c be nonnegative real numbers such that ab + bc + ca = 3. If

143 — 15
k> ko= ‘/;—4 ~ 0.38536,
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\/a+k+\/b+kz+\/c+k 3
1+k 1+k 1+k 7

with equality for a =b=c = 1. If k = ko, then the equality also occurs for a = b= /3 and
¢ =0 (or any cyclic permutation).

then

]

P 2.121. If a,b,c are the lengths of the sides of a triangle such that a + b+ c = 2, then

a n b n c > 9
a?+bc  \ b2+ca 2+ab

(Vasile Cirtoaje, Math. Reflections, 2, 2024)

First Solution. Assume that a > b > ¢ and write the inequality in the homogeneous form

VI+y+Vz>2,
where
_ala+b+c) _bla+b+c) _cla+b+c)
~ 2(a?+be) V= 2(b2 +ca) ’ o7 2(c2 +ab)
Since (a— b) )b
a—0)a—c)+oc
— — >
I-e 2(a® + be 20,
c(2a —b) —bla—>b) _ (a—0)(2a—b) —bla—0b)  2(a—0b)?
- Yy = Z = - Y
2(b% + ca) 2(b% + ca) 2(0? + ca)
_(la=9b—c)tab
l1—2z= 2+ ab) >0,

we have \/z >z, \/y >y, \/z > z, therefore it suffices to show that
r+y+z>2,

that is
a b c 4
+ + > .
a?+bc bV 4+ca A+ab " a+b+c
By the Cauchy-Schwarz inequality, we have

a_ . b P (a+b+c)?
a?+be V+ca  A+4ab T ala®+be) +b(b? + ca) + (¢ + ab)

Thus, it is enough to prove that

(a+b+c)*>4(a®+b* + ) + 12abe.
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Substituting a =y + 2z, b = 2 + = and ¢ = z + y, where z,y, z > 0, we get
(a+b+c)® —4(a® +b* + c*) — 12abc = 24xyz > 0.

The equality occurs for a degenerate triangle with @ = b = 1 and ¢ = 0 (or any cyclic
permutation).

Second Solution (by Mohamed Amine). From b+ ¢ > a, we get

2b+c)>a+b+c=2, b+c>1.

2a
\/a2+bc \/b+c a2+bc) \/ab—i—c a2+bc) a(b+c)+ (a® + be)

~ala+b+c) 1 1 be ~a(b+c)
_a2+ab—|—bc+ca a2+ab—|—bc+ca_ ab+bc+ca  ab+be+ ca’

we have (b
+c
Z\/aQ—l—bc Zab—irbc—irca

Third Solution (by Theofilos Kanakaris). Let ¢ = ab+ bc + ca. From a < b+ ¢, we get

5 9 a a
a® <a(b+c), a® +be < q, ”a2+bcz\/g’
a n /b n c 2\/5+\/E+\[c-

a? + be b + ca 2+ ab Va

Thus, it suffices to show that

Since

Va+ Vb ++/e > 24,

(Va+ Vb ++/e)* > 4q,

By Holder’s inequality, we have
(Va+Vb+ Vo) (Va+ Vb+ Vo) + " + ) > (a+b+c)* =38,

- Watvitvps o -1

a?+b2+c2 2—q

So,
4 _ 2
(\/5+\/E+\/E)2—4q2—2_q—4q:—4(q DS

2—q

Remark. Actually, the original inequality holds for any positive real numbers a, b, ¢ such
that a + b+ ¢ = 2 (Pham Kim Hung, 2005).
O
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2n —
P 2.122. For given n > 3, prove that 15 the least positive value of the constant k
n

such that
as +as+---+ay, n—1

> S

ot ka; +az+as+---+a, E+n—-1
holds for any nonnegative real numbers ay,as, ..., a, with a; + as + - -+ + a, > 0.

(Vasile Cirtoaje, Math. Reflections, 1, 2025)
. : : n—1 o
Solution. For ay = --- = a, = 0, the inequality becomes n —1>n PR which is
n —
2n —

1 2n — 1
. To show that n is the least value of the constant k, we need

. n._ n -
to prove the inequality

Z\/ ag+a3—|—---—|—an Z /—n—l

2n—1)a; + (n—1)(ag +az+ -+ + ay)

equivalent to k >

cyc

Due to homogeneity, we may assume that a; + as + - - - + a,, = n. The requested inequality
becomes

al—l—n—l_ ar+n—1

Z _nTa >/n(n—1), (Z i > >n(n—1).

cyc cyc

By Horner’s inequality, we have

(Z m> (n—a1)*(as +n—1) > [Z(n — ai)] =n’(n—1)%

cyc cyc

So, it suffices to show that

n*(n —1)* > Z(n —a)*(ay +n—1),

cyc

(n+1)2a% > Za:{’jtnz.

cyc cyc

that is

For n = 3, the inequality reduces to the well-known inequality
(a1 + as + az)(aas + asaz + agay) > 9ajasas.

For n > 4, assume that a; = max{ay,as,...,a,} and write the inequality as follows:

> (=d} + (n+1)ai —n) >0,

cyc
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Z[—a? +(n+1)ad — (2n — 1)a; +n —1] >0,

cyc
Z(l —a1)?(n—1-a;) > 0.
cyc

For a; < n — 1, the inequality is clearly true. For a; > n —1, from a1 +as +---+a, =n it
follows that a; € [n — 1,n] and as, ...,a, < 1. So,

(n+1) Za%—z ai—n?> (n+1)a?—a—n*+a3(1—ay)+- - -+a’(1—a,) > (n+1)a®—ad—n?
cyc cyc
=(n—a)(al—a;—n)=n—a)ar(as —n+1)+(n—2)(a; —2) +n—4] > 0.

The proof is completed. The equality occurs when a; = ay = --- = a,, and also when n — 1
numbers a; are equal to 0.

[]



Chapter 3

Symmetric Power-Exponential
Inequalities

3.1 Applications
3.1. If @, b are positive real numbers such that a + b = a* + b*, then

a’’ <1< a® b’

3.2. If a, b are positive real numbers, then

a2a + be Z anrb i baer.

3.3. If a, b are positive real numbers, then

a® + b > a + b

3.4. If a,b are positive real numbers, then

a2a + b2b Z CL2b + b2(z'

3.5. If a, b are nonnegative real numbers such that a + b = 2, then
(a) a® +b° < 1+ ab;

(b) a?® +v%* < 1+ ab.

521
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2
3.6. If a, b are nonnegative real numbers such that 3 <a-+b<2 then

a® + % <1+ ab.

3.7. If a, b are nonnegative real numbers such that a? 4 b? = 2, then

a® +** <1+ ab.

1
3.8. If a, b are nonnegative real numbers such that a? + b? = 7 then

a® + % <1+ ab.

3.9. If a,b are positive real numbers, then

aabb S (a2 _ ab+b2)(a+b)/2.

3.10. If a,b € (0,1], then
a®’ <1 —ab+ a’bv°.

3.11. If a, b are positive real numbers such that a + b < 2, then

@) =

3.12. If a, b are positive real numbers such that a + b = 2, then

3
2a°0° > a® + b + Z(a —b)2

3.13. If a,b € (0,1] or a,b € [1,00), then

20" > a® + b,

3.14. If a, b are positive real numbers, then

20" > a® + b.
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3.15. If a>1>b >0, then
2a°b" > a® + b**.

3.16. If a > e > b > 0, then
200" > a?® + b

3.17. If a, b are positive real numbers, then

. (&2 + b2)(a+b)/2
a .
- 2

3.18. If a, b are positive real numbers such that a? + b? = 2, then

1
2a°0° > a® + b + §(a —b)2

3.19. If a,b € (0,1], then
1 1
(a® +b%) (— + —> <4

a2a b2b

3.20. If a, b are positive real numbers such that a + b = 2, then

a’b® + 2 > 3ab.

1
3.21. Let a,b be positive real numbers such that a +b=2. If k > 2 then

aakb bbka 2 1

3.22. If a, b are positive real numbers such that a + b = 2, then

aVepvh > 1.

3.23. If a, b are positive real numbers such that a + b = 2, then

1
a+1bb+1 < 1__ —b4.
“ s1-gle=?)
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3.24.

3.25.

3.26.

3.27.

3.28.

3.29.

3.30.

3.31.

3.32.

If a,b are positive real numbers such that a + b = 2, then

a”C+bh <2

If a,b € [0, 1], then
a4 b7 4 (a — b)* < 2.

If a,b are nonnegative real numbers such that a + b < 2, then

7
b—a a—b 2 <9

If a,b are nonnegative real numbers such that a + b < 4, then

ab—a + ba—b S 2.

If a,b are nonnegative real numbers such that a + b = 2, then

a® £ % > a4+ > a?h? + 1.

If a,b are positive real numbers such that a + b = 2, then

a® + 1% < 2.

If a,b are nonnegative real numbers such that a + b = 2, then

4
a4+ b 4 (aT_b) <2

If a,b are positive real numbers such that a + b = 2, then

a%—i—b%gl

If a,b are positive real numbers such that a + b = 2, then

a%—i—b%zl
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3.33. If a, b are positive real numbers such that a + b = 2, then

a5b2 + b5a2 S 2.

3.34. If a, b are positive real numbers such that a + b = 2, then

a2Vt + pPVe < 2.

3.35. If a, b are nonnegative real numbers such that a + b = 2, then

ab(l ; ab)2 < ab—i—l + ba+1 —9 < ab(l ; ab)2.

3.36. If a,b are nonnegative real numbers such that a +b = 1, then

a2b+b2a S 1.

3.37. If a, b are positive real numbers such that a + b = 1, then

200" > a?® + b

3.38. If a, b are positive real numbers such that a + b = 1, then

a4 p < 4.

3.39. If ay, as, ..., a, are positive real numbers such that a,as---a, = 1, then

1\“ 1\ 1\
1——) +(1-=) +--+(1-=) <n-1
n n n
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3.2 Solutions

P 3.1. Ifa,b are positive real numbers such that a + b = a* + b*, then
a’ <1< a® b’
(Vasile Cirtoaje, 2008)
Solution. We will use the inequality
Inxr<zr—1, x>0.
To prove this inequality, let us denote
flxy)=z—1—Inz, x>0.

From 1
flz)="—,

T

it follows that f(z) is decreasing on (0, 1] and increasing on [1,00). Therefore,
f() > F1) =0
Using this inequality, we have
Ina®t’ =alna+blnb<ala—1)+bb—1) =a® +b* — (a +b).

Therefore, the left inequality a®0® < 1 is true if a? + b? < a + b. We write this inequality in
the homogeneous form

(a* +0*)* < (a +b)*(a* +bY),
which is equivalent to the obvious inequality

ab(a — b)(a® — b*) > 0.
. L. . . .
Taking now x = — in the inequality Inz < x — 1 yields
a

alna > a—1.

Similarly,
blnb>0b—1,

hence
et =a®na+bIb>d*(a—1)+6*(b—1) =da®+ b — (a® + b?).

Thus, to prove the right inequality a® b > 1, it suffices to show that a® + b3 > a2 + b2,
which is equivalent to the homogeneous inequality

(a+0b)(a®+b*)® > (a* +b*)(a® + b*)°.
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We can write this inequality as

A—-3B >0,
where
A= (a+Db)(a”+b") — (a* +b")(a® +1°),
B = a*V*(a® + b*)(a* +b*) — a®b*(a + b)(a® + b%).
Since
A =ab(a® —b*)(a® —b°), B =a’b*(a—b)(a"—1°),
we get

A —3B = ab(a — b)*(a® — b°) > 0.

Both inequalities become equalities for a = b = 1.

P 3.2. If a,b are positive real numbers, then
6L2a + b2b > aa—f—b + ba—i—b‘
(Vasile Cirtoaje, 2010)

Solution. Assume that a > b and consider the following two cases.

Case 1: a > 1. Write the inequality as
aa-l—b(aa—b o 1) > be(ba—b o 1)

For b <1, we have

aa-l—b(aa—b _ 1) Z 0 b?b(ba—b o 1)

For b > 1, the inequality is also true since

Case 2: a < 1. Since
a®® 4+ b > 2a°b°,

it suffices to show that
2aabb > aa-i—b + ba-‘rb

a\?b b\“
— -] <2
(b) + (a) -
By Bernoulli’s inequality, we get

R O (e R O I

which can be written as
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The equality holds for a = b.

Conjecture 1. If a,b are positive real numbers, then
a4 bt > 202y 2t
Conjecture 2. If a,b,c are positive real numbers, then
@3 4 B 4 (3¢ > gathre | patbre 4 atbie

Conjecture 3. Ifa,b,c,d are positive real numbers, then

a4a + b4b + C4c + d4d Z aa+b+c+d 4 ba+b+c+d + Ca+b+c+d T da+b+c+d'

P 3.3. If a,b are positive real numbers, then
a® +b° > a4 "
(M. Laub, Israel, 1985, AMM)

Solution. Assume that a > b. We will show that if @ > 1, then the inequality is true. From

aafb Z ba7b7
we get
M>Mw
aa
Therefore,
bba a __ b a_ pa
aa+bb_ab_ba2aa+a _ab_ba:(a CL)(CL )20
a® a®

Consider further the case 0 < b <a < 1.

First Solution. Denoting

where ¢ > d and k > 1, the inequality becomes
& —dF>c—d.

¥ is convex for x > 0, from the well-known inequality

fle) = f(d) = fi(d)(c—d),

Since the function f(x) =z

we get

& —d* > kd" e — d).
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Thus, it suffices to show that
kd*=! > 1,

which is equivalent to
blfa“rb < a.

Indeed, since 0 < 1 —a+ b < 1, by Bernoulli’s inequality, we get
V't =14+ (b)) <14+ (1 —a+b)(b—1)=a—bla—b) <a.

The equality holds for a = b.

Second Solution. Denoting

R S
ab + ba7 ab + ba7
where ¢ +d =1 and k > 1, the inequality becomes
ck® +dk™" > 1.
By the weighted AM-GM inequality, we have
kO + dkP > kO . bt = facbd,
Thus, it suffices to show that ac > bd; that is,
a' =t > pie
which is equivalent to f(a) > f(b), where

Inz

It is enough to prove that f(x) is an increasing function. Since

fl(x) = %, g(x) = é —1+Inx.

we need to show that g(x) > 0 for z € (0,1). Indeed, from

J(x) = 5 !

= < 0,

it follows that g(z) is strictly decreasing, hence g(z) > g(1) = 0.

P 3.4. If a,b are positive real numbers, then

a2a 4 b2b Z G2b + an.
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Solution. Without loss of generality, assume that a > b. We have two cases to consider:
a>land0<b<a<l.

Case 1: a > 1. From
a2(a—b) > b2(a—b)’

we get
2b1.2
B > a“’b*
- a2a

Therefore,

2b1.2a 2a 2b 2a 2a

a*’b a*® —a**)(a*® — b
a2a+62b_a2b_b2a2a2a+ > _a2b_b2a:( )( )20
a2a a2a

because a?* > a2’ and a?* > b%e.

Case 2: 0 < b < a < 1. Denoting

where ¢ > d and k > 1, the inequality becomes
C2k . d2k Z C2 o d2.

We will show that
A — d?* > k(cd)"H (P - d?) > & — dP.

The left inequality follows from Lemma below for = (c¢/d)®. The right inequality is
equivalent to

E(cd)* ' > 1,
b
b a—b e
(@) > 2,
l1+a—b
—1 Inb.
r— na>lInb
For fixed a, let us define
l1+a—0
f(b) o e nb
If f/(b) <0, then f(b) is strictly decreasing, and hence f(b) > f(a) = 0. Since
-2 1
") = ——Ina— -
/' (0) Ao 3
we need to show that g(a) > 0, where
1 — 2
g(a) =2Ina+ ﬂ.

b
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From
2 2(1—a+b) 2a—>b)(a—1)

/ _ - — —
g(a‘)_a b ab <07

it follows that g(a) is strictly decreasing, therefore g(a) > ¢g(1) = b > 0. This completes the
proof. The equality holds for a = b.

Lemma. Let k and x be positive real numbers. If either k > 1 andx > 1, or 0 < k <1 and
0<x<1, then

aF—1>ka'T (93—1)
Proof. We need to show that f(xz) > 0, where
fz) =a* —1—ka'z (:r—l)

We have
f(x)=zkx = g(x), g(z)= 20T — (k+ 1Dz +k—1.

(k+1) (255 —1) >0,

) =
g(x) is increasing. If x > 1, then g(x) > ¢g(1) =0, f(z) is increasing, hence f(z) > f(1) =
If 0 <z <1, then g(z) < g(1) =0, f(x) is decreasing, hence f(z) > f(1) = 0. The equality
holds for x = 1.

Since
g (z

Remark. The following more general results are valid ( Vasile Cirtoaje, 2006):

o letD<k<e.
(a) Ifa,b>0, then
aka + bkb Z akb + bk’a;

(b) Ifa,be (0,1], then
2V akapkt > g*b 4 pke

Notice that these inequalities are known as the first and the second Vasc’s power exponential
inequalities.
Conjecture 1. If0 < k < e and either a,b € (0,4] or 0 <a <1<b, then

2V akabkb > " 4 phe
Conjecture 2. If0 <a <1<b, then
2v/q3ab3b > ¢ 4 pie,
Conjecture 3. If a,b € (0,5], then
2a°" > a® + b*.

Conjecture 4. Ifa,b € [0,5], then

2 2\ (a+d)/2
(CL ;b) Za?b_{_bZa‘
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P 3.5. If a,b are nonnegative real numbers such that a + b = 2, then
(a) a’ +b* <1+ ab;
(b) a?® +b** < 1+ ab.
Solution. Without loss of generality, assume that a > b. Since
0<b<1, 0<a-1<1,
by Bernoulli’s inequality, we have
ab < 1+bla—1)=1+b-"b

and
b =b-0"""<b[1+ (a—1)(b—1)] =b*2-b).

(a) We have
A’ +0"—1—ab< (1+b—0)+0*(2—-b) —1—(2—=b)b=—bb—1)*<0.

The equality holds for a =b =1, for a =2 and b =0, and for a =0 and b = 2.
(b) We have

a4+ b —1—ab< (1+b—b")> +0*2—-0)*—1—(2—-b)b
=b03(b—1)*(b—2) = —ab*(b— 1) <0.

The equality holds for a =b =1, for a =2 and b =0, and for a =0 and b = 2.

2
P 3.6. If a,b are nonnegative real numbers such that 3 <a+b<2, then

a® +b** <1+ ab.
(Vasile Cirtoaje, 2007)

Solution. Assume that
a > b.

From2\/%§a+b§2, we get
ab < 1.

There are two cases to consider: a +b<1land a+b > 1.

2
Case 1:

'3 <a+b<1. Since 2b < 1, by Bernoulli’s inequality, we have

a® <14 2b(a—1) =1+ 2ab — 2b.
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Therefore, it suffices to show that
(14 2ab — 2b) + b** < 1+ ab,

which is equivalent to
ab + b** < 2b.

For 2a > 1, this inequality is true since
ab<b, b**<b.
For 2a < 1, by Bernoulli’s inequality, we have
b** < 1+2a(b—1) =1+ 2ab— 2a.
Therefore, it suffices to show that
(1 +2ab — 2b) + (14 2ab — 2a) < 1+ ab,

which is equivalent to
1+ 3ab <2(a+0).

Indeed, we have

4+ 12ab —8(a +b) <4+ 3(a+b)* — 8(a +b)
=(a+b—2)[3(a+b) —2] <0.

Case 2: 1 <a+b< 2. Fora,b<1, by Bernoulli’s inequality, we have
a® = (a®)* <1+b(a®>—1)=1—b+ a’b,

V= 1) <14+ad*—1)=1—a+ab?

hence

a®+0* —1—ab<(1—b+a’b)+ (1—a+ab®)—1—ab
=(1—-ab)(l1—a—10)<0.

Consider further that a > 1 > b. By Bernoulli’s inequality, we have
a* <1+bla—1)=ab+1—b,
b2a — bafl A ba+1 S ba+1 — b2 X bafl S b2[1 + (CZ o 1)(b o 1)]
=b*(ab+2—a—D).
Therefore, it suffices to show that

(ab+1—0b)2+b*(ab+2—a—0b) <1+ ab,
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which can be written as
1+ab— (ab+1—b)*>b*(ab+2—a—Db).

Since
1+ab— (ab+1—0b)?=0bB,

where
B =(2—a—b)+2ab— a*h > 2ab — a’b = ab(2 — a),

it is enough to prove that
ab*(2 —a) > b*(ab+2 —a —b),
which is equivalent to the obvious inequality
b*(a—1)(2—a—b) > 0.
The equality holds for a = 0 or b = 0. If a+b = 2, then the equality holds also for a = b = 1.

Remark. Actually, the following extension is valid:

o [fa,b are nonnegative real numbers such that

§a+b§27

DO | —

then
a® +** < 1+ ab.

P 3.7. If a,b are nonnegative real numbers such that a* + b* = 2, then
a® +p?* < 1+ ab.
(Vasile Cirtoaje, 2007)

Solution. Without loss of generality, assume that a > 1 > b. Applying Bernoulli’s inequal-
ity gives
a’ <1+4bla—1),

hence
a® < (1 +ab—b)%

Also, since 0 < b < 1 and 2a > 2, we have

b < b2
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Therefore, it suffices to show that
(1+ab—b)?+b* <1+ ab,

which can be written as

b(2 + 2ab — a — 2b — a®b) > 0

So, we need to show that
2+2ab—a—2b—a’b >0,

which is equivalent to
41 —a)(1 —b) + a(2 — 2ab) > 0,

4(1 —a)(1 —b) + ala — b)* > 0.

Since a > 1, it suffices to show that
4(1 —a)(1 —b) + (a — b)* > 0.
Indeed,

41 —a)(1—=b)+(a—b)?*=—4(a—1)(1 —=b) +[(a — 1) + (1 = b)]?
=[(a—1)- 1= =(a+b—-2)*>0.

The equality holds for a = b= 1, for ¢ = v/2 and b = 0, and for a = 0 and b = /2.

1
P 3.8. If a,b are nonnegative real numbers such that a* + b*> = ~, then

a® +p?* < 1+ ab.
(Vasile Cirtoaje, 2007)

1
Solution. From a? + b? = 7 it follows that

a,b <

9

N | —

1 1
ab: E(Cl+b)2 — g,

1
a—l—bZ va2+b2:§,
1
a—!—bﬁ \/2(a2+b2)zﬁ.

Applying Bernoulli’s inequality gives

a® <14 2b(a—1) =1 — 2b+ 2ab,
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b** < 1+2a(b—1)=1—2a + 2ab.
Thus, it suffices to show that

(1 —2b+ 2ab) + (1 — 2a + 2ab) < 1 + ab,

1+ 3ab <2(a+0),

w

1+g(a+b)2——§2(a+b),

1 )
- — —— ] <0.
<a—|—b 2) (a—i—b 6)_0

The left inequality is true since

0¢)

1
a+b< —<

V2

1
The equality holds for a =0 and b = 2 and for a = 5 and b = 0.

— | Ot

Remark. Actually, the following extended result is valid:

e Ifa,b are nonnegative real numbers such that

1

<+t <
g trss

then
a® +** < 1+ ab.

1
This inequality is a consequence of Remark from P 3.6 (since 1 < a? + b < 2 involves

1
§§a—|—b§2).

P 3.9. If a,b are positive real numbers, then

aabb S (a2 _ ab+b2)(a+b)/2.

Solution. By the weighted AM-GM inequality, we have

a-a~|—b-b2(a+b)a#bb%+b,
2 2\ a+b
(a —I—b) s
a+b

a2 + b2\
a—l—b) ’

Thus, it suffices to show that

a® —ab+ b > (
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which is equivalent to
(a+b)(a® + %) > (a® + b*)?,

ab(a — b)* > 0.
The equality holds for a = b.

P 3.10. If a,b € (0,1], then
a®® <1 —ab+ a*b%.

(Vasile Cirtoaje, 2010)

Solution. We claim that
¥ <1—x+2?

for all x € (0,1]. If this is true, then

1 —ab+a®b? —a"t’ > 1 —ab+a®b* — (1 —a+a*)(1 —b+b?)
= (a+0b)(1—a)(1—0b)>0.

Thus, it suffices to show that f(z) <0 for x € (0, 1], where

f(r)=2zlnz —In(z* — 2+ 1).

We have ) .
l’_
f/(l') = 11117 + 1— m,
() = (1—2)(1 —2x — 2% — %)
z(x? — x4 1)2

Let 71 € (0,1) be the positive root of the equation z* + 2? + 2z = 1. Then, f’(z) > 0
for z € (0,21) and f"(z) < 0 for x € (x1,1), hence f’ is strictly increasing on (0, ;] and
strictly decreasing on [zy,1]. Since lim, ¢ f'(z) = —oo and f’(1) = 0, there is x5 € (0, 21)
such that f'(x9) =0, f'(z) <0 for x € (0,22) and f'(z) > 0 for x € (z3,1). Therefore, f is
decreasing on (0, z5] and increasing on [zs, 1]. Since lim, o f(z) = 0 and f(1) = 0, it follows
that f(z) <0 for € (0,1]. The proof is completed. The equality holds for a = b = 1.

[

P 3.11. If a,b are positive real numbers such that a +b < 2, then

3+ () =2

(Vasile Cirtoaje, 2010)
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Solution. Using the substitution a = tc and b = td, where ¢, d,t are positive real numbers
such that ¢ +d =2 and t < 1, we need to show that

(B (2) =2
f(6) <2,

f(t) = A* + B, A:@f,B:(%i

Cc

Write this inequality as

where

Since f(t) is a convex function, we have
f(t) <max{f(0), f(1)} = max{2, f(1)}.
Therefore, we only need to show that f(1) < 2; that is,
2c¢d > 2 + d.
Setting c =1+ 2z and d = 1 — x, where 0 < x < 1, this inequality turns into
(1+2)" (1 —2)" > 1+ 27,
which is equivalent to f(z) > 0, where
fz) =14+ z)In(1+2)+ (1 —2)In(l —z) — In(1 + 22).
We have

2x
14 22’

1 1 2(1 —2?%) 82

ff(x)=In(1+z)—In(1—2) —

Tlir 1 (122 A—(i+ae

Since f”(x) > 0 for x € [0,1), it follows that f’ is increasing, f'(z) > f'(0) = 0, f(x) is
increasing, hence f(x) > f(0) = 0. The proof is completed. The equality holds for a = b.
O

/()

P 3.12. If a,b are positive real numbers such that a + b = 2, then

3
2a°" > a® + 6> + Z(a —b)2.

(Vasile Cirtoaje, 2010)
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Solution. According to the inequalities in P 3.5-(b) and P 3.11 (for a + b = 2), we have
a®+ b <1+ab

and
200" > a® + b°.
Therefore, it suffices to show that

a2+b221+ab+§l(a—b)2.

which is an identity. The equality holds for a = b = 1.

P 3.13. Ifa,b € (0,1] or a,b € [1,00), then

20°0° > a? + b,

Solution. For a = x and b = 1, the desired inequality becomes
20 > +1, z>0.
If this inequality is true, then
4a°" — 2(a* +b*) > (a* + 1)(0* + 1) — 2(a* + b*) = (a* = 1)(B* — 1) > 0.
To prove the inequality 22 > 2% + 1, we show that f(z) > 0, where

f(z)=In2+znz —In(2? + 1).

We have 5
x
fi(z)=Inz+1-— o
f//(ZL') o mZ(‘T + 1>2 + (:E - 1)2
B x(z? +1)2

Since f”(x) > 0 for x > 0, f’ is strictly increasing. Since f’(1) = 0, it follows that f'(z) <0
for z € (0,1) and f'(z) > 0 for z € (1,00). Therefore, f is decreasing on (0, 1] and increasing
on [1,00), hence f(x) > f(1) = 0 for x > 0. This completes the proof. The equality holds
fora=0b=1.

[

P 3.14. If a,b are positive real numbers, then
200" > a® + b2

(Vasile Cirtoaje, 2014)
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Solution. By Lemma below, it suffices to show that
(a* — 2a® + 4a® — 2a + 3)(b* — 20 + 4b* — 2b + 3) > 8(a® + V?),
which is equivalent to A > 0, where

A =a'b* — 2a°b*(a + b) + 4a*b*(a® + b* + ab) — [2ab(a® + b*) + 8a*b*(a + b)]
+ [3(a* + b*) + dab(a® + b*) + 16a*b?] — [6(a” + b*) + Sab(a + b)]
+ 4(a® + b* + ab) — 6(a + b) + 9.
We can check that
A=[a®* —abla+b)+a®+b*— 1>+ B,

where

B =a’b*(a + b)* — 6a*b*(a + b) + [2(a* + b*) + 4ab(a® + b?) + 16a°b?
— [6(a® + ) + 10ab(a + b)] + [6(a® + b*) + 4ab] — 6(a + b) + 8.

Also, we have

B = [ab(a + b) — 3ab+ 1)* + C,

where
C =[2(a* + b*) + 4ab(a® + b*) + 7a®b?] — [6(a® + b*) + 12ab(a + b)]
+ [6(a® + b*) + 10ab] — 6(a + b) + 7,
and
C = (ab—1)*+2D,
where

D =[a* + b* + 2ab(a® + b*) + 3a®b*] — [3(a® + b*) + 6ab(a + b)]
+3(a+b)* —3(a+b) + 3,

It suffices to show that D > 0. Indeed,

D =[(a+b)* — 2ab(a + b)* + a*V?] — 3[(a + b)* — ab(a + b))
+3(a+b)?*—3(a+b)+3
=[(a+b)*> — ab]®* — 3(a + b)[(a + b)* — ab] + 3(a + b)* — 3(a +b) + 3

= (a+b)2—ab_;(a+b)r+3<a+b )

This completes the proof. The equality holds for a = b = 1.
Lemma. If z > 0, then
1
> x4+ Z(x —1)*(2® + 3).
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Proof. We need to show that f(z) > 0 for z > 0, where

f(x)=Ind+zlnz —Ing(r), g(z)=2a"—22"+42® — 22 + 3.

We have . )
Fla) =1+ — 2(22° — 3z° + 42 — 1)
9(z) ’
(2) 2 4 62t — 320% + 4822 — 322 +9 (v — 1)*h(x)
i = = s
9*() 9*(z)
where
h(z) = 2% 4+ 22° + 32 + 42® 4+ 112% — 142 + 9.

Since

h(x) > T2° — lda +7=T(z — 1)* > 0,
we have f”(x) > 0, hence f’ is strictly increasing on (0, 00). Since f/'(1) = 0, it follows that
f'(z) <0 for x € (0,1) and f'(z) > 0 for z € (1,00). Therefore, f is decreasing on (0, 1]
and increasing on [1,00), hence f(z) > f(1) =0 for x > 0.
[

P 3.15. Ifa>12>b>0, then
2a°0° > a®® + b*.

Solution. Taking into account the inequality 2a%b® > a® + b* from the preceding P 3.14, it
suffices to show that
@+ b > a® 4 b
This inequality follows immediately from a? > a?* and > > b**. The equality holds for
a=0b=1.
O

P 3.16. Ifa>e>b> 0, then
2(labb Z CL2b + bZa'

Solution. It suffices to show that a®b® > a? and a®® > b>**. Write the first inequality as

b
a—b > (g)
a =\p y

a1 >z, r=->1

a
b
Since a*~1 > ¢!, we only need to show that

e$—1 Z x’
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which is equivalent to f(x) > 0 for x > 1, where
flz)=x—1—Inzx.

From ]
"(2)=1—-=>0
fl)=1-1>0
it follows that f is increasing on [1, 00), therefore f(z) > f(1) =0.
Write the second inequality as
b “ —b
-] 7 <,
a

b " < 1, r=-<1.

SHESY

Since b!7% < ¢! we only need to show that
el <1,
which is equivalent to f(z) < 0 for < 1, where
f(z)=lnzx+1—=x.

Since .
f/<w):__1207
T

[ is increasing on (0, 1], therefore f(z) < f(1) = 0. This completes the proof. The equality
holds for a = b = e.
[l

P 3.17. If a,b are positive real numbers, then

First Solution. Using the substitution a = bx, where x > 0, the inequality becomes as

follows:
bz+b
2

(bz)>"b® > w
- 2 )
a1\ 7

Ty > -z

x+1

bx—l—lxm > bz—i—l <l’2 + 1) °
= 9 )
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xz+1

2+1\ 2
x> .
=)

It is true if f(x) > 0 for all z > 0, where

T 1. 2241
= Inz — =1
f@) = yme—gn—
We have . . (@)
z g(x
!/ :—1 _ _
@) (x +1)2 n$+x+1 22+1  (x+1)
where 24
x J—
—Ilnz—
9(z) ne 2 +1
Since 21y
g/(ﬁ) (Q? - ) 20’

)
g is strictly increasing, therefore g(x) < 0 for z € (0,1), g(1) = 0, g(z) > 0 for = € (1, c0).
Thus, f is decreasing on (0,1] and increasing on [1,00), hence f(x) > f(1) = 0. This
completes the proof. The equality holds for a = b.

Second Solution. Write the inequality in the form

2 2
alna+blnb > a;blna ;b .

Without loss of generality, consider a + b = 2k, k > 0, and denote

a=k+z, b=k—2 0Z2x<k.
We need to show that f(x) > 0, where

fx)=(k+z)In(k +2)+ (k—2)In(k — ) — kIn(2* + k?).

We have oL
, T
. 1 1 2k (2% — k?)
P = Y= T ey

8k2 12
(k2 — 22) (22 + k2)2°

Since f"(z) > 0 for x > 0, f’ is increasing, hence f'(x) > f’(0) = 0. Therefore, f is
increasing on [0, k), hence f(x) > f(0) = 0.

Remark. For a + b = 2, this inequality can be rewritten as

2a°0° > a® 4 b2,



Symmetric Power-Exponential Inequalities 545

(2

Also, for a + b = 1, the inequality becomes

2a2ab2b > CL2 + b2’

> (57 (2)

P 3.18. If a,b are positive real numbers such that a*> + b*> = 2, then

1
2a°" > a® +b** + i(a —b)2
(Vasile Cirtoaje, 2010)
Solution. According to the inequalities in P 3.7 and P 3.17, we have
a® +?* <1+ ab

and
a®d’ > 1.

Therefore, it suffices to show that
1 2
2> 1+ab—|—§(a—b) ,

which is an identity. The equality holds for a = b = 1.

P 3.19. Ifa,b € (0,1], then

1 1
(a2 —|— b2) (ﬁ + ﬁ) S 4
(Vasile Cirtoaje, 201/)
Solution. For a = z and b = 1, the desired inequality becomes

1 2
2x> +x

= m, T € (O,l]

X

If this inequality is true, it suffices to show that

3—a? 3-10°
(a”+7) 1+a2+1+b2 -
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which is equivalent to
a?? (24 a* 4+ 0%) + 2 — (a> + %) — (a®> +b%)? > 0,

(24 a® + %) (1 —a*)(1 - b*) > 0.

1
To prove the inequality z%* > 3 + we show that f(z) > 0, where

— 2
1 2 1 2
f(:c):xlnx+§ln(3—x)—iln(l—irx), z € (0,1].

We have
x

T
'(r) =1+Inz— =
fl@)=1+le—oms — -3,

1 3+ 22 1 — a2

r (3—a2)2 (144220
(1—2)(9+ 6z — a?) 1—a?

(3 —x)? (1+22)%

HOE

We will show that f”(z) > 0 for 0 < x < 1. This is true if

9 + 6z — 23 1+
— > 0.
(3 —x)? (1+22)2

Indeed,
9+ 6x — 2° 1+ 9 I+ 1
z(3 — x)? (14 22)? >9w r(1+2)2 14z
Since f"(z) > 0, f’ is strictly increasing on (0, 1]. Since f’(1) = 0, it follows that f'(x) < 0
for x € (0,1), f is strictly decreasing on (0, 1], hence f(z) > f(1) = 0. This completes the
proof. The equality holds for a = b = 1.

> 0.

]

P 3.20. If a,b are positive real numbers such that a + b = 2, then
a’b® + 2 > 3ab.
(Vasile Cirtoaje, 2010)

Solution. Setting
a=14+z, b=1-—uzx, 0<zr <1,

the inequality is equivalent to

(1+2)7*(1 —2)" > 1 - 32”
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Consider further the nontrivial case 0 < z < and write the desired inequality as

f(z) >0, where

=
ek
fx)=(1—-2)In(1+2z)+ (1 +2)In(l —z) — In(1 — 327).

We have

11—z 1+x+ 6x
142z 1—2 1-—3x%
—f”(x): -1 _2(x2+1) 3(3x2+1)'

2 1—22 (1—2x?) (1 —3x2)2

fl()=—In(14+2)+In(l —z)+

Making the substitution
1
t=2% 0<t< 3

we get
1 3(3t+1) t+3 4t(5 — 9t)

if”(fﬂ) = (3t—1)2  (t—1) - (t—1)2(3t —1)? >0

Therefore, f'(z) is strictly increasing, f'(z) > f'(0) = 0, f(z) is strictly increasing, hence
f(z) > f(0) = 0. This completes the proof. The equality holds for a = b = 1.

]

1
P 3.21. Let a,b be positive real numbers such that a +b=2. If k > 3 then

aakbbbka Z 1
(Vasile Cirtoage, 2010)

Solution. Setting
a=1+z, b=1-—uz, 0<xr<l,

the inequality can be written as

(1+ )" In(1 + ) + (1 — )"+ In(1 — 2) >0

Consider further the nontrivial case 0 < x < 1, and write the desired inequality as f(z) > 0,
where

f@)=k1l—-2)In(l+2x)—k(l+2)In(l —z)+Inln(l +z) — In(—In(1 — x)).

It suffices to show that f’'(x) > 0. Indeed, if this is true, then f(z) is strictly increasing,
hence

f(z) > lim f(z) = 0.

z—0
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We have
o 2k(1+a?) ) 1 1
Flo) ==~k =)+ e Y Ao mi = o)
2k 1 1
S R R Y RYC i S SRy Ny G p——
N 1 . 1
“1—-22 (I+2)ln(l+z) (1—2)n(l—2x)
_ 9(@)
(1= 2?)In(1+2)In(1 —z)’
where

g@)=In(1+2)n(l—2)+ (1 +2z)In(l+2)+ (1 —2)In(l —x).
It is enough to how that g(x) < 0. We have

g(x) = T——5h(x).
where
h(z)=(1+2z)In(1+2z)+ (1 —2)In(1l —2).
Since s
B (x) :ml—x >0,

h(x) is strictly increasing, h(z) > h(0) =0, ¢'(z) < 0, g(x) is strictly decreasing, and hence
g(x) < g(0) = 0. This completes the proof. The equality holds for a = b = 1.
O]

P 3.22. If a,b are positive real numbers such that a + b = 2, then

aVepvh > 1.

(Vasile Cirtoaje, 2010)

Solution. Assume that a > 1 > b. Taking logarithms of both sides, the inequality becomes
in succession:

Valna + Vblnb > 0,
Valna > Vo(—Inb),

1 1

§1na+lnlna > élnb—l—ln(—lnb).

Substituting
a=1+z, b=1-—u=x, 0<zxz<l,
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we need to show that f(z) > 0, where
1 1
flz) = 3 In(1+z) — 5111(1 — )+ Inln(1 4+ x) — In(—In(1 — )).

We have
1 1 1

f(z) = 1—x2+ (14 2)In(1 + z) + (1—2)In(1 —x)

As shown in the proof of the preceding P 3.21, we have f’(x) > 0. Therefore, f(z) is strictly
increasing, therefore

f(z) > lim f(z) = 0.

z—0

The equality holds for a = b = 1.

P 3.23. If a,b are positive real numbers such that a + b = 2, then

1
P <1 — —(a—b)*.
¢ stogleb

(Vasile Cirtoaje, 2010)

Solution. Putting
a=1+z, b=1-—uz, 0<xr<1,

the inequality becomes

(1+z)*™(1—2)**<1- %x‘l.

Write this inequality as f(x) < 0, where

fe)=24+z)n(l1+2)+(2—2)In(l —2z) —In (1 — %x4> :

We have
2z 473

= 3—a?
() = 2 2042 42’2 +9)
1—22  (1—2a?%)? (3 — z4)?
— 42 42%(2* 4+ 9)  —8xi[z? + 1+ 8(1 — 2?)]

— (1 —a22)2 + (3 — 24)2 - (1= 22)2(3 — 2172 < 0.

f(z)=In(1+z)—In(1—2)—

Therefore, f'(x) is decreasing, f'(z) < f'(0) = 0, f(x) is decreasing, f(z) < f(0) = 0. The
equality holds for a = b= 1.
[
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P 3.24. If a,b are positive real numbers such that a + b = 2, then
a”C+ bl <2
(Vasile Cirtoaje, 2010)
Solution. Consider a > b, when we have
0<b<1<a<?2,
and write the inequality as
a®—1 -1 S

+
a® b

According to Lemma from the proof of P 3.4, we have

0.

b+1

a®—1>az2(a—1), b —-1>bz (b—1).

Therefore, it suffices to show that

which is equivalent to

The equality holds for a = b = 1.

P 3.25. Ifa,b € [0,1], then
a” "+ 0"+ (a—b)* < 2.

(Vasile Cirtoaje, 2010)

Solution (by Vo Quoc Ba Can). Without loss of generality, assume that a > b. Using the
substitution
c=a—b,

we need to show that
(b+c) “+b+c*<2

for
0<b<l—e¢, 0<c<l.
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If ¢ = 1, then b = 0, and the inequality is an equality. Also, for ¢ = 0, the inequality is an
equality. Consider further that
0<e< 1.

We need to show that f(x) <0, where
fx)=(x4+c) “+a°+c*—2, z€[0,1—.

We claim that f’(z) > 0 for x > 0. On this assumption, f(z) is strictly increasing on
[0,1 — ¢], hence
fl@)<fl-=0—-c)f=(1-c).

By Bernoulli’s inequality, we have
fl@) 1+c¢(—c) = (1-¢*) =0

Since
f(x) = c[(z + )t — 217

($ + C)H»c(l:lfc

the inequality f’(z) > 0 holds for x > 0 if and only if

1—c
x4+ c > xite.

For any d > 0, using the weighted AM-GM inequality yields

d

C\ 1+d
—r1d-S>q(1 d1+d<—> .
r+c=x+ 72 (1+d)x g
Choosing
J— 207
1—-c
we get
c—1
x+c>1+c<1gc>l+cxili.

Thus, it suffices to show that

1+c <2>

Indeed, using Bernoulli’s inequality, we get

1—c 1—c
— 1+c 1+c —_
1—c¢ _ 1_1—|—c Sl—l c'1+c:1+c.
2 2 1+¢ 2 2

The equality holds for a = b, for a =1 and b = 0, and for a = 0 and b = 1.
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P 3.26. If a,b are nonnegative real numbers such that a +b < 2, then

7
b—a a—b _h2 < 92
a0 (=) <

(Vasile Cirtoage, 2010)

Solution. Assume that a > b. Using the substitution
c=a—b,

we need to show that
a“+(a—c)f+-—c2 <2

for .
0<cec<2, c§a§1—|—§.

For ¢ = 0 and ¢ = 2 (which involves a = 2), the inequality is an equality. Therefore, we only
need to show that f(z) <0 for 0 < ¢ < 2, where

f(a:):xc+(x—c)c+%02—2, $€[C,1+g].

3
In the case ¢ = 1, we need to show that f(x) <0 for z € {1, 5} ; indeed, we have

f()—1+ a2 3 4_-19
Ve T T 63T T 16 48

Consider next that
ce (0,1)U(1,2).
The derivative
C[l'1+c _ (l. _ C)l—c]
zlte(z — ¢)l-e

f'(x) =

has the same sign as
gx)=1+c)lnzx — (1 —¢)In(z — ¢).
We have
(2x —1—c¢)

g'(x) = 2@ =)

Case 1: 0 < ¢ < 1. We claim that g(x) > 0 for x € (c, 1+ g} On this assumption, f is

. : . c
strictly increasing on [c, 1+ 5} , hence
c
f@<f(1+5).

Thus, we need to show that f (1 + g) < 0, which is just the inequality in Lemma 4 below.
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. . . . 1+ . .
From the expression of ¢’(x), it follows that g(z) is decreasing on (c, Tc] , and increasing

1
on [ + C, 1+ g} . Then, to show that g(z) > 0 for z € (c, 1+ g], it suffices to prove that

2
1+4+c¢
>0
s(*35) >0
1+ 1+c> 1— e\ 1
2 2 '
This inequality follows from Bernoulli’s inequality, as follows:

(1+c)1+c_ (1_ 1—0)1+C>1_ (I+e)(l—¢) 1+¢

which is equivalent to

2 2 2 2

and

2 2 2 2
Case 2: 1 < ¢ < 2. Since

<1_C>1_c: (1_ 1+C)1_C<1_ (1-g+e 1+

2c —1—c>2c—1—c=c—1>0,

it follows that ¢'(x) > 0, hence g(x) is strictly increasing. For x — ¢, we have g(x) — —o0.
If g(1+4 ¢/2) < 0, then g(x) < 0, hence f is decreasing. If g(1 + ¢/2) > 0, then there
exists x; € (¢,1 4 ¢/2) such that g(x;) = 0, g(x) < 0 for z € [¢,z1) and g(z) > 0 for
x € (x1,1+ ¢/2], hence f is decreasing on [c, ;] and increasing on [z, 1 + ¢/2]. Therefore,
it suffices to show that f(c) < 0 and f <1 + g) < 0. These inequalities follow respectively

from Lemma 1 and Lemma 4 below.
The proof is completed. The equality holds for a = b, for a = 2 and b = 0, and for a =0
and b = 2.

Lemma 1. If1 < ¢ < 2, then

with equality for ¢ = 2.
Proof. The desired inequality is equivalent to h(c) > 0, where

h(c) =clnc+In (2—1—7602), cell,2].

We have
14c

32 — 7c?’
1 14(32+ 7¢?)

o) =2~ Ga—tap

h'(c)=1+1Inc—



5H4 Vasile Cirtoaje

Since h” is strictly decreasing, h”(1) = 79/625 and h"(2) = —52, there exists ¢; € (1,2)
such that h”(c;) = 0, h"(¢) > 0 for ¢ € [1,¢1) and h"(c) < 0 for ¢ € (¢1,2], hence K’
is strictly increasing on [1,¢;| and strictly decreasing on [¢1,2]. Since A/(1) = 11/25 and
h'(2) =In2 — 6 < 0, there exists c5 € (1,2) such that h'(cy) = 0, h'(¢) > 0 for ¢ € [1,¢3)
and h/'(c) < 0 for ¢ € (¢q,2], hence h is strictly increasing on [1, ¢o] and strictly decreasing on
[c2,2]. Thus, it suffices to show that h(1) > 0 and h(2) > 0. Indeed, A(1) =In25—1n16 > 0
and h(2) = 0.

Lemma 2. If0 < x < 2, then

with equality for v =0 and x = 2.
Proof. We need to show that f(z) <0, where

f(x) = —zIn (1+§>—ln <1—%x2), z € [0,2].

We have 3 > g 9
N x (3w T —
fa)= = (1+3) + 2+ 2)(16 — 322)’
ven g9(z)
P& = Gapie =32
where

g(r) = —92° — 182" + 1682 4 55222 + 128z — 640.
Since g(x;) = 0 for z; ~ 0,88067, g(x) < 0 for z € [0,21) and g(x) > 0 for z € (z1,2],
[ is strictly decreasing on [0, ;] and strictly increasing on [z1,2]. Since f’(0) = 0 and
D
f'(2)=—In2+ 3~ 0, there is x5 € (21,2) such that f'(x9) =0, f'(x) <0 for x € (0,x5),
and f'(z) > 0 for © € (z2,2]. Therefore, f is decreasing on [0, xs] and increasing on [z, 2].
Since f(0) = f(2) = 0, it follows that f(z) <0 for z € [0, 2].

Lemma 3. If0 < x < 2, then
(1—f)x+1x2<1
2 4= — 7
with equality for x =0 and x = 2.
Proof. We need to show that f(z) <0, where

flz) =2 (1 - g) ~In (1 - igﬁ) .z e0,2)

We have

2

2
1 8z
2—x (4—22)%
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is strictly decreasing, hence f'(x) < f/(0) = 0, f is strictly

Since f” < 0 for x € [0,2), f'1i
f(0) =0 for x € [0,2).

0,2
decreasing, therefore f(z) <
Lemma 4. If0 < x < 2, then

<1+g)_$+ (1—£)$+1x2 <2,

with equality for x =0 and © = 2.

Proof. By Lemma 2 and Lemma 3, we have

T\ % 3
1 —) 22
<+2 tTh S

and 1
€T x
1— —) —r? <1
( 2) Tat s
The desired inequality follows by adding up these inequalities.

1
Conjecture. If a,b are nonnegative real numbers such that a + b = 7 then

a2(bfa) + b2(a7b) < 2.

P 3.27. If a,b are nonnegative real numbers such that a +b < 4, then
a4 <2,
(Vasile Cirtoaje, 2010)

Solution. Without loss of generality, assume that a > 0. Consider first that a — b > 2. We
have
a>a—b>2,

and from
4>a+b=(a—0b)+2b>2+2b,

we get b < 1. Clearly, the desired inequality is true because
ar <1, <1
Since the case a—b = 0 is trivial, consider further that 0 < a—b < 2 and use the substitution
c=a—>b.

So, we need to show that
a‘+(a—c)<2
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for c
O0<e<?2, c§a§2+§.

Equivalently, we need to show that f(z) < 0 for 0 < ¢ < 2, where

flx) =274 (x — )" — 2, me[c,2+g].

The derivative
C[:L.l-i-c _ (x _ C)l—c]

x1+C<:L- — c)lfc

f'(x) =
has the same sign as
gx)=1+c)lnz — (1 —c)In(z — ).

We have
c(2x —1—c¢)

g'(z) = o P

5
Case 1: ¢ = 1. We need to show that 22> — 3z +1 <0 for x € [1, 5} . Indeed, we have

2(2* —3r+1)=(x —1)(2z - 5) + (z — 3) < 0.
Case 2: 0 < ¢ < 1. We will show that g(z) > 0 for z € (c, 2+ g} From

' _c(2r—-1—¢)

g()_ .73(13—0)

1+c¢
2

1+c

it follows that g(z) is decreasing on (c, } and increasing on [ 2+ g} Then, to

show that g(z) > 0 for = € (c, 1+ g} , it suffices to prove that

1+c¢
>0
s(*35) >0
1+c 1+C> 1—c\'"°
2 2 '
This inequality follows from Bernoulli’s inequality, as follows:

(1+c)1+5: (1_ 1—0)1+C>1_ (I+e)(l—¢) 1+¢

which is equivalent to

2 2 2 2

and

l—c 1_C: 1_1+c 1_C<1_(1—c)(1—|—c):1—|—c2‘
2 2 2 2



Symmetric Power-Exponential Inequalities 957

Since g(z) > 0 involves f'(x) > 0, it follows that f(x) is strictly increasing on [0,2 + g},
and hence

fa) < f(2+3).

So, we need to show that f <2 + g) < 0 for 0 < ¢ < 1, which follows immediately from

Lemma 3 below.

Case 3: 1 < ¢ < 2. Since
2c —1—c>2c—1—-c¢c>0,

we have ¢'(z) > 0, hence g(x) is strictly increasing. Since g(z) — —oo when x — ¢ and

g<2+5> =(1+c)ln(2—|—§)+(C—1)1n(2—§)

>
>(c—1)ln(2—§) >0,

there exists z; € <c,2 + g) such that g(x1) =0, g(x) < 0 for x € (¢, 1) and g(x) > 0 for
x € <x1, 2+ g) Thus, f(z) is decreasing on [c, 21| and increasing on [:L‘l, 2+ g} Then, it
suffices to show that f(c¢) <0 and f (2 + g) < 0. The first inequality is true because

fle)=c“=-2<1-2<0,

while the second inequality follows immediately from Lemma 3 below.
The proof is completed. The equality holds for a = b.

Lemma 1. If x < 4, then

xzh(x) <0,
where .
h(z) =In (2 — g) - <ln2 - % — @gj)
Proof. From .
W) = foa—a ="

it follows that h(x) is decreasing. Since h(0) = 0, we have h(x) > 0 for x < 0, and h(z) <0
for x € [0,4); that is, xh(z) < 0 for z < 4.

Lemma 2. If
—2<x <2,

then
3

(2—%) gl—i—xan—%.

Proof. We have
In2 = 0.693 < 7/9.
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If z € [0,2], then

3 x3 8
1 h2——>1—-—2>1—->0.

+xin g = g = 9

Also, if z € [—2,0], then

x3 Tr 23 84 Tr—ad
l4on2- >4+ 2 2 20074

+xin g = —|—9 9> 9
2 2)2 — 1)2

_2(z+2) —l—é z)(x+1) S0

So, we can write the desired inequality as f(z) > 0, where

3

f(x):ln<1+dx—%)—xln<2—g>, d=1In2.

We have 0 — 322
, — 3z T T
- —m(2-%).
f'() 9+9dx—:c3+4—x n( 2>
Since f(0) = 0, it suffices to show that f'(x) < 0 for z € [—2,0], and f'(x) > 0 for = € [0, 2];
that is, x f'(x) > 0 for € [—2,2]. We have

f'(x) = g(x) = h(x),

d — 32* 1
o(z) 9d — 3z L ® —(d—f——x2>,
4
1

where

:9—1—9dx—x3 4 —x
_ L O O D
h(z) =In (2 2) (d 1 3¢ )

zf'(z) = zg(z) — zh(z) > zg(z).
Therefore, to show that = f'(z) > 0, it suffices to prove that xg(xz) > 0. We have

(z) = 9d — 3x* i)+ x +x+1 9
I =\ 9 ¥ 9dz — 23 i—z 432"

d$2—3x—9d2+64—4x—x2
=z
9+ 9dx — 3 32(4—=x) |’

According to Lemma 1,

hence )
z*gy ()
32(4 — 2)(9 + 9dz — a3)’

zg(x) =
where
g1(z) =32(4 — ) (dz® — 32 — 9d°) + (64 — 42 — 2°)(9 + 9dx — 2°)
=2° + 42" — (64 + 41d)2® + (87 + 92d)z” + 12(24d* + 48d — 35)x
+ 576(1 — 2d?).
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Since g1(z) > 0 for x € [ay, by], where a; &~ —12.384 and b; == 2.652, we have ¢;(z) > 0 for
x € [—-2,2].

Lemma 3. If0 < ¢ <2, then

c\ ¢ C\ ¢
2 —> (2--) <.
(2+5) +(2-3) <

Proof. According to Lemma 2, the following inequalities hold for ¢ € [0, 2]:

e 3
(2—1—%) Sl—cln2+%,

. 3
(2—%) §1+cln2—%.

Summing these inequalities, the desired inequality follows.

P 3.28. If a,b are nonnegative real numbers such that a + b = 2, then
@ £ b2 > gb 4 bt > Q20 1.
(Vasile Cirtoaje, 2010)
Solution. Since a,b € [0,2] and
(1—a)(1—-0)=—(1—-a)*<0,
from Lemma below, we have

&1 b(ab+3—a—0b)(a—1) _ blab+1)(a —1)
- 2 2

and
a(ab+1)(b— 1)‘

b —1>
2

Based on these inequalities, we get

a’ + b —a’? —1=(a"—1)+ (" —1)+1—d%?
S blab+1)(a — 1) N a(ab+1)(b—1)
- 2 2
= (ab+1)(ab—1)+1—a%* =0

+1— a®b?
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and

a2b + an - ab — b = ab(ab o 1) 4 ba<ba o 1)
b _ a _
S a b(ab+ 1)(a—1) N b*a(ab+1)(b—1)
- 2 2
ab(ab+ 1)(a — b)(ab~t — b 1)
1 :

Under the assumption that a > b, we only need to show that a®~' > b°~!, which is equivalent
to
a—b

2

abfTEZbanb, 1> (ab)z, 1>ab, (a—10)*>0.

For both inequalities, the equality holds when a = b = 1, when @ = 0 and b = 2, and when
a=2and b=0.
Lemma. Ifz,y € [0,2] such that (1 —z)(1 —y) <0, then

xy_lzy(fcy+3—a;—y)(:v—1)7

with equality for x = 1, and also fory=0, y=1 and y = 2.
Proof. For y =0, y =1 and y = 2, the inequality is an identity. For fixed

y € (0,1)u(1,2),

let us define
Cyly+3-—z—y)l@-1)

@) =a¥ ~1 :

We have
ry+3—z—y (z—-1L(y—-1)
2 2 ’

f@) =yly = D" = 1).

Since Y72 — 1 has the same sign as 1 — z, it follows that f”(x) > 0 for x € (0, 2], therefore
f' is increasing. There are two cases to consider.

Case 1: x > 1 >y. We have f'(x) > f'(1) =0, f(z) is increasing, hence
f(x) = f(1) = 0.
Case 2: y > 1> x. We have f'(x) < f'(1) =0, f(z) is decreasing, hence

f(x) = f(1) =0.

fl@) =y 2" =
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P 3.29. If a,b are positive real numbers such that a + b = 2, then
(Vasile Cirtoaje, 2007)

Solution. Without loss of generality, assume that a > b. Using the substitution
a=14+z, b=1-ux, 0<z<l,

we can write the inequality as

e3(1=2) In(1+z) + e3(1+2) In(1-2) <2
Applying Lemma below, it suffices to show that f(z) < 2, where
fla) = SIP0E ) 4 0 (e ey
Since f(0) = 2, it suffices to show that f’(z) <0 for z € [0,1). From
f(z) = <3 — 9z + ?1‘2 - 41’3) 63“”’%*%"’34
— (3 + 9x + ?:ﬁz + 4x3> e Ty Ty
it follows that f'(x) < 0 is equivalent to

onet o 0~ 180 1522 — 82°
e .
~ 6+ 18z + 1522 4 8a3

For the nontrivial case 6 — 18z + 1522 — 8x® > 0, we rewrite this inequality as g(z) > 0,
where

g(r) = —6x — 52° — In(6 — 18z + 152 — 82°) + In(6 + 187 + 152% + 82°).
Since g(0) = 0, it suffices to show that ¢'(z) > 0 for x € [0,1). From

1

L) = —2— 522 4 (6 + 8z%) — 10x (6 + 8z?%) + 10z
3

6+ 1522 — (18z + 8x3) 6+ 1522 + (18x + 823)’

it follows that ¢’(x) > 0 is equivalent to
2(6 + 82%)(6 + 152%) — 20x(18x + 82%) > (2 + 52*)[(6 + 152%)% — (18 + 82%)?).
Since

(6 4+ 1522%)% — (18x 4 82*)? < (6 + 152%)? — 3242% — 288z* < 4(9 — 3627,
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it suffices to show that
(3 + 42%)(6 + 152%) — 5z(18z + 8z°) > (2 + 527)(9 — 3627).

This reduces to 622 + 200z* > 0, which is clearly true. The equality holds for a = b = 1.

Lemma. Ift > —1, then

2 t3
In(14+¢t) <t——+ —.
n(l+1¢) < 2+3
Proof. We need to prove that f(¢) > 0, where
t2 3
t)=t— —+——In(1+1).
fy=1—5+5 s
Since
/ t3
t) =
F)= 1

f(t) is decreasing on (—1,0] and increasing on [0, c0). Therefore,

ft) = f(0) =0.

P 3.30. If a,b are nonnegative real numbers such that a + b = 2, then

4
a3b+b3a+<a;b> <2

(Vasile Cirtoaje, 2007)
Solution (by M. Miyagi and Y. Nishizawa). Using the substitution
a=1+z, b=1-—uz, 0<xr <1,
we can write the inequality as
(14 2)3072) 4 (1 —2)30+0) gt <2

By Lemma below, we have

14+ 2)7" < = (1+2)%(2 - 2?)(2 — 22 + 2?),

(1—2)"" < —(1 —2)%(2 — 2%)(2 + 22 + 22).

NN

Therefore, it suffices to show that

(14+2)%2 - 232 - 22+ 22)* + (1 — 2)%(2 — 2%)3(2 + 22 + 2*)® + 642" < 128,
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which is equivalent to
(1 — 2?)[2%(2® — 8a* 4 312% — 34) — 2(172° — 382" + 1622 +8)] < 0.

Thus, it suffices to show that
=8t + 31t —34<0

and
1763 — 3812 + 16t + 8 > 0

for all t € [0,1]. Indeed, we have
3-8t 4+ 31t —34 <t® —8t* + 31t —24 = (t — 1)(t* — Tt +24) <0,

17t — 38t2 + 16t + 8 = 17t(t — 1)? + (—4t> —t +8) > 0.

Lemma. If —1 <t <1, then

1+ <=1+ )2 - 13)(2 -2t +17),

A~ =

with equality fort = —1,t=0 andt = 1.
Proof. 1t suffices to consider that
—1<t<1.

Rewrite the inequality as
(1+ )72 —12)(2 — 2t + %) > 4,
which is equivalent to f(¢) > 0, where

f) =1 +t)In(1+1t)+1n(2 — t3) + 1In(2 — 2t + t*) — In4.

We have ) o )
o 2 t—
f't)=1+1In(1+1¢) 2_t2+2_2t+t2,
f”(t) — tzg(t)
(1+1)(2 —2)2(2 — 2t +12)?’
where

g(t) =% — 8t° 4 12¢* + 8 — 20t* — 16t + 16.
Case 1: 0 <t <1. From
g (t) = 6t° — 40t" + 48t + 24> — 40t — 16

= 6t° — 8t — 16 — 8t(5t° — 6t* — 3t + 4)
= (6t° — 8t — 16) — 8t(t — 1)*(5t + 4) < 0,
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it follows that g is strictly decreasing on [0, 1]. Since ¢g(0) = 16 and g(1) = —7, there exists
a number ¢ € (0, 1) such that g(c¢) =0, g(t) > 0 for 0 <t < cand g(t) <0 for ¢ <t < 1.
Therefore, f’ is strictly increasing on [0, ¢| and strictly decreasing on [¢, 1]. From f/(0) =0
and f'(1) =In2—1 < 0, it follows that there exists a number d € (0,1) such that f’(d) =0,
f'(t) >0for 0 <t <dand f'(t) <0 ford <t <1. As a consequence, f is strictly increasing
on [0,d] and strictly decreasing on [d, 1]. Since f(0) =0 and f(1) = 0, we have f(¢) > 0 for
0<t<1.

Case 2: —1 <t <0. From
gt) =t*(t —2)(t —6) +4(t+1)(2t> = Tt +3) +4 > 0,

it follows that f’ is strictly increasing on (—1,0]. Since f’(0) = 0, we have f’(t) < 0 for
—1 <t <0, hence f is strictly decreasing on (—1,0]. From f(0) = 0, it follows that f(t) > 0
for -1 <t <0.

Conjecture. If a,b are nonnegative real numbers such that a +b = 2, then

2
a3 1R (CLT_b) > 2.

P 3.31. If a,b are positive real numbers such that a + b = 2, then
ae + bi < 2.
(Vasile Cirtoaje, 2008)
Solution. Without loss of generality, assume that
0<a<1<b<?2,

and write the inequality as

Therefore, it suffices to show that

a’ b?

<
a3—a2+1+b2—26+2_

2,
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which is equivalent to

a? < (2 —b)?
at—a?+1 " 02 -20+2’
a’ a?

a3 —a?+1" a2 —2a+2’
a*(a —1)*>0.

The equality happens for a = b = 1.

P 3.32. If a,b are positive real numbers such that a + b = 2, then

a%—l—b%ZZ

Solution. Assume that a < b; that is,

O<a<1<b<2
. 3
There are two cases to consider: 0 < a < R and = <a<1.
3 7
Case 1: O<a§g. From a + b =2, we get 5§b<2' Let

f(x)za:%, 0<z<2.

Since

f(z) = 33:%_2(1 —Inz) >0,

f(z) is increasing on (0,2), hence f(b) > f (%)’ that is,

7\ 15/7
> [ = .
- (5)

W

b

Using Bernoulli’s inequality gives

N T LT ey et
5 5 5 5 35) 25

therefore
3 3
ae +bv > 2.

(Vasile Cirtoaje, 2008)

Y

3 7
Case 2: R <a<l Froma+b=2 weget 1 <bh< 5 By Lemma below, we have

2ae >3 — 15a + 21a? — 7a®
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and \
2% > 3 — 15b + 21b% — 7b°.

Summing these inequalities, we get

2 (a% + b%) > 6 — 15(a + b) + 21(a? + b?) — 7(a® + b°)
=6 —15(a+b) +21(a +b)* — T(a + b)* = 4.

This completes the proof. The equality holds for a = b = 1.

3
Lemma. If R <z <2, then

2x: >3 — 157 + 2122 — Ta®,

with equality for v = 1.
Proof. First, we show that h(xz) > 0, where

h(z) = 3 — 15z + 212* — 7.

From

B (z) = 3(—5 + 14z — T2?),

2 2
it follows that h(x) is increasing on |1 — \/; 14 \/; , and decreasing on

3
Then, it suffices to show that f (3) >0 and f(2) > 0. Indeed

i (g) - @)=t

Write now the desired inequality as f(x) > 0, where

3 3
fl@) =2+ =Inz—In(3 - 152 +21a* - 72%),  —
X
We have ) 2(72% — 14 5)
. / €T xr° — x -+
3 fl(x) =9g(x), g(x) Mt S e ol — 7
xr
J(z) = g91(z) - =
z(3 — 15z 4 2122 — Ta3)
where

2
1+\/;,oo>.

g1(z) = —492" + 2452° — 2802° — 147" + 4712° — 3212% + 90z — 9.

In addition,

gz = (x —1)2g(z), go(x) = —492° + 1472* + 632 — 1682 + 72z — 9,
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g2(z) = 112° + 3g3(w), g3(z) = —202° + 492" + 212° — 562* + 242 — 3,
g3(z) = (4x — Dgu(x), ga(x) = —5z* 4+ 112% + 8% — 122 + 3,
gs(z) = 2° + gs5(x), gs(w) = —62"* + 112° + 82 — 122 + 3,
gs(z) = (22 — Dgs(x), gs(z) = —32° + 42 + 62 — 3,
gs(z) =1+ (2 —)(32% + 22 — 2).
Therefore, we get in succession gg(z) > 0, gs(x) > 0, ga(z) > 0, gs(x) > 0, gao(x) > 0,

3
gi(z) > 0, ¢(z) > 0, g(z) is increasing. Since g(1) = 0, we have g(z) < 0 on {3,1

3
and g(x) > 0 on (1,2]. Then, f(z) is decreasing on {g, 1] and increasing on [1, 2], hence
>

flz) = f(1) =0.
O

P 3.33. If a,b are positive real numbers such that a + b = 2, then
a5b2 + b5a2 <9
(Vasile Cirtoaje, 2010)

Solution. Assume that a > b. For a = 2 and b = 0, the inequality is obvious. Otherwise,
using the substitution a = 1+x and b =1—2, 0 < x < 1, we can write the desired inequality

as
65(1—x)21n(1+a:) + 65(1+J1)21n(1—a}) < 9.

According to Lemma below, it suffices to show that f(x) < 2, where
f(l’) — e5(u—v) + e—&’)(u—s—v)7

31 D 17 9
_ 3,925 _ 22 -t a4, J 6
u-x+3m +30z, v 2$ —1—12x +2017.

If f'(x) <0, then f(x) is decreasing, hence

f(z) < f(0) =2.
Since
f'(z) =5 —v)e® ™) — 5(u + o' )e 2t
17 27

31
/ 1 7 2 4 / 5 3 5
uw =1+ £E+—6ZL’, v = ZE+—3I' +—1OZL',

the inequality f’(x) < 0 becomes

6—10u(u1 + U’) Z Ul . ’U/
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For the nontrivial case u’ — v' > 0, we rewrite this inequality as g(x) > 0, where

g(z) = =10u + In(u’' + v") — In(u' — v").

If ¢’(x) > 0, then g(z) is increasing, hence

We have

g (x) =—-10u" + -
where 6 o7
u’ =14z + EazS, V' =5+ 172% + ?x‘l.
Write the inequality ¢'(z) > 0 as

ulvll _ Ulu// Z 5u/(ul + U/)(ul _ UI),

art + aot® + ast® + aut* + ast® + agt® + ast” >0,

where t =22, 0 <t < 1, and
G =2 ay=3215, a3~ 1521, ay~ —498.2,

as =~ —168.5, ag~ 356.0, a;~ 188.3.

This inequality is true if
300¢% + 150t° — 500t* — 200> + 250t° > 0.
Since the last inequality is equivalent to the obvious inequality
50t%(1 — t)(6 + 9t — t* — 5t°) > 0,

the proof is completed. The equality holds for a = b = 1.
Lemma. If -1 <t < 1, then

5 7 17 31 9
1—t)2In(l+1t) <t— =+ —t3— —t* + —> — —¢5,
(L=#)"In(l+1) <t — o+ 3t" = ot 4+ o5t — o

Proof. We show that

1 1 1 1
1—t)PIn(1+¢) < (1 —t)? (t— =2+ ot> — '+ =8
(=00 < (=02 (2 54 58 - 304 S

5, T. 17, 31. 9,
A L B R L)
<t 225 + 315 12t + 30t 20t

The left inequality is equivalent to f(t) > 0, where

1 1 1 1
H=t——t2+ =2 — t* + =t —In(1 + 1.
f(t) 2 +3 1 +5 n(l+1)
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Since
/ t5
t) = ,
J(t) 141
f(t) is decreasing on (—1,0] and increasing on [0, 1); therefore, f(¢) > f(0) = 0.
The right inequality is equivalent to t%(¢ — 1) < 0, which is clearly true.

P 3.34. If a,b are positive real numbers such that a + b = 2, then
a2Vt + pPVe < 2.

(Vasile Cirtoaje, 2010)

Solution. Assume that a > b. For a = 2 and b = 0, the inequality is obvious. Otherwise,
using the substitution a = 1+xand b=1—2z, 0 < x < 1, we can write the desired inequality
as f(x) <2, where

f(l') — (1 + m)Q\/l—{I} + (1 . m)?«l—i—a} — 62\/1—x1n(1+x) + 62\/1—|—7xln(1—x)'

There are two cases to consider.

Case 1: 13/20 <z < 1. If f is decreasing on [13/20, 1), then

e (3)-(3) 7 ()< () ) <

Since the function (1 — x)?V!*® is decreasing, it suffices to show that
g(z) = (1+ )™

is decreasing. This is true if ¢’(z) < 0 for = € [13/20,1), that is equivalent to h(xz) < 0,
where 21 )
-
h(x) = ——= —In(1 :
@ =21 w4 )

Clearly, h is decreasing, hence

13\ 14 . 33
<h(=)==-m=<o.
Mx) < (20) 33 My <!

Case 2: 0 < x < 13/20. By Lemma below, it suffices to show that g(x) < 2, where

217212+%m3f§w4 + 67(2x+21’2+%a¢3+%z4) )

g(x) =e
If ¢’(z) <0 for « € [0,13/20], then g is decreasing, hence g(x) < ¢g(0) = 2. Since

§/(a) =2~ da + = 2at)e e He

— (2+4x + %IQ + 2x3)6_(2$+2x2+%$3+%m4)7
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the inequality ¢'(x) < 0 is equivalent to

S 8 — 16z + 112? — 82°
— 8+ 16w + 1122 + 83

e
For the nontrivial case 8 — 16z + 1122 — 82% > 0, rewrite this inequality as h(z) > 0, where
11 5 2 3 2 3
h(z) = —4z — Ez —In(8 — 162 + 11z° — 8z°) + In(8 + 16z + 11x* + 8x°).

If > 0, then h is increasing, hence h(x) > h(0) = 0. From

, 11, (16 + 242%) — 22z (16 + 242%) + 22x
h (I) =—4- -2+ 2 3 2 3)’
2 8 + 1122 — (162 + 82z3) 8+ 1122 4 (162 + 8a3)

it follows that h'(x) > 0 is equivalent to

(16 + 2422)(8 + 112?) — 222(16x + 82%) > ~ (8 4+ 112?)[(8 + 112%)* — (16z + 82*)?].

o |

Since
(8 + 112?)? — (167 + 82°)* < (8 + 112%)? — 2562 — 256x* < 16(4 — 527),
it suffices to show that
(4 + 622)(8 + 112?) — 112(8z + 42®) > (8 4 112%)(4 — 527).

This inequality reduces to 77z%* > 0. The proof is completed. The equality holds for
a=b=1.

13
Lemma. If —1 <t < 20’ then

11 1
VI—thn(l+¢t) <t—#+ ﬂti” - Z1t4.

Proof. Consider two cases.

13
Case 1: 0 <t < 20" We can prove the desired inequality by multiplying the following

inequalities
1 1 1
1—t<1——t——t2——¢
- 2 8 16’
1 1 1 1
In(l1+t)<t——t>+=t3— —tt4+ =t
n(l+1) <t—ott+ gt — ot 4 17,

11 1 1 1 1 1 11 1
1——t— =t — =) [t -+ 2> — -t -7 ) <t -2+ = — —tt
< 2 8 16 ) ( 2" T3 1" TE) S Tt T
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The first inequality is equivalent to f(t) > 0, where

1 1 1 1
=In(1—-2t—=t*— =) —=In(1 —1).
f(t) =1In ( 215 8t 16t > 5 n(l—1t)
Since
1 8 4 4t + 3t2 5t3

20—t) 16—8t—202—13  2(1—1)(16 — 8t — 2t2 — ¢3) —

f is increasing, hence f(t) > f(0) = 0.
The second inequality is equivalent to f(t) > 0, where

1 1 1 1
HD=t——t>+ =2 — t* + =t —In(1 + 1).
J#) =t =584 28— 2t 4 = —In(1+1)

Since ;
1 t

"t=1—t+t> -2+t — — = >0

F®) + + 1+t 14t

f(t) is increasing, hence f(t) > f(0) = 0.
The third inequality is equivalent to

t4(160 — 302t + 86t + 9t* + 12t*) > 0.
This is true since

160 — 302t + 86t + 9> + 12t* > 2(80 — 151¢ + 43t%) > 0.

Case 2: —1 <t < 0. Write the desired inequality as

11, 1
—V1—tln(l1+1t) > —t+1*— ﬁﬁ + Zt“.

This is true if

1 1
V1I—t>1—-t— -t
2" 8
o 1 1,
—In(1+1¢) > —t4+t°— st° + —t",
3 4
11 1 1 11 1
1— =t — =2 ) [ —t+2— =83+ > -t + 12— —3+ =
( 2" 8 )( * 3 +4 2t 24 +4

The first inequality is equivalent to f(t) > 0, where

1

ft) = %ln(l —t) —In <1 — %t— §t2) :
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Since
-1 2(2+1) —3t?

f/(t):2(1—t)+8—4t—t2 T 21-nE -4t —2) =

f is decreasing, hence f(t) > f(0) = 0.
The second inequality is equivalent to f(¢) > 0, where

1 1 1
f(t):t—§t2+§t3—Zt4—ln(1+t).
Since )
1 —t
"t=1—t+t?—t3— — = <0
F(#) + 1+t 1+t 7

f is decreasing, hence f(t) > f(0) = 0.

The third inequality reduces to the obvious inequality

t4(10 — 8t — 3t*) > 0.

P 3.35. If a,b are nonnegative real numbers such that a + b = 2, then

_ 2 . 2
ab(1 . ab) <M gt _g< ab(1 . ab) .

(Vasile Cirtoaje, 2010)

Solution. Assume that a > b, which yields 1 <a <2 and 0 <b < 1.

(a) To prove the left inequality we apply Lemma 1 below. For x = a and k = b, we have

214 (a1 DD e MDA,
abHZa—b+ab+b(1;b)(a—1)2—b(1+b)(a—1)4. (*)

Also, for x = b and k = a — 1, we have

-1 —1)(2—
baz1+a(b—1)+a(a2 Jp—1p - ez V@) gy
u a 3 ab 4
' 2l-a+tabt+g(a—1"++(@-1)7%
2
pa+1 Zb—ab+a62+%b(a—1)3+%(a_1)4' (**)
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Summing up (*) and (**) gives

ab+1—|—ba+1—22—b(a—1)2—0—b<3;ab>(a—1)2—b(1+g_ab)( _1)4
:g(a_1)4_w(&_1)4
_ ab(16—i— b)(a,— 1)t > %b(a—1)4: ab(lgab) .

The equality holds for a =b =1, for a =2 and b =0, and for a =0 and b = 2.

(b) To prove the right inequality we apply Lemma 2 below. For z = a and k = b, we

have
b+ 1)b(b—1)

1
ab+1g1+(b+1)(a—1)+(b+2 Dia—1y2 4! - (a—1)°
b+ 1)b(b—1)(b—2) 4
1 b+1 b(b+1
ab+1§1+(b+1)(a—1)+b(b; )(a—l)Q—b( g_ )(a_1)4+a (22— )(a_1>5
Also, for x = b and k = a, we have
1 1 b 1
b“+1§1+(a+1)(b—1)+a(a2+ P G )(6—1)4+%(b—1)5.
Summing up these inequalities and having in view that
b+Da—1)°"+(a+1)(b—-1)°=-2(a—1)°<0
give
2 4 12 2 219
a2 < —2(a — 1) + %M(a —1)* - %(a — 1)
212 _ 2 | 12
SLH(G_1)2_LM(G_1)4
2 6
210242
:(a—1)4—%(a—1)4
ab ab(1 — ab)?
= (a—-1)=— "1
gle=1 3
The equality holds for a =b =1, for a =2 and b =0, and for a =0 and b = 2.
Lemma 1. Ifx > 0 and 0 < k <1, then
kE(1+k E(1+k)(1—k
2> 1T (T k) (e —1)+ (1+ >(.7:—1)2— (L+ k) )(x—1)3,

2
with equality for x =1, for k =0 and for k = 1.
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Proof. For k = 0 and k = 1, the inequality is an identity. For fixed k, 0 < k < 1, let us
define

f(ZU) :$k+1 1= (1—|—k’)($— 1) _ (IL"— 1)2_|_ k<1—|—k)(1 —k)(m_ 1)3'

k(1 + k)
2

We need to show that f(z) > 0. We have

1 / o k(l_k) 2
1 " _ —1
w0 =T S AR - ),

1 " k—2
TR @=—rrAL

Case 1: 0 <z < 1. Since f” <0, f” is decreasing, f"(z) > f"(1) = 0, f’ is increasing,
f'(z) < f'(1) =0, f is decreasing, hence f(z) > f(1) = 0.

Case 2: x > 1. Since f” > 0, f” is increasing, f”(x) > f”(1) = 0, f’ is increasing,
f'(x) > f'(1) =0, f is increasing, hence f(x) > f(1) = 0.

Lemma 2. If eitherx > 1 and 0 < k<1, 0or0<z<1and1 <k <2, then

(k+ Dk(k — 1)
6

1
—(k i )k(x —1)%+
2
+(k’ + Dk(k—1)(k—2)
24
with equality for x =1, for k =0, for k=1 and for k = 2.

Proof. For k =0, k = 1 and k = 2, the inequality is an identity. For fixed k, k € (0,1)U(1,2),
let us define

<14 (k4+1)(z-1) + (x —1)°

(ZE - 1)47

(27 _ 1)2 _ (k_'_ 1>§(k_ 1) (l’— 1)3

(k + D)E(k — 1)(k - 2)

- 94 (z — 1%

We need to show that f(x) < 0. We have

f@) =" —1—(k+1)(z—1) - (kzl)k

1

Nk k(k —1) o k(k—1)(k—2) 3
1 " k—1 (k — 1)(k — 2) 2
@ =t == e -y - EEIEE D e
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1
k(k+ D)k — 1)k —2)

fO(z) =2k -1

Case 1: x> 1, 0 < k < 1. Since fW(z) <0, f”(x) is decreasing, f"(x) < f"(1) =0, f"
is decreasing, f"(z) < f”(1) =0, f’ is decreasing, f'(z) < f'(1) =0, f is decreasing, hence
flz) < f(1) =0.

Case 2: 0 <2 <1, 1 <k <2 Since fM <0, f”is decreasing, f"(x) > f"(1) =0, f"
is increasing, f”(x) < f”(1) = 0, f’ is decreasing, f'(x) > f'(1) = 0, f is increasing, hence

fx) < f(1) =0.
0

P 3.36. If a,b are nonnegative real numbers such that a +b =1, then
(Vasile Cirtoaje, 2007)

Solution. Without loss of generality, assume that

0<b<-<a<l

N[ —

Applying Lemma 1 below for ¢ =2b, 0 < ¢ < 1, we get
a? < (1 —2b)* + 4ab(1 — b) — 2ab(1 — 2b) Ina,

which is equivalent to
a® <1 — 4ab* — 2ab(a — b) Ina.

Similarly, applying Lemma 2 below for d = 2a — 1, d > 0, we get
vt < 4da(l —a) +2a(2a — 1) In(2a + b — 1),

which is equivalent to
b** < dab® + 2ab(a — b) Ina.

Adding up these inequalities, the desired inequality follows. The equality holds for a = b =
1/2,fora=0and b= 1, and for a =1 and b = 0.

Lemma 1. If0<a <1 and c > 0, then
a“ < (1—c)*+ac(2—c)—ac(l —c)lna,

with equality for a =1, for ¢ =0 and for ¢ = 1.
Proof. Making the substitution
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we need to prove that f(z) > 0, where
f(x) = (1 — C)zex _|_ 0(2 o C) + C(l o C)QS _ e(l—c)z’

fl(z) = (1=¢)[(1 —c)e® +c—el797].

If f/>0on [0,00), then f is increasing, and hence f(z) > f(0) = 0. In order to prove that
f' >0, we consider two cases.

Case 1: 0 < ¢ < 1. By the weighted AM-GM inequality, we have
(1—c)e® +c>ell97,

hence f'(z) > 0.
Case 2: ¢ > 1. By the weighted AM-GM inequality, we have

(c—1)e" + 1797 > ¢,
which yields
(@) = (c—D(c—1)e* + 79 — ] > 0.

Lemma 2. If0<b<1 andd >0, then

b <1—d®+d1+d)Inb+d),
with equality for b= 0 and for d = 0.
Proof. Consider 0 < b < 1 and d > 0, and write the inequality as

(14+d)[1 —d+dln(b+d)] > b*.

Since
l—d+dn(b+d)>1—d+dlnd >0,

we can rewrite the inequality in the form
In(1+d) +In[l — d+dln(b+d)] > dInb.
Using the substitution
b=e"—d, —In(l1+4+d) <z < —Ind,
we need to prove that f(z) > 0, where
flz)=In(l+d)+In(1 —d—dzr)+de—dn(l — de®).
Since

d*(e® —1—1x)

J'(w) = (= d—dn)(1—der) =
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f is increasing, hence
f(z) > f(=In(1+d)) = In[l — d*> + d(1 + d) In(1 + d)].
To complete the proof, we only need to show that —d? + d(1 + d) In(1 + d) > 0; that is,
(1+d)In(l1+d) > d.

—d
This inequality follows from e* > 1 + x, where x = 74

Conjecture. If a,b are nonnegative real numbers such that 1 < a+ b < 15, then

Clzb + b?a S aa-i-b + ba+b.

P 3.37. If a,b are positive real numbers such that a + b =1, then
200 > a? + b,
Solution. Taking into account the inequality a® 4 ?* < 1 from the preceding P 3.36, it

suffices to show that
200" > 1.

Write this inequality as
2aabb > aa-i—b + ba-‘rb

() (2

Since a < 1 and b < 1, we apply Bernoulli’s inequality as follows:

R ERICR RO

Thus, the proof is completed. The equality holds for a = b = 1/2.

P 3.38. If a,b are positive real numbers such that a +b =1, then

CL*QQ + b*2b S 4
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Solution. Applying Lemma below, we have
a2 <4—-2In2—4(1 —1n2)a,
b2 <4—2In2—4(1 —In2)b.
Adding these inequalities, the desired inequality follows. The equality holds for a = b= 1/2.
Lemma. If z € (0, 1], then
72 <4—-2In2—4(1 —1n2)z,
with equality for v = 1/2.
Proof. Write the inequality as
1 ., 1
T <1—c—(1-2c)x, c==In2~0.346.
4 2
This is true if f(z) < 0, where

f(z)=—=2In2—-2zlnzx —In[l —c— (1 —2¢)x].

We have o
fl(x)=-2—-2Inz+ e (201"
2 1 —2c¢)? x
@) = Tz * [1— c(— (1 —>20)x]2 - z[l —c —g((l)— 2c)z]?
where
g(z) =2(1 —2¢)*2” — (1 — 2¢)(5 — 6c)x + 2(1 — ¢)*.
Since

g () =(1—-2¢)[4(1 = 2¢)x — 54 6¢] < (1 — 2¢)[4(1 — 2¢) — 5+ 6¢]
= (1—2¢)(—1—2¢) <0,

g is decreasing on (0, 1], hence g(z) > g(1) = —2c¢* +4c —1 > 0, f"(x) > 0 for z € (0, 1],
f' is increasing. Since f’(1/2) = 0, we have f'(z) < 0 for z € (0,1/2] and f'(xz) > 0
for x € [1/2,1]. Therefore, f is decreasing on (0,1/2] and increasing on [1/2,1], hence
flz) = f(1/2) = 0.

Remark. According to the inequalities in P 3.36 and P 3.38, the following inequality holds
for all positive numbers a, b such that a +b = 1:

1 1
(a2b+b2a) (ﬁ +ﬁ) S 4.

Actually, this inequality holds for all a, b € (0, 1]. In this case, it is sharper than the inequality
in P 3.19.
[
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P 3.39. Ifay,as,...,a, are positive real numbers such that ayas - --a, = 1, then

1 ai 1 az 1 an
(1——) +<1——> +-~~+(1——> <n—1
n n n
(Vasile Cirtoaje, 2004)

Solution. We will prove the more general inequality

N (T (= R

where a = /ayas---a, < 1. Using the substitution

r; = a;In , 1=1,2,...,n,
n—1
the inequality becomes as follows:
e t+e ™4 4e ™ <ne (**)
where
n
r={/r1Te - x, <In )
n—1

To prove this inequality, we use the induction technique. For n = 1, (**) is an equality.
Consider now that (**) holds for n — 1 numbers, n > 2, and show that it also holds for n
numbers. Assume that

Ty S Tp <o S Ty,

and denote
T = "Yrixo Tp_q.
Because
<r<ln i <In n—1
T
| (n—1)-1

the induction hypothesis yields
el te ™4 de ™t < (n—1)e".
Thus, we only need to show that
e+ (n—1)e " <ne’,

which is equivalent to
f(z) <ne™”

for
O<ax<r<ln

<1,
n_
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where

We have o
r"e” /x
n—1
em—rn/mn—lg/(x) — h([L’), h([E) — xn o nxn—l + (n o 1)7’”7
R (z) = nz" *(x —n+1).

Since h/(x) < 0, h is strictly decreasing, and from
h(0)=(n—1r" >0, h(r)=nr""'(r—1) <0,

it follows that there exists z; € (0,7) such that h(x1) =0, h(z) > 0 for x € (0,21), h(z) <0
for x € (z1,7]. Therefore, g is strictly increasing on (0, x;] and strictly decreasing on [z, 7].
Since ¢g(0;) = —oo and g(r) = 0, there exists xs € (0,21) such that g(z3) =0, g(z) < 0 for
x € (0,29), g(x) > 0 for x € (zg,7]. Consequently, f is strictly decreasing on (0, z5] and
strictly increasing on [zs, 7], hence

f(z) <max{f(04), f(r)} =max{n —1,ne”"} =ne™".

Thus, the proof is completed. The inequality (**) is an equality for

x1:x2:~~~:xn§lnn 1,

the inequality (*) for
ap=ay =--=ay < 1,

and the original inequality for
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Glosar

1. AM-GM (ARITHMETIC MEAN-GEOMETRIC MEAN) INEQUALITY

If ay,as,...,a, are nonnegative real numbers, then
ar +az+ -+ ay = nifaraz - ap,
with equality if and only if a1 = ay =--- = a,,.

2. WEIGHTED AM-GM INEQUALITY
Let p1,po, ..., p, be positive real numbers satisfying
pt+pet---+p,=1
If ay,as,...,a, are nonnegative real numbers, then
p1_ D2

piay + paas + -+ ppay > aytay’ - - abr,

with equality if and only if a1 = ay =--- = a,,.

3. AM-HM (ARITHMETIC MEAN-HARMONIC MEAN) INEQUALITY

If ay,asq,...,a, are positive real numbers, then

11 1 ,
(a1 +ax+-+a,) | —+—++— ) 2n,
a; Qs Qn,

with equality if and only if ay = ay = --- = a,,.
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4. POWER MEAN INEQUALITY

The power mean of order k of positive real numbers aq, as, ..., a,, that is

1
abtak . tak \
( 1 zn n , k 7& 0

Mk: )
Yajag - Qy, E=0

is an increasing function with respect to £ € R. For instant, My > M; > My > M_4 is
equivalent to

n = n = Y n 2 L, T

\/a§+a§+---+ai>a1+a2+---+an n

5. BERNOULLI’'S INEQUALITY

For any real number x > —1, we have
a) (1+z)" >1+rzforr>1andr <O0;
b) (1+z)" <1+4rxfor0<r<I1.

If ai,as,...,a, are real numbers such that either ay,as,...,a, >0 or
-1 §a15a2a"'7an §07

then
(1+a))(I+az) --(1+ap) >14+a+ay+---+ap.

6. SCHUR’S INEQUALITY
For any nonnegative real numbers a, b, ¢ and any positive number k, the inequality holds
a"(a —b)(a—c)+b°(b—c)(b—a)+ "(c—a)(c—b) >0,

with equality for a = b = ¢, and for a = 0 and b = ¢ (or any cyclic permutation).
For k =1, we get the third degree Schur’s inequality, which can be rewritten as follows

a® +b* + ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c+ a),

(a+b+¢)* + 9abe > 4(a + b+ c)(ab + be + ca),
a2—|—b2+c2+9a—bc > 2(ab + be + ca),
a+b+c

(b—c)?(b+c—a)+ (c—a)*(c+a—"0b)+ (a—b)*(a+b—c) > 0.
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For k = 2, we get the fourth degree Schur’s inequality, which holds for any real numbers
a, b, c, and can be rewritten as follows

at + 0"+ +abe(a + b+ c) > ab(a® + b*) + be(b* + ¢2) + ca(c + a?),
a' + b + ¢t — a*V? — v*c® — *a® > (ab + be + ca)(a® + b® + ¢ — ab — be — ca),
(b—c)*(b+c—a)+(c—a)*(c+a—b)?+(a—b)*a+b—c) >0,
6abcp > (p* —q)(4qg — p*), p=a+b+ec, q=ab+bc+ ca.

A generalization of the fourth degree Schur’s inequality for any real numbers a, b, ¢ and
any real number m, is the following (V. Cirtoaje, 2004):

Z(a —mb)(a —mc)(a—b)(a—c) >0,

where the equality holds for a = b = ¢, and for a/m = b = ¢ (or any cyclic permutation).
This inequality is equivalent to

Za4 +m(m+2) Za2b2 +(1- mZ)acha > (m+1) Zab(a2 + b%),

> (b—c)’(b+c—a—ma)’ >0
A more general result is given by the following theorem (V. Cirtoaje, 2008).

Theorem. Let

fa(a,b,c) = Za4 + az a’b® + Babcz a— vz ab(a® + b%),
where o, B,y are real constants such that 1+ a+ B = 2vy. Then,
(a)  fila,b,¢) >0 for all a,b,c € R if and only if
1+a >~
(b)  fala,b,¢) >0 for all a,b,c > 0 if and only if

a> (y—1)max{2,v+ 1}.

7. CAUCHY-SCHWARZ INEQUALITY

If ai,as,...,a, and by, b, ..., b, are real numbers, then
(af + a3+~ +ap)(bf + 05+ -+ b7) = (arby + agby + -+ + anby)?,

with equality for
ap Gz an

b b by
Notice that the equality conditions are also valid for a; = b; = 0, where 1 <17 < n.
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8. HOLDER’S INEQUALITY

If z;; (1 =1,2,--- ,m;j =1,2,---n) are nonnegative real numbers, then

9. REARRANGEMENT INEQUALITY

(1) If a1, as,...,a, and by, by, ..., b, are two increasing (or decreasing) real sequences,
and (iy,14, - ,i,) is an arbitrary permutation of (1,2,---  n), then

arby 4+ agby + - - - + anb, > arb;, + asby, + - - - 4+ ayb;, .
(2) If ay,aq,...,a, is decreasing and by, by, ..., b, is increasing, then
arby 4+ agby + - - - + anb, < arb;, + asby, + - - - 4+ ayb;, .
(3) Let by,bo,...,b, and ¢, ca, ..., c, be two real sequences such that
by 4+ +by >4ty k=12 n.
Ifag >ay>--->a, >0, then

a1by + agby + - - + ayb, > arcp + ages + -+ - + ancy,.

10. CHEBYSHEV’S INEQUALITY

Let a1 > ay > --- > a, be real numbers.
a) If by > by > -+ by, then
i3> (3a) ()
i=1 i=1 i=1
b) If by < by <--- <b,, then

=1
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11. MINKOWSKTI’'S INEQUALITY

For any real number £ > 1 and any positive real numbers ay, as,...,a, and by, bs, ..., b,,
the following inequalities hold:

S (af +8)F > <Za>k—|— (E;b)k i;

i=1 i=1

1
n n k n k n k|l %
Z(af—l—bf—i—c?)EZ (Zm) +<Zb@'> —i—(ZCi) .
i=1 i=1 i=1

i=1

12. CONVEX FUNCTIONS

A function f defined on a real interval I is said to be convex if

flaz + By) < af(z) + Bf(y)

for all x, y € I and any «, > 0 with a4+ 8 = 1. If the inequality is reversed, then f is said
to be concave.

If f is differentiable on I, then f is (strictly) convex if and only if the derivative f is (strictly)
increasing. If f” > 0 on I, then f is convex on I.

Jensen’s inequality. Let p,po,...,p, be positive real numbers. If f is a convex
function on a real interval I, then for any aq, as, ..., a, € I, the inequality holds

prf(ar) + paf(az) + -+ + puf(ay) > f (plal + paag + - - - +pnan)
p1L+Dp2t -+ Dn - p1L+Dp2+ -+ Da '

For p; = py = - -+ = p,, Jensen’s inequality becomes

13. KARAMATA’S MAJORIZATION INEQUALITY

Let f be a convex function on a real interval I. If a decreasingly ordered sequence
A= (ay,as,...,a,), a; €L,
majorizes a decreasingly ordered sequence

B = (b1,ba,...,b,), b €1,
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then
flar) + flag) + -+ f(an) > f(br) + f(ba) + -+ f(bn).
We say that a sequence A = (aq,as,...,a,) with a1 > ay > -+ > a, majorizes a
sequence B = (by, bs, ..., b,) with by > by > --- > b,, and write it as
A~ B,
if
a; > by,

a1+a22b1+b2,
a1+a2+"'+an_1Zb1+b2+"'+bn_1,
a1+a2+---+an:b1+b2+---+bn.

14. SYMMETRIC INEQUALITIES OF DEGREE THREE, FOUR OR
FIVE

Theorem ( Vasile Cirtoaje, 2010) Let f,,(a, b, c) be a symmetric homogeneous polynomial
of degree n.

(a) The inequality f4(a,b,c) > 0 holds for all real numbers a, b, ¢ if and only if fy(a,1,1) >
0 for all real a;

(b) Forn € {3,4,5}, the inequality f,(a,b,c) > 0 holds for all a,b,c > 0 if and only if
fn(a,1,1) >0 and f,(0,b,¢) > 0 for all a,b,c > 0.

15. SYMMETRIC HOMOGENEOUS INEQUALITIES OF DEGREE SIX
Any sixth degree symmetric homogeneous polynomial fs(a,b, c) can be written in the form
fs(a,b,c) = Ar* + B(p, q)r + C(p,q),

where A is called the highest coefficient of fg, and

p=a+b+c, q=ab+bc+ca, 1r=abc.

Theorem (Vasile Cirtoaje, 2010). Let fs(a,b,c) be a sizth degree symmetric homoge-
neous polynomial having the highest coefficient A < 0.

(a) The inequality fe(a,b,c) > 0 holds for all real numbers a, b, ¢ if and only if f(a,1,1) >
0 for all real a;

(b) The inequality f¢(a,b,c) > 0 holds for all a,b,c > 0 if and only if fe(a,1,1) > 0 and
f6(0,b,¢) > 0 for all a,b,c > 0.

This theorem is also valid for the case where B(p,q) and C(p,q) are homogeneous
rational functions.
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For A > 0, we can use the highest coefficient cancellation method (Vasile Cirtoaje,
2010). This method consists in finding some suitable real numbers B, C' and D such that
the following sharper inequality holds

2\ 2
fe(a,b,c) > A (T+Bp3 - Cpq—l—Dq;) :

Because the function gg defined by
¢\’
gs(a,b,c) = fela,b,c) — A (r + Bp® 4+ Cpq + DE)

has the highest coefficient A; = 0, we can prove the inequality ge(a, b, ¢) > 0 using Theorem
above.

Notice that sometimes it is useful to break the problem into two parts, p? < ¢ and
p? > £q, where ¢ is a suitable real number.

A symmetric homogeneous polynomial of degree six in three variables has the form
feo(a,b,c) = Ay Z a® + Ay Z ab(a* + b*) + A; Z a’b*(a® + b*)

+A Z a®b® + Asabe Z a® + Agabe Z ab(a + b) + 3A7a%*c,

where Ay, ..., A; are real constants. In order to write this polynomial as a function of p, ¢
and r, the following relations are useful:

Za?’ =3r+p° — 3pq,
Z ab(a 4+ b) = =3r + pq,
Z a®b® = 3r% — 3pgr + ¢,
D b (a® +b%) = =31 = 2(p® — 2pg)r + p’¢” — 2¢°,
Z ab(a* +b*) = —3r* — 2(p* — Tpq)r + p'q — 4p*°¢* + 2¢°,
> a® =37 +6(p° — 2pg)r + p° — 6pq + 9*¢” — 2¢°,
(a—b)2(b—c)*(c —a)? = —27r* + 2(9pq — 2p°)r + p*¢* — 4¢>.
According to these relations, the highest coefficient A of the polynomial fg(a,b,c) is
A=3(A1 —As— A3+ Ay + A5 — A + A7).

The polynomials

Pi(a,b,c) = Z(Alot2 + Agbe)(Bia® + Babe)(Cra® + Csbe),

Py(a,b,c) = > (A1a® + Asbe)(Bib® + Baca)(Cie® + Caab)
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and

Ps(a,b,c) = (Aja® + Asbc)(Ab* + Agca)(Aic? + Agab)
has the highest coefficients
Pi(1,1,1), Py(1,1,1), Ps(1,1,1),
respectively. The polynomial
Py(a,b,c) = (a® 4+ mab + b*)(b* + mbc + ) (c* + meca + a?)

has the highest coefficient
A= (m—1)>

16. SQUARE PRODUCT INEQUALITY

Let a, b, ¢ be real numbers, and let
p=a+b+c, q=ab+bc+ca, r=abc,
s =/p? -3¢ =Va2 + b2+ 2 —ab— bc — ca.

From the identity

(@ =b)*(b—¢)*(c —a)* = =277 + 2(9pq — 2p°)r +p°¢* — 4¢°
AP = 39)° — (2p° — 9pq + 27r)?
B 27 ’

it follows that

—2p® 4+ 9pq — 2(p* — 3¢)\/p* — 3¢ . —2p° 4+ 9pq + 2(p* — 3¢)\/p* — 3¢
27 27 ’

IA
IA

which is equivalent to

p? — 3ps? — 283 p? — 3ps? + 283
r .

27 27

Therefore, for constant p and ¢, the product r is minimum and maximum when two of a, b, ¢
are equal.

IN
IA

17. VASC’S POWER EXPONENTIAL INEQUALITIES
Theorem. Let 0 < k <e.
(a) Ifa,b> 0, then (Vasile Cirtoaje, 2006)
b 4 b > gy phe.
(b) Ifa,be (0,1], then (Vasile Cirtoaje, 2010)
2V akaphh > gkt 4 phe.
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